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PREFACE 


This book has been written to supply an introductory 
course in mathematical analysis for those who are looking 
forward to specializing in mathematics. It is assumed that 
the reader has had a preliminary course in Calculus and is 
familiar with the rules for differentiating and integrating the 
ordinary functions. Although these rules have been taken 
for granted, I have been at some pains to define and ex- 
plain the operations of differentiation and integration as 
clearly as possible, since the reader cannot hope to make 
satisfactory progress in analysis unless he understands these 
fundamental operations thoroughly. If he does understand 
them he ought to be able to follow the rest of the book with 
a reasonable amount of effort. The subject, however, is a 
difficult one and he should not expect to master it offhand. 

Many teachers will prefer to assume the real number 
system, which is discussed in Chapter I, and to pass directly 
to Chapter II. This can be done without difficulty al- 
though the argument in several places rests on theorems 
proved in the first chapter. Since not every one will want 
to proceed in this way it seemed best to provide a chapter 
dealing with the real number system. In the other chapters 
the usual topics and theorems have been given. Nothing 
has been said about the Lebesgue theory of integration. 
The reader will meet that later if he continues his study of 
analysis. The last two chapters are of necessity somewhat 
sketchy. A more complete treatment would be out of place 
in a book of this kind. The reader who has not had, or does 
not plan to take, a course in the theory of functions of a 
complex variable will find a study of the last chapter worth 
his while. The chapter on the Calculus of Variations will 
introduce him to an important and extensive field. It is 
however more special than the one on functions of a complex 
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variable, and should for this reason be omitted if both 
cannot be taken. 

Although I have drawn my material from many sources 
I have kept the number of references down to a minimum , 
since a too elaborate set of references in a book of this kind 
would be confusing to the reader. I should mention de la 
Vall6e-Poussin’s Cours d’analyse infinitdsimale and Volume 
I of Courant and Hilbert’s Methoden der mathematischen 
Physik. One will recognize immediately the closeness with 
which I have followed the latter in the chapter on Fourier 
series. 

I gratefully acknowledge my indebtedness to Professor 
W. B. Carver of Cornell University who read the manuscript 
of the first few chapters and made constructive and helpful 
comments thereon. I also received many valuable sug- 
gestions from Mr. Saul Gorn who read the galley proof and 
worked all the exercises. 

W. B. F. 

New Yobk City, 

November, 1937. 
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CHAPTER I 


THE SYSTEM OF REAL NUMBERS 


1. This book has to do almost entirely with the theory 
of functions of real variables. There is a brief discussion 
of complex numbers and the theory of functions of a com- 
plex variable. But complex numbers are defined in terms 
of real numbers. So that the system of real numbers forms 
the basis of our whole discussion. This makes it desirable 
to obtain at the start as clear a notion as possible of the 
nature of this system. 

We assume that the reader is familiar with the positive 
and negative integers, including zero, and with numbers of 

the form | , where a and b are integers. These constitute 

the rational numbers. 

It is possible in many ways to divide all the rational 
numbers into two mutually exclusive classes, A and B, such 
that every number in class A is less than every number in 
B . For example, we might assign to class A all the rational 
numbers that do not exceed 7 and to B all those that do 
exceed this number. 


With respect to such a classification there are three 
possibilities : 

(a) In the first place, there may be a number in A 
greater than any other number in this class, as in the ex- 
ample just cited. In this case there is no least number in 
B, for if a were the greatest number in A and 0 the least 


one in B, then 


a + 0 
2 


which is greater than a and less than 


0, would be in neither class. But this contradicts the 
hypothesis that every rational number is in either A or B. 

l 
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(b) In the second place, there may be a least number in 
B. This would be the case, for example, if we made the 
classification by assigning to A all the rational numbers 
that are less than 7 and to B all the remaining rational 
numbers. Here there is no greatest number in A. 

(c) And finally, it may be that there is neither a greatest 
number in A, nor a least number in B. Suppose, for ex- 
ample, that we assign to A all the negative rational num- 
bers, and also all the positive ones, including zero, whose 
squares do not exceed 5; and to B every other rational 
number. 

We shall speak of a classification of the rational numbers 
such as we have described as a “section ” and shall represent 
it by the symbol (A, B ), or, in case there is no occasion to 
bring the classes A and B into prominence, by a single small 
letter, as a. 

We shall call every such section a number. In the cases 
(a) and (b) this number will be taken as the greatest number 
in A and the least number in B respectively. The appropri- 
ateness of this designation is due to two important proper- 
ties of these sections. In the first place, we can arrange 
these sections in a scale of relative magnitudes, and in the 
second place we can prescribe for them laws of operation 
that will be true generalizations of the four fundamental 
operations that we apply to rational numbers. 

In the definition of a section we have assumed a definite 
scale of magnitude for the rational numbers. And we can 
bring the sections arising under (c) into this same scale in 
the following way: If a = (A, B) and a' — ( A B') are two 
such sections, we shall say that a and a' are equal in case 
every number in A is in A' and every number in A' is in A. 
If there are numbers in A that are not in A', we shall say 
that a is greater than a'; in symbols, a > a'. If a is a 
number arising under (c) and f3 is a rational number, we 
shall say that a is greater than j3 in case /? is contained in A. 
If /S is greater than any number of A, we shall say that /S is 
greater than a. This means that a is greater than any 
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number in A and less than any number not in A. But no 
rational number has this property. For if 7 is a rational 
number greater than any number in A, it must be in B. 
But by hypothesis B has no least number, and therefore 
there are numbers in B that are less than 7. 

We shall call the new numbers arising under (c) irrational 
numbers, and the totality of rational and irrational numbers 
real numbers. 

If we change the signs of every number in A and B, we 
get two new classes which we shall designate by — A and 
— B respectively. Then ( — B, — A ) is a section, or num- 
ber. If a = {A, B) we shall denote (— B, — A) by — a. 
Obviously — ( — a) = a. If a is a rational number differ- 
ent from zero, one of the numbers a and — a is positive, 
that is, greater than zero. This is also true of every 
irrational number. For if a is irrational and less than 
zero, zero is greater than any number in A, and is there- 
fore in B. But B has no least number and hence con- 
tains numbers less than zero, or negative numbers. This 
means that there are positive numbers in — B, and hence 
that — a > 0. 

Definition. That one of the numbers a and — a which 
is positive is called the absolute value of a and is denoted by 
the symbol | or | . 

2. Preliminary theorems. We shall need the following 
theorems: 

Theorem 1. If a = (A, B) is any real number, there are 
rational numbers a and b in A and B respectively such that 
b — a — e, where e is any rational number. 

Select any rational number ai in A and form the sequence 

fli, Ri + e, Oi + 2t, • • *, fli + ne, •••. 

Then by the axiom of Archimedes 1 from a certain point 
on the terms of the sequence will exceed a given number in 
B, and will therefore be contained in B. Let Oi 4- n* = b 

1 See, for example, Young, Fundamental Concepts of Algebra and Geometry, pp. 
148, 148. 
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be the first of these terms that are in B. It is obviously 
rational. Then a = oi + (n — l)e is a rational number in 
A, and b — a = e. 

If a and a' are any two rational numbers such that 
a < a', there is a rational number fi that is greater than a 

and less than of. For example, 0 = — . It follows 

that there is an unlimited number of rational numbers 
between a and <*'. We show that this is also true if a and 
a' are any distinct real numbers. 

Theorem 2. If a and a ! are any distinct real numbers 
such that a < a', there are rational numbers /? such that 
a < jS < a'. 

In view of what has just been said, we can assume that 
at least one of the given numbers is irrational. If both 
of them are irrational, the theorem follows from the defini- 
tion of the term “greater than.” If one of them, as 
a — (A, B), is irrational while a' is rational, then a' belongs 
to class B. But there is no least number in this class, and 
every number in this class is greater than a. Hence the 
theorem. If a is rational and a' irrational, the argument is 
similar. It follows that there is an infinity of rational 
numbers between a and a'. 


Exercise. Show that in any interval there is only a limited number 
V 

of rational numbers where p and q are integers and jg| < M, any 
positive number. 


Theorem 3. If a and a' are distinct real numbers such 
that a < a', there is an infinity of irrational numbers jS such 
that a < < a r . 

We know from Theorem 2 that there are two rational 
numbers p and q such that 


a < p < q < a'. 

We shall assume at first that p and q are positive. Select 
any rational number m between p 2 and g*. If there are two 
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integers a and b such that ^ = m, that is, if m is the square 
of a rational number, let r be a prime integer not a divisor of 
b such that m + — is between p 2 and q 2 . If there were two 

T 

a n 1 

relatively prime integers a' and b' such that ^ ; = to + - » 
we should have 


a' 2 a 2 a n b 2 - a 2 b* 1 . 

b n b 2 Wb* r ’ 

or 

r(a% 2 - a 2 b n ) = Vb*. 

This last equation requires that r be a divisor of and 
therefore of a But a' and b' are relatively prime. Hence 

m and m + ~ are rational numbers between p 2 and q 2 , one of 

which is not the square of a rational number. We desig- 
nate this one by m and form a section by assigning to class 
C all negative rational numbers and those positive rational 
numbers (including zero) whose squares are less than m, 
and to D all the remaining rational numbers. The number 
7 = (C, D) is an irrational number between p and q and 
therefore between a and a'. In the light of this discussion 
the case in which p and q are not both positive will present 
no difficulty. And if there is one irrational number between 
a and a, there is an infinity of such numbers. 

Theorem 4. If we divide the set of all real numbers into 
two mutually exclusive classes A and B such that every number 
in A is less than every number in B, there is a number m, which 
may be rational or irrational, such that every real number less 
than m is in A and every real number greater than m is in B. 

Let A' be the class of all the rational numbers in A and 
B' the class of all rational numbers in B. If there is a 
greatest number m in A', this number m will also be the 
greatest number in A. For if there were in A a number 
0 > w, there would be rational numbers between m and 0 
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and therefore in A and A'. But this is a contradiction. 
We can show in a similar way that if there is a least number 
m in B', this m will also be the least number in B. In 
these two cases the number m satisfies the conditions of the 
theorem and is rational. 

If there is neither a greatest number in A ' nor a least 
number in B', the number a = ( A B') is irrational. It 
belongs either to A or to B. If it belongs to A it is the 
greatest number of this class, since every number greater 
than a is also greater than an infinity of rational numbers of 
B'. But these latter belong to B. Hence every number 
greater than a belongs to class B, and a is the greatest 
number of A. If a belongs to B, it can be shown in a 
similar way that it is the least number in B. 

3. Definition. A set of real numbers is said to have an 
upper bound if there is a number M that is greater than 
any number of the set ; and to have a lower bound if there is 
a number M' that is less than any member of the set. If the 
numbers M and M' both exist, we say that the set is bounded . 

The set of all positive numbers, for example, has a lower 
bound but no upper bound; while the set of all negative 
numbers has an upper bound but no lower bound. The 
set of numbers whose squares do not exceed 3 is bounded. 

Theorem 5. If a set of real numbers has an upper bound, 
there is a number X such that: 

(a) No member of the set is greater than X. 

(b) If e is an arbitrary positive number, there is a member 
of the set that is greater than X — e. 

We can make a classification of all real numbers by assign- 
ing to one class all numbers that are exceeded by members 
of the set, and to the other class all other numbers. The 
conclusion then follows immediately from Theorem 4. 
This number, when it exists, is called the upper limit of 
the set. 

For example, if the set is composed of all numbers of the 
2 n — 1 

form 1 4 ^ — > where n is any positive integer, X = 2. 
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If the set has a lower bound, we can see in like manner 
that there is a number X' such that : 

(a) No member of the set is less than X'. 

(b) If e is an arbitrary positive number, there is a member 
of the set that is less than X' -f e. 

This number, when it exists, is called the lower limit of the 
set. If the set is composed of all numbers of the form 

~ , where n is a positive integer, X' = 0. 

4. Addition. We are now in a position to define the 
first of the fundamental operations. Let a = (A, B) and 
a' = (A', B ') be any two real numbers. We select any 
two rational numbers a and a' that are less than a and a' 
respectively, and any two rational numbers b and b' that 
are greater than a and a' respectively. For every such 
choice of these four numbers we shall have 

cl -J- o! <C b -f* b' . 

If we assign to A i all the rational numbers that do not ex- 
ceed all numbers of the form a + a', and to I?! all the re- 
maining rational numbers, the number ai — (Aj, B x ) is by 
definition the sum of the numbers a and a'. 

If a and a' are not both rational, there is no greatest 
number of the form a -f- a', nor least one of the form 
b + b’; and on is greater than any number of the first of 
these forms and less than any number of the second form. 
Moreover it is the only number that has these two proper- 
ties. For if a 2 were another such number, we could find 
two rational numbers ri and r 2 (r 2 > r i) that lie between a 
and a' (Theorem 2). But we know from Theorem 1 that 
we can select the four numbers a, a', b, and b' in such a 
way that 

(b + b f ) - (a + a') < r 2 - r u 
And this is a contradiction. 

We have based this definition upon the ordinary definition 
of the sum of two rational numbers. We leave it to the 
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reader to verify that the two definitions are equivalent, and 
that when a and a' are both rational, the operation of 
addition as thus defined has the following properties: 

a + a! = a! -f- a, 

(a + oc r ) + a" = a + (a' + cx"), 
a + 0 = a, 
a + (— a) =0, 

| a + a' | S 1 o' | + \a' \ . 

5. Subtraction. If a and a' are any real numbers, there 
is one, and only one, real number 0 such that 

a — 0 + a'. 

In the first place, there is one such number; namely, 
a + (— «')> since a + (— a) + a' = a. Moreover, there 
is only one such number. For if 

a = 0 -f a', 

« — £i + a', 

then 

0 -f OC = 01 + a', 

0 + a' -f- (— a') = + a' -f (— a'), 

0 + 0 = 0, + o, 

0 = 0i. 

This number 0 is called the difference between a and a'. 
It is formed by adding — a' to a. This operation is called 
subtraction. It is the inverse of addition. 

6. Multiplication. We suppose in the first place that a 
and a are two positive real numbers. If a and a' are two 
positive rational numbers such that a < a and a' < a'; 
and b and b' are two rational numbers such that b > a 
and b' > a', we form a section by assigning to A i all nega- 
tive rational numbers, together with zero, and all positive 
rational numbers that do not exceed all products of the 
form aa', and to B x all the remaining rational numbers. 
The number ai = (A x , B 0 shall be by definition the 
product of the positive numbers a and a'. 
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This product is greater than every number of the form 
aa' and less than every number of the form W, and it is 
the only number with these two properties. 

If one or both of the factors are negative and neither is 
zero, the product shall be the number obtained by forming 
the product of the absolute values of the factors and then 
applying the usual rule of signs. If one of the factors is 
zero, we define the product as zero. The reader can verify 
that multiplication as thus defined has the following 
properties : 

aa' = a' a, 

(aa')a" = a(a'a"), 
a\a + a ) = aa a a , 

a • 1 = a, 

| aa' | = | a | • | a' | . 

7. The reciprocal of a real number. If a is any rational 
number different from zero, there is a unique rational 
number a' such that aa' — 1 . Either of these numbers is 
called the reciprocal of the other. We proceed to show that 
every irrational number has a unique reciprocal in this sense. 

Suppose in the first place that a = (A, B) is a positive 
irrational number. We form a section by assigning to A' 
all negative numbers, zero, and the reciprocals of all the 
numbers in B ; and to B' all the remaining rational numbers. 
Then a' = ( A ', B') is such that aa' = 1. For if e is an 
arbitrarily small positive rational number, there is a ra- 
tional number a in A and a rational number b in B such that 

b — a = e (Theorem 1). Hence 1 — | = ^ • Since every 

b is greater than any a, we can make ^ as small as we please 

by properly selecting e, and therefore ^ as near to 1 as we 

please. If for any b we put a' = ^ , then for any a we have 
aa' less than 1. This is equivalent to saying that aa' = 1. 
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Moreover a ' is the only number that has this property. 
For if 

aai = 1 , 


then 


t / t 

a aa\ = a 


and 




a. 


This unique number a' is called the reciprocal of the positive 
number a and is represented by the symbol ^ • 

If a is a negative irrational number, we define its recip- 
rocal as the negative of the reciprocal of the absolute 
value of a. 

8. Division. If a is any real number and 0 is any real 
number except zero, the operation of finding a number y 
such that a = (3y is called the operation of dividing a by (3, 
and 7 is called the quotient obtained by this operation. 

Since 



<*• - is a value of 7 that satisfies the equation a = 187. 
Moreover it is the only solution, since if 


then 


or 


a = 87 = £7', 
j-Dy-yDy', 


7 = 7 


9. Variables and limits. If we use a letter to represent 
any one of a given set of numbers, we shall refer to it as a 
variable. For example, the numbers represented by the 
letter x may be the speeds with which a given body is mov- 
ing at different times. If the variable x represents a succes- 
sion of numbers in such a way that, for an arbitrary positive 
number «, the difference between x and a number a becomes, 
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and remains, less than e in absolute value, we shall say that 
x approaches the limit a; or, in symbols, x — > a. 

A variable may not have a limit. For example, sin x as 
x increases beyond any assigned value. On the other hand, 

5 + ^ approaches the limit 5 under the same circumstances. 

But a variable cannot have two limits. For if these limits 

were a and b (b > a) and we take e < ~~ 2 ~ > we could not 

have at the same time | x — a | < e and j x — b | < «, since 
these inequalities imply that 

a — t<x<a + e 

and 

b — e<x<b+e. 

But a + 2e < b, or a + « < b — e , and x cannot at the same 
time be less than a + « and greater than b — e. 

10. Criterion for the existence of a limit. The following 
theorem gives a general criterion for determining whether 
a variable has a limit, or not : 

Theorem 6. In order that the variable x approach a limit, 
it is necessary and sufficient that for an arbitrary positive 
number e all the values of the variable from a given one on be 
such that the difference between any two of them is less than t in 
absolute value. 

In the first place, the condition is necessary, since if x 
has a limit a, all the values of x from a certain one on, as x' 

and x" , differ from a by less than ^ in absolute value. That 

is, 

\x' - a\ < 

|x" - a | <|* 

Hence 

\x' — x" j < 2 • | = €. 
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To prove that the condition is sufficient we consider in 
the first place the possibility that all the values of x from a 
certain one on are neither all greater than, nor all less 
than, some number a. Since the differences in the values 
of x approach zero and there are always some of these 
values less than a and some greater than a, the difference 
between a and x approaches zero, and a is the limit of x. 

Now by hypothesis for any positive e there is a value x' 
of x such that any succeeding value is less than x' + e. If 
all the values of x from a certain one on are greater than 
some number, we form a section by assigning to class A all 
real numbers that are exceeded by all the values of x from a 
certain one on, and to B all the remaining real numbers. 
We know from what has just been said that there will be 
numbers in class B. We know also from Theorem 4 that 
there is a number a such that every number less than a is in 
A and every number greater than a is in B. Then all the 
values of x from a certain one on are between a — « and 
a - f t. That is, x approaches the limit a. The same con- 
clusion can be reached by a similar argument in case all the 
values of x from a certain one on are less than some number. 

This criterion is perfectly general, whereas the one de- 
scribed in the following theorem is more restricted in its ap- 
plication, although easier to apply and therefore more useful. 

Theorem 7. If a variable never increases or never de- 
creases , a necessary and sufficient condition that it approach a 
limit is that it remain less than a given number in absolute value. 

The necessity of the condition is obvious. To prove its 
sufficiency we suppose first that the variable always in- 
creases. We then form a section by assigning to class A 
all real numbers that are exceeded by values of the variable, 
and to class B all remaining real numbers. The fact that 
all the values of the variable are less than a given number 
insures the existence of numbers in B. We know from 
Theorem 4 that there is a number a such that a — e is in 
class A and a -f t in class B, when e is any positive number. 
It follows from this that a is the limit of the variable. 
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Variables such as those described in this theorem are said 
to be monotonic. 


EXERCISES 

1. Prove that if x— * a and y—> a, while z is always between x and 
y, then z — * a. 

2. Prove that if x — * a and y—+b, then x y— > a + b, x — y 

X Cl 

— > a — b, and xy — > ab. Also if 6 =4= 0, then ^ • 

11. Complex numbers. We define a complex number as 
an ordered pair (a, b ) of real numbers subject to certain laws 
of combination which we shall define and to the condi- 
tion that (a, 0) shall be the real number a. We shall later 
find it convenient to introduce another symbol for these 
numbers. 

Addition. The sum of the two numbers (a, b) and (c, d) 
is defined as the number (a + c, b -f d) . This is a generaliza- 
tion of the definition of the sum of two real numbers, since 
a + c = (a, 0) + (c, 0) = (a + c, 0) = a -f- c. 

Multiplication. The product of the two numbers (a, b) 
and (c, d) is defined as the number ( ac — bd, ad + be). 
The reason for this definition is not as obvious as the reason 
for the definition given of addition. It will become clear 
later. It is immediately obvious, however, that this is a 
generalization of the definition of the product of two real 
numbers, inasmuch as ac = (a, 0) • (c, 0) = (ac, 0) = ac. 

Subtraction. Since the product of the real number a by 
minus one is — a we shall say that the product of the 
complex number a = (a, b) by minus one is — a. But 
this product is (— a, — b). We agree then to say that 
— a = (— a, — b). We then define the difference of 
a = (a, b ) and /3 = (c, d), or a — as the sum a — 0 of 
a — (a, b) and — 0 = (— c, — d), or (o — c, b — d). 

The operations of addition, subtraction, and multiplica- 
tion as thus defined obey the associative, commutative, 
and distributive laws to which the corresponding operations 
with real numbers are subject. Thus, if a = (o, b), 
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|8 = (c, d), and y = (e, /), then 

a + /3 = ]8 + a Commutative law for addition 

ci'fi — a Commutative law for multi- 

plication 

(a + 0) + y — a + (/S + 7) Associative law for addition 
(a-fi)y — a(j 3 - 7) Associative law for multipli- 

cation 

a(j 3 -+-7) = a/S + ay Distributive law for multipli- 
cation. 

It follows from the definition of multiplication that 
(0, 1)*(0, 1) = (— 1, 0) = — 1. Hence (0, 1) is a square 
root of — 1. It is conventional ly re presented by the 
letter 1 i. That is, i = (0, 1) = \ — 1. Moreover (0, b ) 

= ( b , 0)(0, I) = bi. It follows that (a, b ) = (a, 0) + (0, b ) 

= a -f- bi. We shall take advantage of this fact and dis- 
card the symbol (a, b ) in favor of the more suggestive sym- 
bol a + bi. We call a the real part and bi the imaginary 
part of a + bi. A number is real if its imaginary part is 

zero. If its real part is zero, the number is said to be a 

-pure imaginary. 

Definition of equality. The two numbers a + bi and 
c + di are said to be equal if a = c and b = d. Otherwise 
they are unequal. If therefore we know that two complex 
numbers are equal, we know also that their real parts are 
equal and that their imaginary parts are equal. 

The number a — bi is said to be the conjugate of 
a = a + bi and is represented by the symbol a. A real 
number is its own conjugate and a pure imaginary is minus 
its conjugate. The product aa = (a + bi) -(a — bi) = a 2 
+ abi — obi — bH 2 = a 2 - f- b 2 , since i 2 — — 1. 

12 . Division. If /3 = c + di 4= 0 and 

c di (3 

a " c 2 + d 2 ~ c 2 + d 2 ~ c 2 + d 2 ’ 

then 

* _ M _ c 2 + d 2 _ 

ap ~ c 2 + d 2 ~ c 2 + d 2 ~ ' 

1 This notation is due to Euler (1777). 
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That is, 


ft 

c 2 4* d 2 


is the reciprocal of ft and we represent it by 


1 \ & 
the symbol ^ . Thus, ^ * 

By the quotient of any number a divided by ft we mean 
the number y such jthat a = fiy. (See §8.) Since, as we 

have just seen, = 1, it follows that y = is 

one solution of the equation a = fiy. Moreover it is the 
only solution. For if /3-y = /3-yi, then fifty = fifty i and 
7 = 7i. We are assuming that (3+0, since if ft — 0 there 
is no solution of the equation in case a 4= 0, and if a = 0 
every number is a solution. If a and ft are real numbers, 

say, a and c respectively, we have ^ ~ . Thus divi- 

sion as here defined is a true generalization of division as 
applied to real numbers. 

13. Inasmuch as the four fundamental operations can be 
applied to the entities a + bi in the same way as to real 
numbers, it seems appropriate to call them numbers, and 
indeed complex numbers, since it takes two real numbers to 
define one of them. 

There is this important difference between these new 
numbers and real numbers: If a and b are two distinct real 
numbers, one of them is greater than the other one; but we 
cannot say this of two distinct complex numbers. 

In applying the fundamental operations to complex num- 
bers we proceed then exactly as if we were dealing with real 
numbers. We can often simplify the result at any stage 
by replacing i 2 by — 1 wherever it occurs. Thus 


(a -F bi)-(c + di) = ac + bci + adi + bdi 2 

= (ac — bd) + (ad + bc)i. 

The reader will see from this the reason for the definition 
of multiplication that has been given. 

14. Complex numbers play an important r61e in almost 
all branches of mathematical analysis. They are also met 
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with frequently in theoretical physics where it might seem 
that they have no application inasmuch as the numbers 
dealt with are what we have called real numbers. There 
are, in fact, many problems in mathematics that seem to 
depend on real numbers only which can be readily solved 
by recourse to complex numbers. 

For example, a cubic equation with real coefficients and 
three real irrational roots cannot be solved in terms of real 
radicals only. 1 

As another example consider the Euler formula 
e ix — cos x + i sin x, 


where x is real. We shall later (§208) define the symbol e ix 
and shall also give a proof of this formula. We cite it here 
to show how it can be used to express sin nx and cos nx ( n a 
positive integer) in terms of powers of sin x and cos x. 
We have 

e inx — cos nx + i s j n nx 

and also 


Hence 


e inx _ (g «)» _ ( cos X i sin x) n . 


cos nx -f- i sin nx — (cos x + i sin x) n . 


From this last equation we get the desired relations im- 
mediately by equating the real parts, and also the imaginary 
parts, of the two sides. 

The use of complex integration to evaluate real definite 
integrals, as explained in the last chapter, affords another 
illustration of the point in question. 

15. We might form still other classes of numbers by con- 
sidering in a similar way ordered triples, or in general, 
ordered n-tuples of real numbers. But it is impossible to 
define the fundamental operations on these numbers in 
such a way that all the rules of ordinary algebra shall 
apply. 2 These numbers are called hypercomplex numbers. 

1 Weber and WeUstein, Encydop&die der Elementar-McUhematik, I, ed. 3, p. 364. 

*Hankel, Thetrrie der eomplexen Zahlensysteme, p. 107. 



CHAPTER II 

FUNCTIONS OF ONE VARIABLE 

16 . Definition. A variable y is said to be a function of a 
variable x if the number represented by it depends upon 
the number represented by x. 

Thus, if y = x + 5, or y = sin x, or y = log x, y is a func- 
tion of x. It may be that the nature of the dependence of 
y upon x is different for different values of x. For example, 


the dependence may be such that 





y = 

0 

when 

X 

= 

0 

and 

. 1 
sin - 

X 






v = 

when 

X 

+ 

0 . 

Or we 

may have 






y = 

1 + X 

when 

X 

< 

0 

and 







V = 

1 — X 

when 

0 

£ 

X. 


The graph of this function is shown in Fig. 1. The preced- 
ing function will be discussed in the following section. 

The function may show the depend- 
ence of y upon x only for values of x 
within a certain range; as, for example, 
a £ x £ 6. In this case we say that the 
function is defined in the interval (a, b). 

If y — ax m , y is a function of x in 
the sense here considered, provided that 
m 4 = 0. If m = 0, y = a. That is, y 
is a constant. In order not to be under the necessity of 
resorting to a cumbersome circumlocution in this and simi- 
lar cases, we shall say that y is a function of x even when 
we know that it may be a constant. Moreover we shall 
say that x is a function of x. It is not essential to the 
definition that the dependence of y upon x be expressible 

17 
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by means of mathematical symbols. For example, y may 
represent the number of prime numbers that do not exceed 
x. We use the symbol f(x) to denote a function of x\ 
and at times we shall also use other letters than / for this 
purpose. 

17. Definition of continuity. The function /(r) is said to 
be continuous at x = a if the limit of /(a + h) as h ap- 
proaches zero is /(a) ; or, in symbols, 

lim /(a -f- h) — /(a), 
s-^o 


This definition implies in the first place that the function 
is defined throughout a neighborhood of the point x = a. 
In the second place it implies that the limit exists and 
is the same however h approaches zero. A consideration 
of the following function will illustrate the importance of 
this last remark: 

e 1/x . 

y = Y+~e ~ x when * + °» 

y = 0 when x = 0. 


If x approaches zero through positive values, y approaches 
1. But if x approaches zero through negative values, y 
approaches zero. 1 The function therefore has a break, or 

discontinuity, at x = 0, as shown 
in Fig. 2. 

We can bring out the signifi- 
cance of the condition 

lim f{x) = /(a) 



more fully by stating the definition 
as follows: The function f{x) is con- 
tinuous at x = a if for every 'positive number e there is a 
positive number q such that 


\f(a + h) - /(a) | < e 

whenever |ft] < rj. 

1 In this case take a ■= 0 and a + h >■ *, or h m x. 
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This is equivalent to the condition that for every value of 
x inside the interval (a — rj, a + v) the difference between 
/(a) and f(x) is less than e in absolute value. If the func- 
tion is defined only for the interval (a, b ) and we are con- 
sidering the question of continuity at the point x = a, we 
take into account only the values of x in the interval 
(a, a + r\). A similar remark applies to the point x = b. 
It should be clearly understood that the value we assign to rj 
depends upon the value we have previously assigned to €. 
The gist of the matter is that, whatever positive value we 
assign to e, it shall be possible then to assign a suitable 
positive value to y. 

A point at which f(x) is not continuous is called a point 
of discontinuity. There are different kinds of discon- 
tinuities. 

(a) It may be that as x — > a from one 
or both sides the function increases in 
absolute value without limit and has no 
definite value at x = a; as for example 

the function - at x = 0. In this case 
x 

the function is said to be infinite at 
x — a and to be discontinuous at this 
point. The point x = a would still be 
a point of discontinuity if /(x) had a 
definite value for this value of x; as, for example, the func- 
tion /(x) = - when x 4= 0 and /(x) = 1 when x = 0. 

X 

(b) It may be that /(x) approaches different finite limits 
according as x approaches a through values greater than a 
or through values less than a. We have already had an 
example of this kind of discontinuity. It is called a dis- 
continuity of the first kind. A function that is continuous 
in (a, b) or has no other discontinuities than a finite 
number of the first kind is said to be sectionally continuous 
in (a, b). If its derivative also has this property the func- 
tion is said to be sectionally smooth. 
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(c) It may be that the function f(x) does not approach 
any limit as x approaches a. For example, the function 



Fia. 4 


sin - oscillates between 1 and — 1 
x 

as x approaches zero. 

(d) It is further possible for f(x) 
to approach a definite limit as x 
approaches a, but that this limit is 
not the value of the function at 
x = a. Consider, for example, the 
infinite series 
£ 2 

x 2 + r+ x 2 + (i + x 2 ) 2 

+ ••• + (i + i»j-> + •••• 

When x 4= 0 this series is a geo- 
metric progression whose ratio is 

■= — r — ; and therefore less than 1 
1 4- x 2 

in absolute value. The series ac- 
cordingly converges to 

— - — « 1 + x 2 . 

1 ~m? 


That is, the series represents the function 1 -f- x 2 when 
x + 0. This approaches 1 as x approaches zero. But the 
function represented by the series is obviously zero when 
x = 0. 

If a function of x is continuous for every value of x in 
the interval (a, b), we say that it is continuous in (a, b). 

18. Properties of continuous functions. When we speak 
of the interval (a, b ) we may, or may not, include the end 
points. If we do we say that the interval is closed. If we do 
not we say that it is open. It may be that one of the end 
points is included and the other one not. In this case we 
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shall say that the interval is closed at one end and open at 
the other. 

Theorem 1. If f(x) is continuous in the closed interval 
(a, b) and e is an arbitrary positive number, we can divide 
(a, b) into partial intervals such that the difference between the 
values of f(x) at any two points in the same partial interval 
will be less than e in absolute value. 

If the subdivision described in the theorem were not 
possible, it would not be possible for at least one of the 

a "f- b 


intervals (a, c) and (c, b), where c = 


If it is not 


possible in (a, c) we take a = a t and c = b i. If it is possible 
in (a, c) we take c = oq and b = &i. Then the interval 
(ai, bi) can be treated just as (a, 6) has been, and we can 
continue this process indefinitely. This will give rise to 
two unlimited sequences of end points, a, a 1} • • • , a n , 
and b, b u • ■ • , b n , • • • . For every n we have a n _i ^ a n < b, 
and a < b n £ 6 n _j (a 0 = a, b 0 = b). Let X be the upper 
limit of the set of a’s and X' the lower limit of the set of b ’ s 
(see Theorem 7, Chapter I). Now the length of each inter- 
val is one-half the length of the preceding one, and therefore 
b n — a n 0 as n increases indefinitely. Hence X = X'. 
Moreover in each one of these partial intervals there are two 
points x n ' and x n " such that j f{x n ') — f{x n ")\ ^ «. It is 
clear that X is either within the interval (a, b) or at one of the 
end points. In either case f{x) is continuous at x — X, 
since the interval of continuity is closed. There is therefore 
a positive number h such that 


i/(*o -m\ <1 

for all values of x within (a, b) such that X — h < x < \ + h. 
For any two such values of x, as x\ and x 2 , we have therefore 


!/(*.) - /(x) 1 < ~ , 
I/O) 
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and hence 

l/(*i) - /(* 2) | < c. 

On the other hand, a„ is, for sufficiently large values of n, 
in the interval (X — h, X) and b n is in the interval (X, X + h). 
Then for certain two points x x and in (a„, &„) we should 
have the contradictory relations 

|/0i) - /(a 2 ) i a €, 

l/(ai) - /(a 2 ) | < e. 

The importance of the restriction that the function be 
continuous in the closed interval may be seen from a con- 
sideration of the function sin - . This is continuous in the 

x 

open interval 0 < j S 1, and yet such a subdivision of this 
interval as is described in the theorem is obviously im- 
possible. (See Fig. 4.) 

If the distance between two points, x' and x", of the 
interval (a, b ) is less than the length of any of these partial 
intervals, these two points must either be in the same partial 
interval or in adjacent partial intervals. In the former case 

I fix') ~ fix' ')]<*, 

In the latter, if x' is in the partial interval ( £„_i , x„ ) and x" 
in (x n , x n+ i), then 

\f(x r ) - f(x„) j < e, 

and 

I /On) - fix") i < e. 

Hence 

\S{x') -/(x")|<2e. 

This proves the theorem : 

Theorem 2 . If f(x) is continuous in the closed interval 
(a, b) and e is an arbitrary positive number, there is a positive 
number rj such that the difference between the values of f(x) 
at any two points whose distance apart does not exceed 77 is less 
than e in absolute value . 1 

1 In the proof we had | fix') — f(x") | < 2e; but sinoe e is an arbitrary positive 
number it ia immaterial whether we say e or 2e. 
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Definition. If for a given interval (a, b) and an arbi- 
trary positive € there is a positive number 7? such that 


| /Or') - f(x") | < € 


for any two points, x' and x ", of (a, b) for which 
\x' — x"\ < tj we say that f(x) is uniformly continuous in 
(a, b). 

We have just seen that a function that is continuous in a 
closed interval is uniformly continuous there. 

The reader should be sure that the distinction between 
continuity and uniform continuity is clear in his mind. He 
should observe that while we speak of a function being con- 
tinuous or discontinuous at a point, it would mean nothing 
to say that a function is uniformly continuous, or non- 
uniformly continuous, at a point. When we speak of 
uniform continuity we always have reference to an interval. 


A consideration of the function sin - in the interval 

x 

0 < x 51 a should convince him of the difference between 
the two notions. 

Theorem 3. If f(x) and <p(x) are continuous at a point, 

f («e) 

then f(x) ± <p(x), f(x) ■ <p(x), and are continuous there, 

provided that in the case of the quotient the divisor is not zero 
at the point. 

The proof is simple and is left to the reader. 

Theorem 4. If f(x) is continuous at x = a and <p(u) is 
continuous at u = /(a), then ^ a continuous function 

of x at x = a. 


For, as x -* a, lim <p[/0*0] = <p[Hm/(x)] = <p[/(a)]. 

Theorem 5. If f(x) is continuous atx = a and f(a) 4= 0, 
then f(x) has the same sign as f(a) within a sufficiently small 
interval around x = a. 

For by virtue of the continuity of f{x) at x = a there is 
an 77 > 0 such that 


1/0*0 ~ /(a) t < I /(«) I 
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whenever \x — o| < ij. This means that f(a) + fix) 
— f(a), which is the same as fix), has the same sign as 
/(a) for the values of x under consideration. 

Theorem 6. If f{x) is continuous in the closed interval 
(a, b) there is at least one value of x in this interval for which 
fix) = N, where N is any number between /(a) and fib). 

In the first place, if /(a) is negative and fib) is positive, 
let X be the upper limit of the bounded set of values of x in 
(a, b) for which fix) is negative. If /(X) were negative, we 
know from Theorem 5 that there would be values of x in 
(a, b) greater than X for which fix) < 0. But this is im- 
possible. If f(\) were positive, fix) would be positive 
within a sufficiently small interval around X, and X would not 
be the upper limit of the set described. Hence /(X) = 0. 
The same conclusion would follow if /(a) were positive and 
f(b) negative. If now /(a) and f(b) have the same sign, 
let N be any number between them, and consider the con- 
tinuous function <pix) = fix) — N. It is clear that <p{a) 
and <pib) have opposite signs. Hence there is a value X of 
x in (a, b) for which <p(\) = 0, or /(X) = N. 

Definition. If the function fix) is bounded in the inter- 
val (a, b), the difference between its upper and lower limits 
is called its oscillation in the interval. 

Theorem 7. If fix) is continuous in the closed interval 
(a, b) it is bounded in this interval. 

For, having chosen a positive number e, we can by 
Theorem 1 subdivide (a, b) into a finite number of partial 
intervals such that the oscillation of fix) in any partial 
interval is less than e. This having been done, if x is any- 
where in the first partial interval (a, Xi), we have 

I/O) - /(<*) ! < e, 

and hence 

I/O) I <!/(<*) | + £ . 

This includes the statement 


l/Oi) I < I/O) I + «. 
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If x is in the second partial interval (xi, x 2 ), we have likewise 

I fix) - /(xi) | < e, 

and hence 

l/(*)l<l/(*i)| + « <|/(a)| + 2e. 

Continuing in this way we see that, if there are n partial 
intervals in all, for every value of x in the interval (a, 6) 

\f(x) | < | /(a) | + ne. 

Theorem 8. If fix) is continuous in the closed interval 
(a, h) it has an upper limit and a lower limit in the interval 
and there is at least one value of x in the interval for which 
fix) equals its upper limit and at least one value for which 
fix) equals its lower limit. 

It follows from Theorem 7 that the function is bounded 
in (a, b). Let M be the upper limit of the set of values as- 
sumed by f(x) in (a, b). The existence of this upper limit 
follows from Theorem 5, Chapter I. Since M is the upper 
limit of the function in (a, 6), it is its upper limit in one or 

both of the intervals (a, c) and (c, b), where c = 

If M is the upper limit of fix) in (a, c) we take a = a x and 
c = bi. If M is not the upper limit of fix) in (a, c), we 
take c = ai and b = b x . Then, M being the upper limit of 
fix) in (a i, 6 1 ), we can treat this interval in the same way as 
the original one and obtain an interval (a 2 , b 2 ) within which 
M is the upper limit of fix). By continuing in this way we 
obtain an unlimited sequence of partial intervals («i, b j), 
(a 2 , b 2 ), — , (a n , b n ), • • *, each of which after the first one 
is one-half the preceding one and contained within it. 
Moreover a n -i = a n < b and a < b n S 6„_i, for n > 1. 
The two sequences ai, a 2 , — , a„, ■ • • and b h b 2 , 
have a common limit X. 

If we prove /(X) = M, our theorem will be proved as far 
as concerns the upper limit of fix). Now /(X) s M; and if 
/(X) < M, that is, if /(X) = M — h, where h is positive, 
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there is a positive number rj such that when X — 77 < x 
< X + v we have 

\m - m i < 

This would make the maximum value of j[x) in the interval 

(X — 17, X + 77) less than M — ^ . But for a sufficiently 

large value of 77 we have a„ in the interval (X — 77, X) and 
b n in the interval (X, X + 77), and M is the maximum value of 
f(x) in (a„, b n ). This gives us a contradiction and the sup- 
position that /(X) = M — h is untenable. A similar argu- 
ment applies to the lower limit of f(x). 


EXERCISES 


Point out the discontinuities of the following functions: 

L r2' 3 - 6- 4 * tan x. 5. cot z. 

6. sec x. 7. cosec x. 

Have the following functions any discontinuities? 

8. tan 4 x. 9 . sin ( x + 3). 10. — — . n. sin - • 

2 — cos x x 

12. /(x) = sin - for x 4= 0 and /( 0) = a 4= 0. 13. 3 C0S X • 

x 1 -+■ sin x 

Show that each of the following functions is continuous for every 

finite value of x: 


14. 2 + 3x. IS. x* - 2x + 5. 16. — - ■— 

Z x* 


17. 


x 3 + 1 
x* + 2 ‘ 


18. 


x* + 1 

X 4 + 1 ’ 


19. Show that if e* is continuous for x = 0 it is continuous for every 
finite value of x. 


20. Show that /(x) is discontinuous at x = 0 if 


/(x) = 3 1/s when x 4= 0, 
and /(x) = 2 when x = 0. 


21. Given y = 


xe 


1 /* 


1 + e Ux 

the function for values of x near to zero. 


when x 4= 0, and y = 0 when x = 0. Plot 


19. The derivative. Suppose that f(x) is defined in the 
interval ( a , b ) and that xi is on the interior of this interval. 
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f(x i + h) - fix 0 
h 


approaches a unique limit as h approaches zero, regardless 
of the manner of this approach, this limit is called the 
derivative of fix) at x — x x . We shall denote the derivative 

df(x) 

of f(x) at x by the symbol f'{x), or the symbol ■ ^ • 

Theorem 9. If fix) has a derivative at x = X\, it is 
continuous at this point. 

For 


li m /Qci + h) - f(x i) 


fix 0, 


and therefore 

lim [fix i + h) - fix i)] = lim [hf'ix j)] = 0. 

/j ► o /j ► 0 

However a function may be continuous at a point and 
have no derivative at this point. F or example, the function 
fix) defined as follows: 


fix) = x sin - when x 4= 0, 
fix) = 0 when x = 0. 

In this case 

/( 0 4- h) — /(0) 
h 

Now sin ^ oscillates between 1 and — 1 as h approaches 

zero, and therefore approaches no limit. On the other hand 
it is easy to show that fix) is continuous at x — 0. This 
particular function is continuous for every finite value of x, 
and has a derivative for all these values, except one. We 
shall later (§133) describe a function that is continuous 


h sin t — 0 
h 

/T 


= sin 
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throughout an interval and has no derivative anywhere in 
the interval. The functions with which the reader will 
have to deal are for the most part those that have deriva- 
tives at their points of continuity, and he is familiar with 
the rules for finding these derivatives in most cases. 

If a function has a derivative at a point, or at every point 
of an interval, we say that it is differentiable at the point, or 
over the interval, respectively. 

20. Derivative of a composite function. If we have 
y = f(u ) and u — <p(x), these equations indirectly give us 
y as a function of x. The natural way to get the derivative 
of y with respect to x is to express y in terms of x by elimi- 
nating u and then to differentiate the resulting function. 
But it is often impracticable to eliminate u. In this case 
we can proceed in a way indicated by the following dis- 
cussion : 

Suppose that f(u ) is a differentiable function of u and 
<p(x) a differentiable function of x. If we give the incre- 
ment Ax to x, u vail receive an increment which we shall 
call Aw, and this increment in u will cause an increment in 
y which we shall call Ay. Then 

Ay _ f(u + Aw) — /(w) Aw 
Ax~ Aw Ax 


Since <p(x) is a differentiable function of x and therefore 
continuous, Aw — » 0 as Ax — > 0. Then 


or 


A y r /(w + Aw) - /(w) .. Aw 

m -r^ — hm t i -^- L • lim -r— 

_ n Ax Au — n A 11 at . n AX 


dy _ dy du 
dx du dx 


( 1 > 


We have assumed that there is a positive number y such 
that Aw + 0 when 0 < | Ax | < y. There is however 
another possibility. It may be that for any positive y there 
is a Ax different from zero and less than y in absolute value 
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du 

for which 1 Au = 0. If this is the case, then since ^ 
exists it must be zero. Hence if we let Ax — ► 0 through 


values for which Au 4= 0, it follows that 


Ay 


0. More- 


over if Au = 0 for a given value of Ax the corresponding 


value of — is also zero. 
Ax 


Ay 


Hence lim t— = 0 and formula 
Ax— o Ax 

(1) holds in this case also. 

If we assume that f(u) has a continuous derivative we can 
use the mean value theorem (see §23) to give another proof 
of (1). For Ay = f(u + Au) — }{u) = j'iu + dAu)Au, and 


therefore 


% - lim % - lim % = rw Tx ■ 


(See §34.) 

21. Geometrical interpretation of the derivative. If we 

have given a function f(x) which is continuous in the inter- 
val (a, b) we associate with it the locus of the equation 

V = fi x )• Now — — ' — — ? j g fh e s i 0 p e 0 f fhe chord 


connecting the two points on the curve ( X \ , f(x 0) and 
(xi + h, f(x i + h )); whereas the tangent to the curve at 
the point on the curve for which x = X\ is by definition the 
line through this point whose slope is the limiting value of 
the slope of this chord as h approaches zero. But the 
limiting value of this slope is the derivative J'{x\). Hence 
the derivative of the function f(x) at any point x is the 
slope of the tangent to the curve y = /(x) at the point on 
the curve whose abscissa is this value of x. 

Consider now the space curve whose equations are (see 
§ 176 ) 

x = fit), y = vit), z = tit), 


where fit), <p(t), and \p(t) are continuous functions of t in 

1 An example of a situation of this kind is furnished by the function u ■» <p(x) 
m x* sin - when 2 4= 0 and <p(x) = 0 when x = 0, in case we are considering the 

X 

derivative of y with respect to x for x =0. 
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the interval (h, U). If t 0 and t 0 + h both lie between ti and 
ti, the equations of the chord connecting the points 
(x Q , y 0 , z 0 ) and ( x 0 + h h y 0 + h 2 , z 0 + h 3 ), where 

x 0 — /(to), Vo = <p(t o), = (to), Xo + hi = /(to + h), 

yo + h 2 = <p(t 0 + h ), and z 0 + = ^(t 0 + /i) 

are 

x — Sp 2 / — y Q = z — z 0 

/(to + A) — /(to) <p(to + ^) — <p(to) ^(to + tl) — \p(t 0 ) ’ 
or 

a; — xp _ y — iy 0 _ z — z 0 

/(to 4~ fe) — /(t 0 ) y(t 0 + A) — y>(tp) ^(tp + h) — ^(t 0 ) 

h h h 

The denominators are proportional to the direction cosines 
of the chord. If these approach limits not all zero as h — ► 0, 
the line through the point ( x 0 , y 0 , z 0 ) with direction cosines 
proportional to these limits is in the limiting position of the 
chord and is therefore tangent to the curve. Now these 
denominators do approach the respective limits f'(t 0 ), 
<p'(t 0 ), and t'ilo)] and therefore the line 

x — x 0 _ y - y 0 _ z — z 0 
o) <p’(t o) nto) 

is tangent to the curve at (x 0) y 0 , z 0 ), provided that the 
derivatives in the denominators are not all zero. The 
plane through the point t = l 0 and perpendicular to the 
tangent to the curve at this point is called a normal plane 
to the curve. 

EXERCISES 

Find the tangent line and the normal plane to each of the following 
curves at the designated point: 

1. y 2 = x, z 1 = I — x (1, 1, 0). 

2. x = 2 cos t, y = sin t, z = 3t (f = 2). 

3. xyz = 1, y* = x (1, 1, 1). 

4. z* + = 1, y* + z 2 = 1 (3/5, 4/5, 3/5). 

5. x = a sin* t, y = a sin t cos t, z = a cos t (t = f,). 

6. Does the normal plane in Ex. 5 pass through the origin? 
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22. Rollers Theohem. Let the function fix) be con- 
tinuous in the closed interval (a, b ) and possess a derivative 
throughout the corresponding open interval. Then if f(a ) 
= /(&) = 0, the equation f'{x) = 0 has at least one root in the 
open interval. 

By theorem 8 f(x) has a maximum M and a minimum m 
in (a, b). If M and m are both zero, f{x) is identically zero 
in the interval, as is its derivative, since the derivative of a 
constant is zero. If M =f= 0 let £ be a point in the interval 
for which /(£) = M. Then /'(£) = 0. For if h is positive 


and 


/(£ + h) — /(£) 

h =u 

fit - h) - /(£) 

— h 


Now /'(£) is the common limit of these two expressions and 
must therefore equal zero. If m 4= 0, it can be shown in 
a similar way that /'(£') = 0, where £' is a point of the 
interval for which /(£') = m. 

23. The mean value theorem. Consider the locus of the 
equation y = /(x), where /(x) is continuous in the closed 
interval (a, b ) and has a de- 
rivative in the correspond- 
ing open interval. Let A 
and B be the points of 
intersection of the curve 
with the ordinates x — a 
and x = b respectively. It 
seems plausible that there 
is a point on the curve between A and B at which the tan- 
gent to the curve is parallel to the line AB. The analytical 
proof that there is such a point follows immediately from 
Rolle’s theorem. 

The equation of the chord AB is 



V = /(“) + 


m - m 

b — a 


(x - a), 
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and the difference F(x) between the ordinates of the two 
loci at the points whose abscissa is x is 

F(x) = f(x) - f(a) - f - (b l= (x - a). 

Now this function F(x ) satisfies the conditions of Rolle’s 
theorem — it vanishes at x = a and x = b, and has a 
derivative for every value of x between a and b. There is, 
therefore, some value of x, as £, between a and b such that 

F'd ) = /'({) - = o. 

l!ut is the slope of the chord AB. This proves 

the theorem : 

Mean Value Theorem. I f f(x) satisfies the same condi- 
tions as in Rolle’s theorem, there is a value £ of x between a 
and b such that 

m - m - (6 - a)m. 

Rolle’s theorem is a special case of this theorem, which in 
turn is a special case of the following: 

Generalized Law of the Mean. If f(x) and (fix) are 
continuous in the closed interval (a, b) and have derivatives in 
the corresponding open interval, there is a number £ between a 
and b such that 

Mb) - <p(a)y\t) = \j(b) - /(«)>'(£). 

Let A = <p(a ) — <p(b), B = /(b) — /(a), and C = f(a)<p(b) 
— f(b)<p(a). Then the function 

Hx) = Af(x) + B<p(x) + C 

vanishes at x = a and x = b, and it has a derivative in the 
open interval (a, b). It therefore satisfies the conditions 
of Rolle’s theorem, and there is a number £ between a and 
b such that 


n& - Am + ivu) = o. 
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If we take account of the values of A and B we have 
Mb) - <p(a)]f'(£) = [/(b) - /(o)>'({). 

24. It follows from the mean value theorem that if 
fix) is identically zero throughout the interval (a, b), then 
f{x) is constant in the interval — that is, has the same value 
for every value of x in the interval. For, if a + h is any 
point in the interval, 

fa + h) - fa) = hf(Z) = 0, 

where a < £ < a + h. It follows that if two functions 
f(x) and (pix) have the same derivative at every point of 
the interval, they differ by a constant. The importance of 
this observation will appear when we come to the study of 
integration. 

EXERCISES 

Find the intervals of increasing and decreasing of each of the fol- 
lowing functions: Draw the curves. 

1 . y — x 1 . 2. y = (x — l)(x — 2). 3. y — 2x 3 — 9x 2 + 12x — 1. 
4. y — sin x. 5. y = cos x. 6 . y — tan x. 

7. Show that the equation x 3 — 6x 2 + llx — 8 = 0 has a root 
between I and 4. 

8. Show that the equation sin 2 x — 2 cos x = 0 has a root between 
0 and ^ • 

9. Does the equation 3 sin 2x + 5 cos 3z = 0 have any real roots? 

10. Given y = ^ when x + 0, and y = 0 when x = 0. What 

is the derivative of y with respect to x when x = 0? 

11. Prove that the equation f(x) — kf'(x) — 0 has at least one 
root in the interval (a, b) in case f(x) and /'(x) are continuous in the 
closed interval and /(a) = f{b) = 0, while /'(a) and f{b) are both 
different from zero. 

25. Derivatives of higher order. If the function fix) is 
differentiable in the interval (a, b), its derivative, fix), 
may, or may not, be differentiable. If it is, its derivative is 
called the second derivative of fix). In a similar way we 
define derivatives of successively higher orders. The func- 
tion sin x, for example, has a derivative of every order, while 
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the function x 3/2 has a first derivative, but none of higher 
order, at the origin. 

If y = f(x) the successive derivatives are conventionally 
denoted by the symbols 


dy. 

d 2 y 

d n y . 

dx’ 

dx 2 ’ 

’ dx n ’ ’ 

y'y 

y", 

. . . 7/(”) • . - • 

y y > y 

/(a 0, 

fix), 

f M (x), •••• 


26. Infini tesimals. A variable with the limit zero is 
called an infinitesimal. 

A constant quantity different from zero is not an in- 
finitesimal in this sense, although it may be very close to 
zero. Zero may be thought of as a variable with itself as 
its limit. It is therefore in conformity with convention to 
speak of zero as an infinitesimal. 

If a and /3 are two infinitesimals, the ratio - may ap- 


proach any finite limit, or no limit at all; it may have no 
upper bound, or no lower bound. For example, if /3 = a 2 , 


0 


0 


lim 0; if (3 = A; sin a, where k is any number, lim ^ ■ = k; 


a 


1 

if a = x 2 and 0 = x, lim - — <x>; and finally if (3 = a sin - , 

a a 

Q 1 

- = sin - . But this last expression has no limit as a — * 0. 
a a 


If lim - = k, then (1) B is said to be of the same order as 
a 

a if A; is finite and different from zero; (2) & is said to be of 
higher order than a if A; = 0 ; and (3) of lower order if k = ± w . 
More particularly, we say that 0 is of order n as compared 

with a in case lim — = Ac 4= 0. 

The reciprocal of an infinitesimal is said to be infinite 
since it increases in absolute value beyond any preassigned 
limit. 
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Exercise. Show that we cannot have 

lim — k + 0 
a" 

and 

lim = k' 4= 0 (m 4= n) 

as a — > 0. 

27. Principal part of an infinitesimal. If lim |-* + a 

we have -=& + «, where e is an infinitesimal: or 
a 

(3 = ak + o:e. 


That is, /3 is the sum of two infinitesimals, one of which is 
of order one as compared with a, and the other one of higher 
order. The part ak of /3 that is of order one is accordingly- 
called the principal part of (3. Suppose for example that 
V — /Or), where f(x) is a differentiable function. Then 


or 


lim ^ = /'(*), 


it = /'w + «■ 


where e is an infinitesimal along with Ax. Hence 
A y ~ f Or) Ax + «Ax, 

and /'(x)Ax is the principal part of Ay, if f(x) 4= 0. It is 
called the differential of y and is represented by the symbol 
dy. In case fix) — 0 we say that dy = 0. 

We have defined the differential of the dependent vari- 
able. In conformity with this definition we agree to call 
Ax the differential of x, the independent variable, and to 
represent it by the symbol dx. The differential of y de- 
pends upon x and Ax. The latter is perfectly arbitrary. It 
represents a change in the independent variable. But dy 
does not represent the corresponding change in y; that is 
represented by Ay. But since 

V - y I = /'Or i)(x - Xi) 
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is the equation of the tangent to the curve y = fix) at the 
point whose abscissa is x h we see, if we replace x — Xi by its 
equal dx, that y — y 1 , or the change in y as we move out 

from the point of contact 
along the tangent to the curve, 
is equal to f'(x)dx, which is 
the differential of y. 

By definition the differen- 
tial of y is equal to the deriva- 
tive of y with respect to x mul- 
tiplied by the differential of x. 
It follows that in the symbol 

^ for the derivative we can 
dx 

consider the numerator as the 
differential of y and the denominator as the differential of x. 
The reader should be careful not to use the words derivative 
and differential interchangeably. 

28. Differentials of higher order. If y = f(x) has a 
second derivative, the differential of y' is called the second 
differential of y, and is represented by the symbol dry. 
We assume that the arbitrary value we assign to dx is the 
same for all values of x under consideration — that is, that 
dx is constant. Then 



dy = y'dx = f'(x)dx, 
d 2 y = y"dx 2 = f"{x)dx 2 . 

and, in general, 

d (n) y = y (n) dx n = f {n) {x)dx n , 

if the first n derivatives of f{x) exist. In general, then, 

g - /<■>«. 

29. In case y = f(u) and u = ^>(x), we have 

dy = f'(u)du, 
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du — <p'(x)dx. 

Therefore 

dy = f(u)<p'(x)dx = 

in view of §20. 

This result is important since it shows us that when y is 
a composite function of x the differential of y is the same 
whether we take it with respect to the intermediate variable 
or with respect to the independent variable. The corre- 
sponding formula does not hold for differentials of higher 
order. 

MISCELLANEOUS EXERCISES 


1. Derive a simple formula for the n-th derivative of sin x ; of cos x. 

2. Show how the constants A, B, and C in §23 are determined. 

3. Prove that a polynomial in x is continuous for every finite value 
of x. 

f(x) 

4. If f{x) and <p(x) are relativly prime polynomials ini, is —— f con- 

VW 

tinuous for every finite value of x, it being understood that^>(x) is not 
a constant? 

5. Show that /( x) increases or decreases with x according as /'(x) 
is positive or negative. 

6. Write down a formula for the derivative of a determinant whose 
elements are differentiable functions of x. 

7. Show without expanding it that the determinant 


D = 


sin kd 
cos kd 


Cl 


sin (kd -f- a) 
cos (kd a) 
c 2 


sin (kd + 0) 
cos (kd + /S) 
c 3 


is independent of 6. 

8. Find the equations of a tangent to the helix x = cos t,y= sin t, 
2 = t. 

9. Show that the orthogonal projection of this tangent upon the 
(x, y) plane is tangent to the circle x* + y 2 = 1. 

10. At what angle does this curve intersect the curve x = sin t, 
y ~ cos t, z = t? 

11. Find the equations of a tangent to the conical helix x = t cos t, 
y = t sin <, 2 = kt. 

d*z 

12. Find -j-j in case z — f(x, y) and y = <p(x). 
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13. How many real roots has the equation a* — x = 0, it being as- 
sumed that 0 < a < 1? 

14. How many real roots has the equation e* — x = 0? 

15. Given /(x) = x t sin - when x 4= 0 and f(x) = 0 when x = 0. 

Find f'(x) for x = 0 and for x 4= 0. Show that /'(x) is discontinuous 
at the origin. 

16. Given /(x) = x s sin ^ when x 4= 0 and /(x) = 0 when x = 0. 

Is f(x) continuous at the origin? Does it have a derivative that is 
continuous there? 

17. Prove that the derivative of a function of one variable has no 
discontinuities of the first kind in an interval within which it exists. 
(Use the mean value theorem.) 

18. Prove that f(x) is a constant if it is continuous and takes on 
only rational values. 

19. What can you say if it is continuous and takes on only irrational 
values? 

20. If 0 = x = ^ , then sin x = x. (See §48 for the remainder 

in the expansion of sin x in powers of x.) Then for all values of x we 
have | sin x | ^ | x | . From this fact show that sin x and cos x are con- 
tinuous for all values of x. 

21. Then show that sin* x and cos 1 x are continuous for all values 
of x. 

22. Given the function f(x) defined as follows: f(x) = 0 when x is 

. . 1 . 7 ) . . 

irrational and f(x) = - when x equals a rational fraction - in its lowest 
q ? 
terms ( q > 0). Show that /(x) is continuous when x is irrational and 
discontinuous when x is rational. 

This function is striking in that within every interval it has an 
infinite number of points of continuity and an infinite number of 
points of discontinuity. (See Chapter I, Theorems 2 and 3.) 

23. f(x) = x — [x], where [x] denotes the greatest integer that 
does not exceed x. Show that /(x) is continuous for non-integral 
values of x and discontinuous for integral values. 

24. Show that /(x) has a minimum in any interval containing an 
integer, but no maximum. 

d x • 

25. Prove that ► °o as x — * » in case a > 1 and n > 0. (Ex- 

x n 

amine the derivative of the function.) 

26. If /(x) and <p(x) have derivatives for a < x < a + h, and <p'(x) 
does not vanish in this interval, we know that 
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/(a + h) — f(a) f'(a + fl.ft) 

<f>(a + h) — <p(a) <p'(a + 62 h) ’ 

where 0 < di < 1 and 0 < 6 2 < 1. In general 0j and B t are different. 
Is there a 6 between 0 and I such that 

/(a + h) - f(a) f'(a + Oh) ? 

<p(ct d-A) — <p(a) ip'(a 4- dh) 

^ Apply Rolle’s theorem to the function 

Hx) - fix) - /(«) - |>(x) - y(a 

27. The trigonometric polynomial 

ao + ai cos x + • ♦ • ■+■ a n cos nx, 

where the coefficients are all real and | a 0 | + 1 ai | + • • • + | a»_i| < a*, 
has at least 2n zeros in the interval (0, 2ir). 



CHAPTER III 

FUNCTIONS OF MORE THAN ONE VARIABLE 

30. We shall discuss here functions of two variables in 
particular, and leave to the reader the statement and proof 
of similar properties of functions of three or more variables. 
He will see that many of the properties of functions of one 
variable carry over with obvious changes to functions of 
more than one variable. 

31. Continuity. The function f(x, y ) is said to be con- 
tinuous at the point ( x 0 , y 0 ) if there is associated to every 
positive number < a positive number rj such that 

I/O, y) - f(x o, Vo) | < e, 

when \x — x 0 \ < v and \y — y 0 \ < v- 

This implies that in order to be continuous at the point 
(x 0 , y 0 ) a function must be defined throughout a neighbor- 
hood of this point. The function is said to be continuous 
in a region if it is continuous at every point of the region. 

If we include its boundary points in a region we say that 
the region is closed. If not all the boundary points are in- 
cluded we say that the region is open, at least in part. The 
region of continuity of a function may be open or closed. 

The diameter of a circle is the longest straight line that 
can be drawn between two points on its circumference. 
We accordingly call the longest straight line that can be 
drawn between two points on the boundary of any closed 
region the diameter of the region. 

Theorem 1. If the function f(x, y) is continuous in the 
closed region A, there is associated to every positive number e a 
positive number ij such that if A is divided into partial regions 
whose diameters are all less than y, the absolute value of the 
difference between the values of f(x, y ) at any two points of 
the same partial region is less than e. 

40 
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If the theorem were not true for A it would not be true 
for all the partial regions into which A might be divided. 
Suppose that we divide A into partial regions by two systems 
of equidistant lines parallel to the coordinate axes respec- 
tively. If there is one of these partial regions, as A x , with 
respect to which the theorem is not true, we divide A x into 
partial regions in the same way. The theorem would not 
be true for at least one of these. Let A 2 be such a one. We 
could continue this process indefinitely and thus form an 
infinite sequence A i, A 2 , • * •, A n , • • • of squares or partial 
squares for each of which the theorem is not true. If the 
region A n is the square bounded by the lines x — a n , x = 6 n , 
y — c„, y = d n , or a part of this square, then b„ — a n — ► 0 
and d n — c„ — » 0 as n — ► Hence the diameter of this 

square approaches zero as n — > °o, and a n and b n approach a 
common limit, X, while c„ and d„ approach a common limit 
/x. Now the point (X, m) lies in the interior or upon the 
boundary of the region A, and therefore f(x, y) is continu- 
ous at this point. There is then an 77 > 0 such that 

I/O, y) - f{\ m) I < | (l) 

when x and y are the coordinates of a point of A for which 

| x — X | < 77 and \y — (2) 

On the other hand, for a sufficiently large n the region A n 
lies in the square whose center is at (X, m) and whose sides 
are equal to 277. The coordinates of all points of A n 
satisfy ( 2 ) and therefore ( 1 ). If Ox, 2 /i) and O2, 2/2) are 
any two such points, we have 

!/ 0 x, 2/1 ) - /(X, m)| < | 

and 

I/O*, 2/2) “ /(X, m)! < |* 

Therefore 

I /Ox, 2/1) - / O2, 2/2)1 < e. 
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But this contradicts the supposition we made in regard to 
A„. The theorem is therefore proved. 

Corollary. To every 'positive number e there is associated 
a positive number y such that 

Iffru yi) - /(* 2, 2/ 2 )| < c 

when the points (xi, yi) and (x 2 , y 2 ) are in A and 

\x x — x 2 \<y and 1 2/1 — 2/2 1 < y. 

The proof is similar to that of §18 for functions of one 
variable. A function that has this property for a region A 
is said to be uniformly continuous in A. The corollary says 
that if a function of two variables is continuous in a closed 
region it is uniformly continuous there. If a function is 
continuous in an open region it may, or may not, be uni- 
formly continuous there. For example, the function 

/(*, v) = jffp 

is continuous within the square bounded by the axes and 
the lines x = 1 and y = 1. If it were uniformly continuous 
in this open region, there would be an 77 associated with 
every positive e in the way described. In order to see if 
there is such a number we consider the circle with center at 

the origin and radius where y Is any positive number 

whatever. If e is sufficiently small, there are two positive 
numbers, mi and m 2 , such that 

mi m 2 

1 + mi 2 1 -f- m 2 2 ^ 6 * 

Then if (x h y x ) is any point of the region that lies within the 
circle and on the line y = m x x, and (x 2 , y z ) is a similar 
point on the line y = m 2 x, we have 

|*i - *2 1 < y, I2/1 - 2/2 1 < y 

!/(*!» 2/0 - /(*!, 2/2) I > 


and 
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since f(x u yf) = 1 + and f(x it yf) = ^ ~ 2 . There- 
fore the function is not uniformly continuous within 
the square. Any function that is continuous in a closed 
region furnishes an example of a function that is uniformly 
continuous in an open region. 

We state without proof a few additional properties of 
functions of two variables that are continuous in a closed 
region. 

(a) A function of two variables that is continuous in a 
closed region A is bounded there — that is, it has an upper 
bound M and a lower bound m. The difference between 
these is called the oscillation of the function in A. 

(b) There is a point in A at which the value of the func- 
tion is equal to its upper limit in A, and a point at which the 
value of the function is equal to its lower limit in A. 

(c) There is an unlimited number of points in A at which 
the value of the function is equal to any number between 
M and m. 

The reader should notice and explain the difference be- 
tween statement (c) and the corresponding one concerning 
functions of one variable (§18). 

32. Partial derivatives. If we give a fixed value to y and 
let x change, the function fix, y), which we suppose to be 
continuous and one-valued, becomes a function of x alone. 
In case this function of x has a derivative — that is, in case 

f(x + Ax, y) - f(x, y) 

Ax 

approaches a finite limit as Ax — » 0 — we call this limit the 
partial derivative of f{x, y) with respect to x, and represent it 

by one of the symbols f x (x, y), > or D x f(x, y). The 

partial derivative of f(x, y) with respect to y is 

Um f(x, y + Ay) - fix, y ) 
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when this limit exists. There is a notation for this corre- 
sponding to the notation for the partial derivative with 
respect to x. 

The products 

dj = and dj = Ay 

are called the partial differentials of fix, y) with respect to x 
and y respectively. 

33. Total differentials. If u — f(x, y) we have 

Aw = f(x + Ax, y + Ay) - f(x, y) 

= [ [f(x + Ax, y + Ay) - f(x, y + At/)] 

+ tf(x, y + Ay) - f(x, y)]. 

By applying the mean value theorem for functions of one 
variable to the differences in the square brackets we find 
that if f x and f y exist in the neighborhood of the point (x, y), 

Aw = f x (x + 6 Ax, y + Ay) Ax + f y (x, y + d' Ay) Ay, 

where 0 < 0 < 1 and 0 < 6' < 1. If f x and /„ are con- 
tinuous at this point, 1 

Aw = [J x {x , y) + e{]Ax + \J u (x, y) + e 2 ]A y, (3) 

where <r — *■ 0 and e 2 — » 0 as At — > 0 and Ay — > 0. 

Definition. The function f(x, y) is said to be differen- 
tiable at the point (x, y) if it is uniquely defined in the 
neighborhood of this point and if 

Aw = AAx + BAy + eiAx + « 2 A y, (4) 

where A and B are independent of Ax and Ay and a — * 0 
and e 2 —* 0 with Ax and Ay. 

If fix, y) is differentiable, the part AAx + BAy is called 
the total differential of fix, y) and is represented by the 
symbol du: 

du = AAx + BAy. 

1 Since is the mean value theorem the continuity of the derivative was not as- 
sumed, it is not necessary here to assume the continuity of both of these partial 
derivatives. 
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In this formula it is usual to represent Ax by dx and Ay 
by dy. Then 

du = Adx + Bdy. (5) 

It is clear that if a function is differentiable at a point, its 
first partial derivatives have definite finite values at this 
point. For if in (4) we put Ay = 0 we have 


Au A < 

~Ax ~ A + 61 


and lim ~ = A — ~ . Similarly lim = B = > 

Ax — 0 Ax dx J A* — 0 Ay dy 

when Ax = 0. Then we can write 


du = dx + t - dy. 
dx dy J 


It does not follow that the function is differentiable at a 
point if its first partial derivatives have definite values there. 
This would follow however if these partial derivatives ex- 
isted in the neighborhood of the point and one of them were 
continuous at the point. 

Theorem 1. If f(x,y) is differentiable at the point 
(x, y) it is continuous at this point. 

This is an immediate consequence of (4). 

Since x and y are independent variables we can, if we 
wish, hold dx and dy constant. We shall find it convenient 
to do this. Then du is a function of x and y only and has a 
total differential which we call the second differential of u 
and represent by the symbol d 2 u. 


,, d 2 u -j d 2 u , dhi -j- 

du - + 2 d^~y dxdy + W dV - 


In a similar way we can form higher differentials of u, if we 
make suitable assumptions in regard to the partial deriva- 
tives of u of lower order. We shall see in the next article 
that the corresponding formulae are more complicated if x 
and y are not the independent variables. 



46 


ADVANCED CALCULUS 


[§34 


34. If- a? and y are differentiable functions of a single 
variable t, u is also a function of t and we have from (3) 


Am 

At 


(/* + e i) + ( fv + **) m > 


and therefore 


du 

dt 


f dx dy 
Jx dt ^ Jv dt’ 


( 6 ) 


if the derivatives /*,/„ exist in the neighborhood of (x, y ), and 
one of them is continuous at this point. 

If we differentiate each side of (6) with respect to t, we 
obtain the formula 


But 


and 


^ - !L ( f _ l / f d *y 

dt 2 “ dt {Jx) dt ^ ]z dt- ^ dt Uv) dt Jv dl 2 ' 


dt (^) “ J z ' x dt + ^ 


v dt 


dt Uv) - fv.* fv. 


dy 
v dt ’ 


5 3 

where we have represented the derivatives — (f x ), (/*), 

3 3 

— (/„), and ^ (/ v ) respectively by the symbols f x , x , f z , 


Hence 


/v, and y. 

= (i te+f 

( dx,f ( fy\ d y J L_ f dfy 
\Jv.*dt Jv ’ v dt ) dt ^ Jv dt 2 


dhi 

dt? 


dx , d?x 
'dt + fx dt 2 


+ 


= / f-Y 

Jx ’ x \dt ) 


+ 2 


dxdy 
' dt dt 


+ ft 


(dy \ 2 

' v \dt ) 
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We have here assumed that f x , y = f v , x . This will be 
proved in §42. 

If x and y are functions of several variables of which t 
is one, (4) would hold with ~ ~ , and ^7 replaced by dU 


dt 


dX , and respectively: 


dt 


du dx dy 
dt Jx dt +Jv dt‘ 


dt ’ 


( 8 ) 


If in particular x and y depend upon the two variables r 
and s, we have in a similar way from (5) 

f ( — Y a. of tody (dyV 
dr 1 Jx ' x \dr) ~ 1- ]x ' v dr dr ^ Jv ' y \dr) 


?bs Py 

J x dr 2 I- Jv dj .2 


and 


(to\ + 2f — (*1 V 

as 2 ~ Jx ' x \ds ) + ZJx ’ v dsds^ }v - v \ds) 


, f djx djy 
-r jx dg2 *r Jv ds 2 


( 9 ) 


The reader can verify that 


dru dx dx 

drds ~ Jx ' x ~dr~ds 


x . f dxdy dxdy\ 
Is " \ dr ds ds dr ) 


fydy | f tox dhj 
^ Jv ' v drds ^ Jx drds “ r Jv drds ' 


( 10 ) 


Formulae of this kind are necessary in order to introduce 
new independent variables in an equation involving x, y, 
and u and partial derivatives of u with respect to x and y; 
as, for example, when we wish to change from rectangular 
to polar coordinates in a partial differential equation. In 
this case we have x = r cos 6 and y — r sin 6. 

Exercise. Show that 

/*, * + /».» = fr, r + 8 + - fr • 
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35. An application in geometry. Let 

* = f(t), y = <p{t), z = t(t) 

be the parametric equations of a curve through the point 
P = (xi, y h Zi) which corresponds to t = t\. If fit j), 
and are not all zero, 

x - f(ti ) y - <p(h) z - t(ti) 

fib) ~ <p'ih) ~ { } 

are the equations of the tangent to the curve at the point P. 
We assume that the curve lies on the surface 

z = Fix, y ). 

Then we have the identity 

m = Fun), v(t)i 

and 

nh) = fjc/q o, + F v [f(t l} , ff «o veto, 

provided that the partial derivatives F x and F v exist in the 
neighborhood of P and one of them is continuous at P. 
If we eliminate fit i), (p'ih), and ^\ti) from this last equa- 
tion by means of (9) we obtain the equation 

z - HU) = F x {J{ti), <p(fi)][> - /(i t )] 

+ Fvlfiti), <piti)JLy — <?iti)Ji, 
or 

z - zi = F x ix i, y^ix - Xi) + F v ixxy,)iy - y x ). (12) 

This is the equation of a plane through the point P and 
it is satisfied by every set of values of x, y, and z that satisfy 
(11). But the particular tangent fine in question is deter- 
mined by the curve on the surface to which it is tangent, 
and this in turn is determined by the functions fit), (pit), 
and \J/it). These functions, however, do not appear in the 
equation of the plane. Hence the tangent lines at P to all 
the curves on the surface that pass through P lie in the 
plane (12). This plane is therefore called the tangent plane 
to the surface at P. 
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EXERCISES 


Find the equations of the tangent plane and the normal line of each 
of the following surfaces at the point indicated: 

1. x 2 + y 2 = 3 Is (2, - 1, 5/3). 2. y = x tan | (- 3, - 3, ~ )• 

3. xyz = - 1 (1, 1, — 1). 

4. Find the distance from the origin to the plane ax + by + cz 
-)- d = 0. 

5. Find the equations of the normal to the surface z = /( i, y) at 
the point (x u yi, Zi). 

6. Show that the helix x = 3 cos t, y = 3 sin t, z = t and the surface 
x?/z = 1 have in common a point corresponding to a value of t between 

v 


0 and 


4 ‘ 


7. Does the arc of the helix x = cos t, y = sin f, z = t between the 

point for which ( = 0 and the point for which t = - have a point in 

common with this surface? Do the curve and the surface have any 
points in common? 


8. Find ~ and when z = log Vl + x 2 + y 2 . 

ox oy 

9. Show that |J + “ = 0 if / = log ( x 2 + y 2 ). 

d 2 f d 2 f . v 

10. Show that , + 5,-5 = 0 if / = arc tan - ■ 

ox 2 dy 2 x 

d 2 f d 2 f 

11. Show that 5j^ s = a 2 if / = tan ( y + ox) + tan {y — ax). 

12. Find x + y when z = / ^ | ^ • 

13. Find x ~ — y -J- when z = f(x y). 

ox oy 

d^z d^z 

14. Show that ^ = 0 when z = ip{x + iy) + ^(x — iy). 


d z 


15. Given f(x, y, z) = 


1 


Find f x x + f xll + f u . 


Vx s + y 2 -)- z J 

36. Invariance of the total differential. If <p{x, y) and 
\p(x, y) are differentiable functions and r and s are con- 
nected with x and y by the equations 

r = <p(x, y) } s = t(x, y), 

which we assume can be solved for x and y in terms of r 
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and s, we have from (8) 

du du dr 
dx 


duds 
dr dx ds dx ’ 


Then 


du du dr du ds 
dy ~ drdy dsdy 


du ,dv 

du = — ax + T~dy 
dx dy 

__ / du dr du ds 

~ \ dr dx ds dx 


\ , . ( du dr du ds\ , 

) dx+ \rr*j + T S Tv) d V 

du( dr , , dr \ du ( ds ds , \ 

= ai\di dx+ di d! ') + di{ei dx+ ai dy ) 


du , , du , 

= —dr + — ds. 
dr ds 

That is, the form of du is the same whether the variables 
with respect to which we differentiate are looked upon as 
independent or dependent variables. This is not true of the 
higher differentials of u. 

37. Differentiation of equations. If we have the equation 

u — f( x > V) z ) = constant, (13) 

what is the value of the total differential da? Obviously 
Au = 0. But du and A u are not in general equal. If we 
assume that f(x, y, z ) is a differentiable function, we have 
df , ,df , ,df 

dx dy dz 
point (x, y, z) depends upon the values we assign to dx, dy, 
and dz. But if (13) is to be satisfied, these values are not 
independent. Under certain conditions which we assume 
to be satisfied, equation (13) determines z as a function of 
x and y (§169). In the expression given above for du we 
understand by dz the total differential of this function. 

df df 


du — ~zdx +irdj/ +-~dz, and the value of du at any 
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and therefore du = 0. This establishes the following im- 
portant theorem: 

Theorem 2. If each member of an equation connecting 
the variables x, y, and z is a differentiable function of these 
variables, the total differentials of the two members are equal. 

The theorem holds irrespective of any additional differ- 
entiable relations connecting the variables. It also holds 
for any number of variables. For example, if we have two 
variables, x and y, connected by the equation fix, y) = 0, 
then 


df , , df , 

— dx+—dy 
dx dy 


0 , 


df 

dy dx 

dx ~ df 

dy 


Hence the equation of the tangent to the curve fix, y) = 0 
at the point (x 0 , y 0 ) is 


unless 


^ + (%) 


( y - yo) = o, 

0 

point on the curve at 


If fif 

which — ^ and ~ both equal zero is called a singular point 
of the curve. 

38. Directional derivatives. Let P = (x, y) be any 
point on a given curve C and let s be the distance along C 
measured from an arbitrary point on it to P. Then x and 
y are functions of the single variable s and we can apply (6) 
to the function u = fix, y). 


du _ df dx dfdy 
ds dx ds'' dy ds 


But ~r~ = lim ^ = lim — • , where c is the chord con- 

necting the two points corresponding to s and s + As. But 

lim - = cos a, where a is the inclination of the tangent to 
c 
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c dx 

C at P, and lim — — 1 (§187). Hence — cos a. Simi- 


3/u 

larly we find that ^ = sin a. Then 


du 

ds 


df ,df. 
ai cos “ + sm “• 


(14) 


We call — the directional derivative of u along C. But at a 

given point it depends only on the direction of the tangent 
to C at P. We therefore call it also the derivative of u in 
the direction a. 
du 

Since — is a function of a we may represent it by <p(a). 


It is clear that 
<p(a) =0 when 


*(°> = to and 



dy- 


Moreover 


or 


df , df . 

COS a+r-gino 
dx dy 


0 , 


tan a 


df 

dx 

M.' 

dy 


But the right member of this last equation is the slope at the 
point P of that curve of the family f{x, y) — c that passes 
through this point. In other words, the directional deriva- 
tive of f(x, y ) along the curve f(x, y) = c is zero. It has 
its maximal absolute value when 
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since <p(a ) = 0 when a — ai and a = a 2 + t, ai being the 
inclination of the tangent of the curve f(x, y) — c. The 
direction a 2 for the maximum absolute value of <p{a) is 
therefore perpendicular to the tangent to this curve. 

The curves f(x, y) = c are called the contour lines of the 
surface z = f(x, y). They are the orthogonal projections 
on the (x, y )- plane of the points on the surface that are at 
the same distance from the (x, y)- plane, and are of great 
value in showing on a map the different elevations of land 
in the region mapped. 

It follows from (14) and (15) that when a = a 2 we have 

Since this derivative is taken in a direction normal to the 

curve f(x, y) = c, we denote it by the symbol — • It is 

called the gradient of f(x, y). 

Similar results can be obtained in connection with direc- 
tional derivatives of functions of three variables. We leave 
the details to the reader. 


EXERCISES 


Find the directional derivative of each of the following functions 
at the point and in the direction indicated: 

I. x 1 + y 2 (2, 3). a = 60°. 2. - y 3 (4, 1). a = 45°. 

3. cos xy (2,-3). a = 30°. 

4. Show that the magnitude of the gradient of x 1 + y 3 is constant 
along a circle with center at the origin. 


5 . 


Show that the magnitude of the gradient of 


-i— r — ; is constant 
x 3 + y 1 


along the same circles. 

6. Find the direction and magnitude of the gradient of x — y at 
the point (5, 2). 

7. Find the direction and magnitude of the gradient of 


V = log Vx 5 + y*. 

8. Find the direction and magnitude of the gradient of 


V « log Vx s + y 3 + z 1 . 
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Draw some of the contour lines of each of the following functions: 
9. x* + y* = 4 z. 10. x 5 + j/ 2 = 3(2 + 4). 11. ^ ^ j - L 

What kind of curves are the contour lines of : 


12. x* 4 - J / 8 + 


& , v* 


v * 


i. 13.^ + |-=2. 14.J + I-1-1. 


1S * ? ~ Hr = 2 *- 16 - *»* = 1 - 17 * * = ' 


18. 2 = 


x* + y 1 — 2 
2x 


19. 2 


_ 3x 2 - y 2 + 1 
2x 2 + 2/ 2 - 1 


20. What is the direction of the gradient of — -f ^ — 1 at the point 

(2, - 3)? ' ° 

21. Of x - w ~ 1 at the point (2, 3)? 

4 o 

22. Find the direction and magnitude of the gradient of / 
= e -1 ' sin 2x + e -2 *' sin x at the point ^ ^ * 0 ^ • 

39. If u is a function of x, -y, and z, we define the differen- 
tial of u to be 


du -~dx +~dy + w~- dz. 
dx dy * dz 

This is analogous to the definition of the differential of a 
function of two variables. 

Theorem 3. If u is a function of x, y, and z, and 

du = Xdx -f Ydy + Zdz, 
dx dy’ dz 

Since x, y, and z are independent we can hold any two of 
them, as y and z, fixed. Then dy = dz — 0 and du = Xdx, 
du 

0T ai = x - 

40. Exact differentials. If 

du = Mdx -f Ndy, 

where M and N are differentiable functions of x and y, then 
(see §39) 
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dhl dM , dhl dN 
dxdy = ~dy a dydx~~to' 

and therefore in view of §42 that 

dM dN 
dy dx 

This is a necessary condition that 

Mdx + Ndy 


( 16 ) 


be the total differential of some function u of x and y. 

Moreover (16) is a sufficient condition for the existence 
of a function u = f(x, y) such that 

du = Mdx -f- Ndy. 

For the function 

u = J Mdx -f <p{y), 


where <p(y) is an arbitrary function of y, is such that 
dxi 

— - = M, and if we can determine <p(y) in such a way that 

OX 

= N, we shall have du = Mdx + Ndy. Now 


du 

dy 


Mdx + <p'(y) 

f 


dM 

dy 


dx + <p'(y). 


Hence in order to meet the condition that — shall be equal 
to N we must have 


= N Mdx. (17) 

We could not satisfy this condition (17) if the right side 
contained x, since the left side is a function of y alone and x 
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and y are independent variables. But the right side does 
not contain x, as is shown by the fact that its derivative 
with respect to x is zero. 

±( N -±f Mdx ) 

— d r dM _ bN bM _ 
dx dx J by X bx by 

From (17) we have 

<p(y) = f( JV Mdx ) d v- 

Then 

u = j' Mdx -f J* ^ N — ^ J* Mdx ^ dy 
is a function of x and y such that 


since 


and 


du = Mdx + Ndy, 


du 71 /r 


r - r- f Mdx + N - 4~ f Mdx = N - 

dy byj byj 


Theorem 4. A necessary and sufficient condition that 

Mdx + Ndy 

he an exact differential is that 

dM bN 
by bx ' 

d 

In this proof we have assumed that ^ 

and that — J* Mdx = J'^—dx. For a justification of 

these assumptions see §§67 and 68. We add the correspond- 
ing theorem for functions of three variables: 


J 


dM j dM 
-z —dx = -r— 
dy dy 
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Theorem 5. A necessary and sufficient condition that 

Xdx -j- Y dy -j- Zdz 

he an exact differential is that 

dX_dY dY^dZ dZ = dX 
dy dx ’ dz dy ’ dx dz 

In the first place, this condition is necessary, for if there 
is a function u = fix, y, z) such that 

du = Xdx -f - Ydy Zdz, 

then by Theorem 3 

-rr dU y dU y SU 

3a; dy dz 

and from this it follows that 

dX = dF dF = dZ dZ^dX 

dy ~ dx ’ dz dy ’ dx ~ dz' 

since 

dX d 2 u d Y d 2 u dY d 2 u 

dy dxdy ’ dx dydx ’ dy dydz ’ 

dZ _ jffu_ dZ _ <ffu_ dX d 2 u 

dy dzdy ’ dx ~ dzdx ’ dz dxdz 

(See § 42.) Moreover the condition is sufficient. In order 
to see that this is so we regard z for the moment as a constant. 
We are entitled to do this since it is one of the independent 
variables. Then we know from Theorem 4 and the given 
conditions that there is a function <p{x, y, z) such that 

d<p — Xdx -f Ydy. 

We now put 

U = Six, y, z) = fix, y, z) + *(*), (18) 

where \p(z) is an arbitrary function, and seek to determine 
in such a way as to make 

du — Xdx + Ydy -f Zdz. 
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It follows from (18) that 

du - Xdx + Ydx + ^ + *'(*)] dz. 

Hence it will be sufficient so to determine \p(z) as to have 

If + “ z ’ 

or 

(i9) 

It will be impossible to satisfy (19) unless the right member 


is free from x 

and 

i y- 

Now 






d<p\ 

_ dZ _ 

d-<p 

_ dZ 

d d<p 


dxV 

j 

dz ) 

dx 

dzdx 

dx 

dz dx 

n . d< P 

But lx 

= X. 

Hence 






3 1 

[ z 

\z- 

dip \ 

dZ_ 

dX 

n 



dx 1 


dz ) = 

dx 

dz 

U 


by virtue of the conditions of the theorem that are assumed. 
In a similar way we can see that 

JL( 7 _dl\ = M_dY = 

dy\ dz ) dy dz 

Then Z — is free from x and y and (19) will be satisfied by 
the function 

**>-/(*-!?)*■ 

For this choice of the arbitrary function \p(z) 
u = <p(x, y, z) + i(z) 
is a function whose total differential is 

Xdx 4 ■ Ydy + Zdz. 

This completes the proof of Theorem 5. 
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EXERCISES 

Point out the exact differentials from the following and find the 
functions of which they are the differentials: 


1 . 


3. 


2x j , 

—• — ; jdx + 

x 2 + y 2 

xdx — ydy 

x 2 + y 2 ' ' 


2y j 
x 2 + y 2<iy - 


2 . 


2x 


r 2 - y 2 


dx + 


2 y 


x 2 - y 2 


dy. 


4. — e~ x sin ydx + e x cos ydy. 
y 2 dx ydy 


5. log yzdx dy + ~dz. 6. ^ _ y)t (jp 


y) 2 


41. Euler’s theorem on homogeneous functions. Sup- 
pose that a function f{x x 2 , • • •, x„ ) of the n variables Xi, 
x 2 , • • ■ , x n is such that 

/(tei, te 2 , • • •, te„) = f m /(x,, x 2 , • • x„), (20) 

where t is indeterminate. We then say that / is homogeneous 
of degree m in the variables Xj, x 2 , ■ • ■ , x n . For example, the 

1 , x 1 ' 2 


functions x 2 + y 2 , \x 2 + y 2 , , and 

\x- + y 2 


are ho- 


x 2 + y 2 

3 

mogeneous of degrees 2, 1, — 1, and — > respectively; 

sin x 

while is not homogeneous. 

X 

Equation (20) can be written in the form 

f(u u u 2 , •••,«„) = t m f{x i, x 2 , • • •, x„), 

where tt, = te, (i = 1, 2, • • •, n). Differentiation with re- 
spect to t gives us 

df(u h u 2 , • • •, u u ) dUi , df_ &U 2 , . , df_ du n 

dUi dt du 2 dt du n dt 

= mt m ~ l f(xi, x 2 , • • - , x n ). 


For t — 1 we have 


. d f 4. * _u 

I ‘te + X, to + 


■ + x -H =mf ’ 


' J 


where now the arguments on each side are X\, x 2 , 
since = x,. This proves what is known as Euler’s 
Theorem: 
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Theorem 6. If f{x x , x 2 , 
m, then 


■ , x n ) is homogeneous of degree 


„ a/ , af , a/_ , 

Xl tel + + " ' + x "aZ ~ 


42. The order of differentiation. If f(x, y) is defined in a 
given region and if f x , f y , and f x , v all exist at a point (x, y) of 
this region, the second derivative f v , * may, or may not, 
exist at this point; and if it exists it may, or may not, be 
equal to f x , v . The following theorem, which is due to 
Schwarz, gives a set of sufficient conditions for the existence 
of f v , x and of its equality with f x , 

Theorem 7. If f x , f u , and f x , v all exist in the neighborhood 
of the point ( x , y) and if f x , „ is continuous at this point, then 
f v , x exists at the point and f x , v = f y , x . 

The function 


<p(x) = f(x, y + k) - f(x, y) 

for a fixed y and a fixed k satisfies the conditions of the mean 
value theorem for functions of one variable. Hence by a 
repeated application of the theorem 

<p(x + h) — <p(x) = h\_f x {x 4 - 6h,y + k) - f x {x -f dh, y) 1 
= hkf x , v {x + eh, y + e'k), 

where 0 < 6 < 1 and 0 < S' < 1. Then, since by hy- 
pothesis f x , v is continuous at the point (x, y), 

<p{x + h) - <p{x) = hk[_f x , v (x, y) + «], 

where t — » 0 as h and k — > 0. In view of the definition of 
<p(x) this is equivalent to the equation 

f(x + h,y + k) — f(x + h, y) - f{x, y + k) + f(x, y) 

= hk\J x , v (x, y) + «]. 

Then 

f(x + h,y + k) - f(x + h, y) _ fix, y + k) - f(x, y) 
k k 

= h[Jx, y(x, y) + «]• 
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In the limit as k — » 0 we have 

f v (x + h,y) - fy(x, y) = h\J x , v {x, y) + «*], 

where t h is the limit, for a fixed h, of e as k —> 0. We know 
that, for a fixed h sufficiently small in absolute value, e 
approaches a limit as k — * 0, since, by hypothesis, f v exists 
in the neighborhood of the point ( x , y). Then 

/,(* + ft. V) -Mid i! - }m ,„ (I , y) + 

In the limit as h — > 0 we have 

fv, x(x, y) = f x , u (x, y). 

Under the conditions of the theorem then it is immaterial 
whether we differentiate first with respect to x and then 
with respect to y, or first with respect to y and then with 
respect to x. We can apply the theorem repeatedly to 
higher derivatives and to functions of more than two 
variables. The conclusion is that under certain conditions 

d M f 

a'xray'dzr~'- (p + ? + r + ■" = "> 

is the same regardless of the order of the differentiations, 
provided that there are p differentiations with respect to 
x, q with respect to y, and so on. 

We have assumed the existence of only one of the second 
derivatives, but we also assumed the continuity of this de- 
rivative. There is a theorem of Young’s to the effect that 
we can omit this assumption of continuity if we add the 
assumption that all the second derivatives exist. 1 

EXERCISES 

d i f d*f 

Show that v = x — ~ for each of the following functions: 

dxdij dydx 

1. x 8 — y 2 . 2. 3. log Vx J + '2 j/ 2 . 4. sin (x — y). 

X V 

5. arc cos - . 6. arc sin - . 7. log -z • 
y x x* + y i 

1 See, for example, de la VaU6e-Pouaein, Court d’ analyte infiniUtimaie, Vol. 1, 
5th ed„ pp. 116-117. 
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MISCELLANEOUS EXERCISES 


1. Show that the equation of the tangent plane to the surface 
ax * + by 1 + cz 1 = 1 at the point (xo, j/o, Zo) can be written in the form 
ax ox + by 0 y + cz<>z = 1. 

2. Prove that Mdx + Ndy is exact if Pdx + Qdy and ( M + P)dx 
+ (N + Q)dy are. 

3. Show that if u = f(x, y, z) is a differentiable function of x, y, 
and z, and z is a differentiable function <p(x, y) of x and y, then 
fL x > y. <£>( x i 3/)I] is a differentiable function of x and y. 

4. Find the directional derivative of the function F(x, y, z) along 
the curve x = f(t), y = <p(t), z = \p(t). 

5. Show that the gradient of the function f(x, y) in terms of polar 

coordinates is -ypr 2 + p ‘Ps 2 , where f(x, y) = <p(r, 0). 

6. Show that in polar coordinates the directional derivative along a 

radius vector is * 
dr 

7. Show that in polar coordinates the directional derivative along 

the normal to a radius vector is - • 

rad 

8. Find the directional derivative in a direction that makes an 
angle a with the radius vector. (Use polar coordinates.) 

9. Show that the square of the gradient is equal to the sum of the 
squares of the directional derivatives in two mutually perpendicular 
directions. 


10. Prove that if /(x, y) — xy 


r} - 


jr 


x* +y* 


when x and y are not both 


equal to zero and /( 0, 0) = 0, then /(x, y) is continuous at the origin. 
11. Find the first partial derivatives of f(x, y) at the origin. 


• V 

12. Prove that if z — arc tan - . then 

x 


where 


dz 

dx 


(1 + q 2 )r — 2 pqs + (1 + p*)£ = 0, 

d 2 z , d 2 z 


dz 

w 


d 2 z 

dx 2 ' 


P » 2 a.. * r 8 dxdy ’ t QyZ 


13. Prove that 


1 / 3 s z 3z . .Jz , .. \ d l z _ j dz 

y* \d* + 2XV d~x + 2{V ~ v) d- y + XyH ) = W + 2UV *u 

i n/-. dz 


+ 2(v — v*) ^ -f- «Vz, 


in case x = uv and y — - ■ 
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14. The function f(x, y ) is defined as follows: 

f( x, V) =7. when | x | = | ?/ 1 , 
y 

f(x, y) = ^ when \y\=\x\, except at the origin; 

/( 0 , 0 ) = 0 . 

Show that the function is continuous everywhere, except at the origin; 
and that at the origin it is a continuous function of x alone, and of y 
alone. 



CHAPTER IV 


TAYLOR’S EXPANSION WITH THE REMAINDER. 
APPLICATIONS 

43. In studying the behavior of a function f{x) in the 
neighborhood of a point x — a it is frequently desirable to 
have an approximate expression for the function in terms 
of a polynomial in powers of x — a. This is due to the fact 
that polynomials are comparatively simple functions. 
Much depends upon the degree of approximation. It is 
therefore important to be able to estimate the difference 
between the given function and the polynomial used. 

Now it is well known that any polynomial f{x) of degree 
n can be written in the form 

/(*) - m + /»(* - o) + ■ ■ ■ + /“(<*) ~ ~, - r . 

or 

/(a + h)- m + f(a)h + ■■■+ /<•>(*) , (1) 

where h — x — a. If fix) is not a polynomial, the two 
members of (1) are not identically equal, and we represent 
the difference by R n {a + h ). The polynomial 

m + -<>)+■■■+ /‘"’(a) ^=r^ : 

and its first n derivatives are equal to the function f(x) and 
its first n derivatives for x = a. We wish to form an esti- 
mate of the difference between f(x) and this polynomial — 
that is, an estimate of the value of R»(x). For this purpose 
we consider the function 

F(x) = /( o + h) - fix) - a - + * — f(x) - 
± nl~ — f M & _ ■ “ + + «. (2) 


64 
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where p is an arbitrary positive integer. We assume that 
fix) and its first n - f 1 derivatives exist in the closed inter- 
val (a, a + h). Then F(x) has a derivative for every x in 
this interval, and it vanishes for x = a by virtue of (2). 
It also obviously vanishes for x = a + h. We have there- 
fore by Rolle’s theorem 

F'(a + 0/i)=O (0 < 0 < 1). 

It is easy to verify that 


F’(x ) = - (a + *, X)l > «>(*) 


+ E(?_±_^)r.' Kn(o + A) . 


Then 


h n (\ — 

F'(a + 6h) ■= - - +" +1) (a + 9h) 


, ph*~ l ( 1 - 0) p " 1 „ , , „ 

H Rn(a + h) = 0 , 


and therefore 


■R„(a + h) = 


h p 

/l n+1 (l _ 0)n-p+l 

n! -p 


/ (n+1) (a + 6h). (3) 


The right member of (3) is then the remainder after 
n + 1 terms in the expansion of f(a + h) in powers of h or 
the difference between the function and the polynomial. 
It has many forms according to the value we assign to p. 
For p = n + 1 we have 


R n = 


h n+l 


i/ ( - +,) (o + eh). 


(n + 1) !■ 

This form is due to Lagrange. For p = 1 we get a form 
which was given by Cauchy: 

h n+l ( 1 - 0) n 


Rn = 


n! 


- /<"+’> (a + eh). 


The right member of the equation 
f(a + h) = /(a) + j\a)h + • • • + /“(a) + R. (4) 
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C§ 44 


is called Taylor’s series with a remainder for the func- 
tion f{x). 

44 . Only one expansion. In this expansion with either 
the Lagrange or the Cauchy form of the remainder the 
coefficients of the different powers of h, except the (n + l)th 
power, are constants, and the coefficient of the (n + l)th 
power is bounded in the interval (a, a + h) if / (n | °(x) is. 
Under these circumstances the expansion is unique. For, if 

Co + C\h + • • • + c„h n -j- c n+l h n+l 

= Co + C\h -f- • • • + C n h n + C n+1 h n+ \ 

where the coefficients are all constants, except c„+i and 
which are bounded functions of h, we can put h — 0. 
The equation then becomes c 0 = C 0 . Then 

Ci + c 2 h + • • • + c n+ ih n = Ci + C 2 h + • • • + C n +ih n 

for h 4= 0. As h — » 0 the two members of this equation 
approach Ci and C\ respectively. Hence c x = C u In a 
similar way we see that c, — Ci {i — 1, 2, ■ • - , n). Then 
finally 

Cn+l h — C njf.ih 

and 

Cn-J-l C n + 1- 

45 . Infinite series. If the function has derivatives of all 
orders in the interval (a, a + h), the expansion (4) can be 
continued indefinitely. This leads to an infinite series 
which converges in case R n approaches a finite limit as 
n — > oo. If this limit is zero for all values of x in the inter- 
val, the series converges to f(x) in this interval, and we can 
write the expansion in either of the forms: 

}(a + h) = f(a) + f(a)h + • • • + /<•’(<*) + • • •, 

fix) = /(a) + f'(a) (x - a) + • • • 

+ /‘.’W (5) 


The second of these forms is the same as the first with x — a 
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written in place of h. The infinite series in the right member 
of either one is known as Taylor’s series. If we take a — 0 
we have 


/(*) = m + f( 0)X + • • • + /<•>( 0) £+•••. ( 6 ) 


This is known as MacLaurin’s series. It gives the expan- 
sion of f(x) in the powers of x. 

The argument of § 44 can be used to show that there is 
only one expansion of f(x) in a power series in x — a. 

It is in general difficult to determine the convergence be- 
havior of R. But in many of the simpler functions that one 
usually meets, this can be done with comparative ease. 
We shall see some illustrations of this in the following 
articles. 

46. Expansion of log (1 -f r). We cannot expand log x 
in powers of x inasmuch as it is discontinuous at x — 0. 
But we can expand log ( a + x) in powers of x if a 4= 0. 
We take a = 1. 


f(x) = log (1 4- x), 


/'(*) 


1 

1 + x' 


/<">(x) 


= (- 1)" -1 


(w - 1)? 

(1 -f x) n ’ 


log (1 -f x) = X - — + • • • + (- l)” -1 — 

x n+l 

+ V\n + 1)(1 + ^ 

where 0 < d < 1. Since log (x + 1) has derivatives of all 
orders this expansion can be continued indefinitely. The 
resulting infinite series converges for - 1 < x S 1, and 
diverges for x = — 1 and for jx| > j (§§119, 121, and 122). 
We conclude from this that R n approaches a finite limit as 
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n — ► oo for |x| < 1 and for x = 1. As a matter of fact, 
this limit is zero, as shown by the following argument : For 
x = 1 we have, using the Lagrange form of the remainder, 


122.1 = 


1 


n + 1 (1 + e) n+l 

This approaches zero as n -> «. For — 1 < x < 1 we 
use Cauchy’s form of the remainder 

z n+1 (i - e) n 


Rn = 


(l + dx) n+1 


= xn -n(JLz±\\_L-. 
V l + ex) l + ex 


j ^ 

Since 6 is positive and less than 1, , — , — — is also. Hence 


1 + Ox 


R n — » 0 as n — * » . 
We have then, for 


1 < x S 1, 


log (1 + X) = X - -c + 


X n 


+ (-!)"-'- + 


( 8 ) 


Since this series is valid for x — 1 we have 


log 2 = 1 - = + 


-M-D-.1 + 


If in (8) we change the sign of x we obtain the series 


log (1 - x) = — x - 2 - 


x n 

n 


Hence 


, _ 1 + x n (x , x 3 , , ar 2n+1 , ^ 

Iog r^ = 2 (i+ 3 + "■ + ^+i+ "J 


( 9 ) 


and this series converges for 
N - 1 


1 < X < 1. But:!— ^ = N 


if x = 


1 — x 

When N is greater than 1 this value of x 


N H - 1 

is positive and less than 1. Hence (9) can be used to com- 
pute the logarithm of any number greater than 1. It is 
subject to the practical disadvantage, however, that it 
converges slowly. For purposes of computation therefore 
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it would be desirable to transform it into a more rapidly 
convergent series. This can readily be done. We can, for 

1 i -f. x N + 1 

example, put x — > or i " x = — — • Then we 

have 

log (N + 1) 

= log N + 2 £ 2 + 3(2JV+ 1)» + ']• 

This is a rapidly converging series which gives log (N -f 1) 
when we know log N. 

4!7. Euler’s constant. As n — » <» the sum S n = 1 + ^ 
+ ... - a nd log n both increase without limit. But the 

difference approaches a limit C, as we shall show. 

S, - log n = (l - log?) + (| - log|) 

Now for n = 1 we have from (7) 

l°g(l+ l)=I — 2( 1 +to ) , ' 

If in this formula we put x — ^ , where p is a positive in- 
teger, we obtain the formula 

1 i P + 1 1 1 

p 08 p 

Hence the series 

converges to a limit C (Chap. IX, Th. 3). Moreover 

log — — — — > 0 as n — > * . Hence 
n 

Sn — log n — > C. 
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This limit C is called Euler’s or Mascheroni’s Constant. Its 
value is approximately 0.57721566. It is of great im- 
portance in some branches of analysis. 

48. Other examples. 

/p3 ^2n+l 

(a) sin x = x — ^ +*•• + (— l) n + ^ 2B+1 

X 2n+2 a ; 2 "'*' 2 

where |# 2 „+i| = (2n"+ 2) 1 sin 6x or (2 n + 2 ) ! cos 6x ’ 

according to the value of n. For any value of x both of 
these expressions approach zero as n — ♦ ». Hence 

sin a: = * - ^ + ••• + (- 1)" 1) 1 + 

for all values of x. 

(b) We can see in a similar way that 

cosx = 1 -fj+ ••• + (- D n (^)l+ ••• 
for all values of x. 

(0 e . = 1+I+ ... + £ + f _i^ I .« 

The remainder here approaches zero for all values of x as 
n — * oo. 

(d) In the case of the function tan x the nth derivative 
is very complicated for large values of n, and it is not prac- 
ticable to determine the expansion in this direct way. 
It is better to resort to indirect methods (see § 149). 

(e) The expansion of (1 x) m when |x| < | is of great 
importance. We assume that m is not a positive integer. 

/Or) = (1 + x ) m , 
f(x) = m(l -f x) m ~ l , 


f (n) (x) — m(m — 1) • • • (m — n + 1)(1 + x) m ~ n , 
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(1 + x) n = 1 -|- mx -f — x 2 + • • • 

■ ~ 1) • • • (m - n + 1) 

-h n j x ^ Un > 

where the Cauchy form of R n is 

* - + *>-. 

J £ 

If | x | <1 thenO < ^ ^Tqx < 1. The ratio of the factor 


to 


m(m — 1) • • • (m — n) 


nl 


x' 


n+X 


m(m - 1) • ■ ■ (m - n + 1) 

______ . 


jYl Yl 

is — — — x, and this approaches — x which is less than 1 in 

absolute value. Hence 

m(m - 1) • • • (to - n) 

: — > 0 

n! 

as n — ► co . It follows that R n — * 0 under the same circum- 
stances and that therefore for jz] < 1 

(1 + x) m = 1 + mx + • • • 

, m(m - 1) •■•(»!- n + 1) 

+- d Lx '+ ■■■■ 


EXERCISES 

Find the first four terms in the expansion in powers of x of each of 
the following functions: 

1. log (1 + e x ). 2. <f cos x. 3. e“ u *. 4. arc sin x. 

5. — — - . 6. log (1 -f sin x). 7. log (1 - x + x 1 ). 

8. Find an upper bound for the difference between x — and sin x. 
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9. Show that the coefficient of x i in the expansion of e°* cos ax in 
powers of x is aero. 

49. Indeterminate forms. If fix ) and <p(x) both equal 


zero when x = a the symbol 


m 

<p(a) 


has no meaning. We 

fix) 


say that it is indeterminate. The fraction y may however 

approach a limit as x —* a. If fix) and <pix) both have 
derivatives in the neighborhood of x = a, and the pth 
derivative is the first derivative of fix) that does not vanish 
for x — a, while the ?th one is the first one of <p(x) that does 
not vanish here, we can write 


fix) 

<pix) 


f (p) ia + 6x — a) 


jx — a) p 
pi 


<p (9) ia + Oix — a) 


jx — a) 9 
?! 


Tr fix) f (p) ia) . fix) 

If p-«- lf p>q ’ W) 

m 


0; if p < q, 


* as x — » a. We assume that / (p, (x) and <p (9) (x) 

oo, we can put 
as t — > 0. This 


<p(x) I 

are continuous at x = a. 

If fix) — * 0 and <pix) —* 0 when x 


f 


x — j and consider the limit of 


<P 


(i) 

0) 


gives us 


/(0 ’r(i) 

~'(r) Hr) 


fix) 


= lim ,, \ 
X ^ m <p'ix) 


By way of illustration we evaluate the following indeter- 
minate forms: 


(a) 


am x 


for x = 0. Here fix) = sin x and <pix) = x. 


x 
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Hence 


<p'(x) 


1 as x — ► 0, and therefore 


am x 


x 


1 - cos x e 

(b) for x = 0. 


x 


fix) 

f(x) 


am x 


(C) - - f 3J for x = 0. /’( 0) = /(0) 


X * 


0 . 

' 0 ; /"( 0 ) = 1 , 


f\ 0) = 2. Hence 


1 — COS X 


x i 


1 

'2 


We cannot say that 
fix) 


f (#) 

does not approach a limit A if 

1 


,, , does not. Suppose, for example, that f(x) — x 2 sin - 
ip [xj x 


when x =# 0 and /( 0) = 0, while <p(x) = sin x. Then 


fix) 

<p{x) 


is indeterminate at x = 0 and both numerator and denom- 
inator have derivatives in the neighborhood of this point. 

fix) = 2x sin - — cos ^ (x + 0), 

fix) =0 (x = 0), 

fix) = cos x for all values of x. 

fix) 

Hence the fraction y does not approach a limit as x — ► 0, 

fix) 


and yet 


<p(x) 


x . 1 
— — ■ • x sin - 
sin x x 


0. 


yu 

50. The indeterminate form — . If f(x) and ^(x) both 


increase indefinitely in absolute value as x — > a and neither 

/*/ \ 

has a finite value for x = a, the symbol y is meaningless. 


fix) 


But it may be that yyyy approaches a finite limit as x — » a. 

We assume that fix) and <p(x) both have derivatives in the 
neighborhood of x = a, except at a, which do not both van- 
ish for any value of x in this neighborhood. 

Let x and x 0 be two values of x in this neighborhood 
such that f{x) and fix) exist and do not simultaneously 
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vanish for either of these values or any value between them. 
This requires that x and x 0 be on the same side of the 
point a. By the law of the mean we have (§ 23) 

f(x) - /(a r 0 ) _ f'U) 

<p{x) — <p(x o) ¥>'(£)’ 

where £ lies between x and x 0 . Now 


fix) - fix o) = /(x) 
V>(x) — <p(x 0 ) <?(x) 


1 - 


/ (go) 

/(ar) 


1 - 


Hence 


fix o) 
#>(*) 


fix) 

<p(x) 


, _ <p(Xo) 

fit) Vix) 
fit) , _ fix o) 
fix) 


fix) 


fix) 


If approaches a limit A as x -~+ a, then -~rf approaches 

<p \X) <f(X) 

the same limit. To see this consider that x and x 0 , and 
therefore £, can be taken as close to a as we wish. If we 
hold x 0 fixed and let x — > a, the fraction 

<p(x 0 ) 


1 - 


<p(x) 


1 - 


fix o) 
fix) 


1. 


Hence 1 

<fix) 


A as x — » a. It follows also that if 


increases in absolute value without limit, 


fix) 

ip(x) 


fix) 

fix) 


does also. 


Nothing essential in this article needs to be changed 
if a = oo . 

EXERCISES 


Find the limit as x— > 0 of each of the following fractions: 

, e* — 1 ^e* — l , sin x — x ^ sin i — x 

X* • *« rn • < 3 * • ■ * 

x x * tan x — x x* 

1 See de la Vallfe-Pouasin, Court d' analyte infiniUtimale, Vol. 1, 5th ed., pp. 
94 and 95. 
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Determine the following limits: 


x sin x — s „ 

.. 2 , sin 2irx 

lim . 6. lim 


X — ► x/2 cos X 

1 — COS x 


►-1 1 + X 


„ , . cot x — 1 

7. lim 

T.-Z 


8. lim , , 

x—>o tarn x 

9. Find the limit of — — as x — * oo , 

x 

Determine the following limits: 

10. lim r— . 11. lim xc~ x J . 12. lim x n c~ x *(n> 0). 

X — ► oC 1 'I X* x — ► 00 X — ►OO 

• 14. lim x m log a: (in > 0). 


13. lim 

X — ► 00 # 


i— ►O 


15. Show that /'(0) = f"( 0) = 0 in case /(x) = e -1 ''** when i/O 
and /(0) = 0. 


51. Applications to geometry. Some of the properties of 
the curve y = f(x) in the neighborhood of the point whose 
abscissa is a can be determined by a comparison with the 
curve 

Y « /(a) + /'(«)(* - a) + ■ ■ ■ + /<">(<,) (x ~, a) " = P,(x). 
As we have seen, 


V = f(a) + /'(«)(* - a) - (-•••+ f M (a) 

f (n+l) (a + 6h)(x — a) n+1 
+ (n + 1) ! 

where 0 < 6 < 1. Forn = 1 the first of these curves is the 
tangent line of the other one at the point (a, f{a)), and 
we have 


V - y -/"(« + w)-- 2T a) -- 


This shows us that y = f(x) lies above its tangent on both 
sides of the point of contact if /"(a) > 0, and below the 
tangent on both sides if f"(a) < 0. If /"(a) = 0, let 
f (n) (x) be the first derivative of f(x) after the first one that 
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does not vanish for x = a. Then 

y - Y - /<»(o + 8ft) (l ~ ! <,)n , 

and the curve and its tangent cross if n is odd, and do not 
cross if n is even. 

Definition. A point on the curve at which the tangent 
crosses the curve is called a point of inflection. So that if n 
is odd the point on the curve whose abscissa is a is a point 
of inflection. 

The next approximation is the curve Y = P 2 (x). This is 
a parabola with a vertical axis that is tangent to the curve 
V — f( x ) at the point (a, f(a)). The difference between 
the ordinates to the given curve and the parabola corre- 
sponding to the abscissa a -j- h is an infinitesimal of order 
three or higher in comparison with h, while the difference 
between the ordinates to the curve and its tangent is in 
general an infinitesimal of order two. In this sense the 
parabola is closer to the curve in the neighborhood of the 
point whose abscissa is a than the tangent is. And in gen- 
eral if n > m the curve Y — P n (x ) lies closer to the given 
curve than the curve Y = P m (x). 

52. Maxima and minima of functions of one variable. 
Suppose that the function f(x) has a maximum or a mini- 
mum at x = a. Then f(a -(- h) — /(a) will not change sign 
as h varies through sufficiently small absolute values. If 
the function has a derivative at x = a the fractions 

f(a + h) - /(a) and f(a - h) - /(a) 
h — h 

approach f'(a ) as a common limit as h approaches zero 
through positive values. But the two fractions cannot have 
the same sign because of the hypothesis concerning the nu- 
merators. Hence f(a) = 0. That is, in order that f{x) 
have a maximum or a minimum at x = a it is necessary that 
/'(a) = 0. If /(a + h) — f(a) > 0, the function has a mini- 
mum at a; = a; if this difference is negative the function has 
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a maximum. If there is a maximum or a minimum at a 
point we say that the function has an extremum there. 
But the function does not necessarily have an extremum at 
x = a when /'(a) =0. In order to examine this point 
more closely we make use of Taylor’s series with a re- 
mainder. 

We assume that f(x) has a second derivative in the 
neighborhood of the point x — a which is continuous at 
x — a and does not vanish there, while f'(a) = 0. Then 
we have 

h 2 

f(x) -Sifl) ~ f"(a + eh) ^ • 

If f"(a) < Owe have a maximum, and a minimum if }"{a)> 0. 
If /"(a) — 0, let / (n) (x) be the first derivative that does not 
vanish at x = a, and assume that it is continuous at this 
point. Then 

f(x) - /(a) = / (n) (a + M)~j‘ 

If n is odd, fix) — f (a) changes sign with h and the function 
has a point of inflection at x — a. But if n is even, f(x) 
— /(a) has a fixed sign in the neighborhood of this point 
and there is an extremum— a maximum in case f ln) (a ) < 0 
and a minimum in ease / Cn> (a) > 0. 

EXERCISES 

Find the maximum and the minimum points, and the points of 
inflection, of each of the following curves. Draw' the curves: 

I. y = — 3x 4 10. 2. y = x 4 . 3. y = x s + 6x. 4. y = sini. 

5. y — sin x + cos x. 6. y = (x 4 l) J (j ~ 2). 

7.*»-(z-l)*(*-2). 8. y = ~^- 9. y = ~-p- 

53. Generalized Taylor series. We can readily derive 
Taylor Series for functions of any limited number of vari- 
ables. We give the details of this derivation for functions 
of two variables. 

For this purpose we assume that the function f(x, y ) is 
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continuous in the neighborhood of the point (a, b), that all 
of its partial derivatives of order not exceeding n exist and 
are continuous in this neighborhood, and that the partial 
derivatives of order n -f 1 exist here. For any x and y in 
the neighborhood there is an h and a k such that 

x — a _ y — b 
h k 

If we denote this common value by t we have x — a + hi, 
y — b + kt. Then 


/(*, y) = /(a + ht, b + kt) 
is a function of a single variable t, say, <p(t). 
point ( x , y) moves along the straight line 
MacLaurin’s Series for <p(t) is 

<p(t) — <p(0) + <p'(0)t + 


As t varies the 
x — a y — b 

~~h = ~1T" 


+ „‘«(o)£j 


+ v> (n+1> (0O 


t n +i 


(n + 1) ! 


( 10 ) 


Now 


*'«=! £*+£*- 


d 2 f, 


a 2 / 


^-^ h2 + 2 6 ^ y hk +^> 


dy 2 


and in general 

where the parentheses around the exponent indicate that the 
d f d f 

binomial ^ h + ^ k is to be raised to the nth power and in 


d n f 


dx { dy’ 


for 


the result (|^) is to be replaced by 

all values of i from 0 to n inclusive. This general result 
can be established by induction. The variables in the par- 
tial derivatives that occur in these formulae are a + ht 
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and b + kt. For t = 0 we have 

Moreover 

„<■«>(«) = (g* +f^) < ’‘ +,, . 

where in the derivatives x and y are to be replaced by 
a + Bht and b -f- dkt, respectively. If in (10) we put t = 1 
we obtain the formula 


/(«, V ) = 


f(a + h,b + k) = f(«,b) + (^+f^) 

(&*!*)'". (S* + 5‘)' 


”-r 

+ (» + !)! 


In the expression for the remainder x and y are to be re- 
placed by a + eh and b -f 6k respectively, while in the 
other parts of the right member of (11) the variables are 
to be replaced by a and b respectively. We can write (11) 
in the alternative form 


fix, y) = f(a, b) + [|^ (x - a) + ~ (y - b) ] + 



with the same understanding as before as to what is to be 
put for x and y in the various partial derivatives in the 
right member. 

54. Maxima and minim a of functions of two variables. 

If the point (x 0 , yf) is a maximum or a minimum point 
of the function f(x, y) the difference /(x 0 + h, y 0 4- k) 
— fix, y) will not change sign as h and k vary provided they 
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remain sufficiently small in absolute value. If we put 
k — Owe conclude as in § 52 that = 0; if we put 

h = 0 we see that _ q Hence in order that 

dy 

fix, y ) have a maximum or a minimum at (x 0 , y o) it is 
necessary that 

0 and (13) 

dx dy v 

We assume the existence of the partial derivatives of 
fix, y) of the first three orders in the neighborhood of the 
point (x 0 , y 0 ) and also that the third derivatives are bounded 
in this neighborhood. Now if the function has a maximum 
or a minimum at (x 0 , yo) 

A = f(x 0 + h, y 0 + k) - f(x 0 , y 0 ) 

h 2 + 2 

+ h{^ h+ ^ k \zzi',v (14> 


dxdy 


hk + w k * 


) X-Xo 


_1 

~2!\dx 2 


and we can draw a circle with center at (x 0 , y o) and a 
sufficiently small radius r to assure us that A shall not have 
different signs within the circle. The point (x 0 + h, y 0 -f k) 
will be inside this circle if h = p cos 6, and k — p sin 6, 
where 0 < p < r and Og K 2ir. With these values 
substituted for h and k respectively (14) becomes 


■ft 


A cos 2 6 + 2 B cos 0 sin 0 + C sin 2 6 -f | L 


], (15) 

d'-f 


where we have written A . B, and C for v-4 , t — r— , and ■, , 

’ ’ dx 0 2 ’ ax 0 3y 0 5y 0 


respectively and L is a function of the coordinates that is 
bounded in the neighborhood of (x 0 , y Q ). This expression 
for A shows that for sufficiently small values of p the sign of 
A is the same as the sign of 

A cos 2 0 -f 2 B sin 0 cos 0 + C sin 2 0, 


( 16 ) 
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provided that A, B, and C are not all zero. But this ex- 
pression can be written in the form 


( C sin 9 + B cos 9 ) 2 -f- (AC — B 2 ) cos 2 9 
C 


( 17 ) 


There are three cases to be considered: 

(a) AC — B 2 > 0. In this case the expression (17) has 

the same sign as C, and therefore A has this sign. We have 
then a maximum if C < 0 and a minimum if C > 0. Ob- 
viously C 4= 0 and A has the same sign as C. 

(b) AC — B 2 < 0. In this case (17) has the same sign 

7T 

as C when 6 — ^ and the opposite sign when C sin 6 

+ B cos 0 = 0, or tan 6 = — ^ , provided that C + 0. 

In this case there is neither a maximum nor a minimum. 
If C = 0 the same conclusion follows. For if A 4= 0 we 
can write (16) in the form 

(A cos 6 + B sin B) 2 — £ 2 sin 2 9 
_ 

This has one sign or the other according to the value of 6. 
If A = 0, C = 0, (16) has the form 2 B sin 9 cos 9, and this 
value can be either positive or negative. 

(c) AC — B 2 = 0. In this case (16) vanishes for certain 
values of 9 but does not have different signs as 9 varies. 
The situation is much more complicated than in the other 
cases, and will not be discussed here. We also omit a dis- 
cussion of the case A = B = C = 0, because of the com- 
plications that appear. 

55. Lagrange multipliers. Consider the problem of de- 
termining the rectangle of maximum area that can be in- 

X 2 y2 

scribed in the ellipse ^ = 1. In the first place, the 

sides of the rectangle will be parallel to the axes of the 
ellipse. Why? Then if (x, y) is the upper right-hand 
corner of the rectangle the area is A = 4cxy. But x and y 
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are connected by the equation + p = 1- Hence 

A = Ai-x'la 2 — x 2 . 
a 

The problem is in this way reduced to a problem of finding 
the maximum value of a function of one variable. In 
general, if we wish to find an extreme value of f(x , y) subject 
to the condition that <p(x, y) = 0 we first solve the latter 
equation for one of the variables in terms of the other one ; 
say, y in terms of x. If this gives us y = g(x) we have 
f(x, y) = f\_x, g(x)~], and the condition f'(x) = 0 of § 52 is 
the same as 

/x + = 0. 

Moreover g(x) satisfies the equation <p x + <p v g'(x) = 0. 
Hence 

fx + \<Px + ( f v 4- \<p u )g'(x) — 0, 

where X is an undetermined multiplier. We can take 
advantage of the fact that X is undetermined and select it in 
such a way as to satisfy the equation f v + \<p v = 0. Then 
fx + X^>* = 0 . Moreover <p(x, y) — 0. Hence if (£, 77 ) is a 
point at which f{x, y) is a maximum or a minimum subject 
to the given conditions, we can determine it by solving the 
equations 

fx(x, y) + \<p x {x, y) = 0, 

/»(*» y) + *<P v (x, V ) = 0, (18) 

<p{x, y) = 0, 

for x, y, and X. 

The first two of these equations give necessary conditions 
for an extreme value of f(x, y) + X^(x, y). 

In the example cited at the beginning of this article we 
have 
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If we eliminate X from the first two of these equations we get 


x 


^2 = . Hence x — ^ , y — ^ , and A = 2 ab. There 

is nothing in this discussion up to this point to justify us in 
concluding that 2 ab is the maximum area we are looking for. 
But we observe further that A — 0 when x = 0 and when 
x — a, and we know that there is a value of x between these 
two values for which A is a maximum, since it is not nega- 
tive. The discussion shows that x = is the only value of 

*\ w 


a 


this kind that satisfies the conditions. We conclude there- 
fore that 2 ab is in fact the maximum area. 

The undetermined multiplier X is called a Lagrange 
multiplier. 

There is nothing in equations (18) to indicate that we 
eliminated y and considered x as the independent variable. 
If we had eliminated x and considered y as the independent 
variable these equations would have been the same. Herein 
lies the advantage in the use of this multiplier. 

In order to be sure that the solution of tp(x, y) = 0 for 
either x or y in terms of the other will have the properties 
we rely upon in our discussion we assume that <p x and <p u do 
not both vanish for the same set of values of x and y 
(see §169). 

56. A generalization. Suppose that we wish to find an 
extreme value of the function f(x, y, z ) subject to the condi- 
tion that <p(x, y, z) =0. If <p z # 0 we know from the 
reference just made that this equation determines z as a 
function of x and y, z = g(x, y). Then 


f(x,y,z) = f[x,y,g(x,y)~\, 


and the conditions for an extreme value are 
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Moreover 

, dz 

^ + ^a£ = a 

Then 

/* + X<p s 4- (ft + X<p,) ^ = 0, 
f v 4- X^j, 4- (/* + X^j) ^ = 0. 

If we determine X from the equation /, 4- X<p* = 0, the 
coordinates of any extreme point will satisfy the equations, 


Then we have 


fx + X^>* = 0, 

fv 4- Xv?„ = 0, 
<p(x, y, z) = 0. 


f x - = 0, 

<Pm 


fv- fx 


fv 

<fx 


0 ; 


(19) 


and these are equivalent to the equations 



and 


df 

dy 


- 0, 


where z is considered as the function of x and y that is de- 
termined from the auxiliary condition. 

This method of Lagrange multipliers can be extended to 
an arbitrary number of variables subject to any number of 
conditions less than the number of variables. 


EXERCISES 


ifi 

1. Find the minim um value of the function r + ~ — 5. 

9 4 


2. Does the surface z *= xy have a minimum or a maximum at the 
origin? 

3. What is the maximum value of * in case (x — 2)* + (y + 6)* 
+ (* - 3)» - 7? 
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4. Determine the rectangular parallelopiped of given volume and 
minimum surface. 

5. What is the triangle for which the product of the sines of its 
angles is a maximum? 

6 . What is the triangle for which the sum of the sines of its angleB 
is a maximum? Is there a minimum for this sum? A lower limit? 

7. Is there a triangle for which the sum of the cosines of its angles 
is a maximum or a minimum? 

8 . Show that if 0 <a+/ 3+7 = o< 3 t, then sin a + sin /3 + 
sin 7 is a maximum when a = /3 = y = ^ • 

9. Show that under the same conditions cos a + cos / 3 + cos 7 is a 
maximum or a minimum when a = /3 = 7 = ^ ^ (2 n + 1 ) ^ , according 
to the value of a. 

10. In general, if x + y + z — a, then f(x) + f(y) -f /(z) is a 
maximum or a minimum when x — y = z = % according to the sign 


r ("),»« 


hich is assumed to be different from zero. 


X + 1 7 / — 1 

11 . How close does the line — ~ — = z come to the origin? 

o 

12. Which of the coordinate axes comes closest to this line? 


13. How close does the curve — ixy + 5i/* — 2x + y + 1 = 0 
come to the (/-axis? 

14. What is its greatest distance from the (/-axis? 

15. What is the rectangle of minimum perimeter that can be in- 
scribed in a circle? 

16. Find the largest parallelopiped that can be inscribed in the 

ellipsoid ^ = 1 . 


MISCELLANEOUS EXERCISES 


1. Show that of all rectangles with a given area the square has the 
least perimeter. 

2. Which of these rectangles has the least diagonal? 

Which of the following surfaces has a maximum or a minimum at 
the origin? 

3. z = x i + y*. 4. z = z a — y ! . 5. z* = x 3 — y 3 . 




0 . 


7. Find the shortest distance between the lines * * y + 1, 


z — 2y — 3 and * = y — 2,z = j/ + l. 
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8 . Show that if P(x) is a polynomial every multiple root of the 
equation P(x) = 0 is a root of the equation P'{x) = 0. 

9. Show that tan * ^ x in the interval ^ 0, ^ ^ , and that sin igi. 

SID X 7T 

10. Show that steadily decreases as x increases from 0 to ~ • 

X It 

Establish the following inequalities for 0 < x < 1 : 

11- 0 g x — log (1 -f- x) < |- • 12. x — log (1 + x) > • 

13. Find the path of a ray of light from A to I? in case these points 
are on opposite sides of the z-axis, the velocity of light from .4. to the 
axis being Vi and t’ a from the axis to B. Assume that the path is such 
as to make the time from A to B a minimum. 

14. Find a point on the x-axis such that the sum of its distances 
from two fixed points in the (x, y)-plane and on the same side of the 
axis is a minimum. Show that when this distance is a minimum the 
lines from the point on the axis to the given points make equal angles 
with the axis. 

15. Prove that the curve y = ax 3 + bx* + cx + d. has not more 
than one point of inflection. 

16. If the illumination at a point from a light varies inversely as the 
square of the distance from the light to the point, determine the posi- 
tion of the point P on the line from A to B in order that the illumination 
at P due to lights at A and B shall be a minimum, the light at A being 
eight timeB as intense as that at B. 

17. When x battery cells each of voltage E and internal resistance r 

71 

are arranged in series with - rows in parallel, the current sent through 


a resistance R amounts to amperes. How many of the cells 

must be in series in order that the current shall be a maximum? 

18. If a current of C amperes is passing through a conductor whose 


4 

resistance is r ohms per mile, the waste per mile is IF = CV + -- , 

where A is a constant. For a given C what should the resistance be in 
order that the waste be a minimum? 

19. What is the shortest distance from the origin to the curve 
y = 3x* •+• 5? 

20. Find the points on the surface xyz = 1 that are nearest to the 
origin. 

21. Show that the shortest distance from a fixed point to the surface 
/(*> V> z ) =• 0 is along a normal to the surface. Assume that the fixed 
point is at the origin. 
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22. Find the points on the circle z* + y 1 = 1 that are at the greatest 
and the least distances from the line i + y = 5. 

23. Find the points on the sphere x 1 4- y 1 + z 1 — 1 that are nearest 
to the plane z + y -f- z = 5, and those that are farthest from it. 

24. What is the shortest distance from the ellipse ~ = 1 to the 
line x + y = 5? 

25. Find the maximum rectangular parallelepiped in the first octant 
that has three faces in the coordinate planes and one vertex in the plane 
x -f- 2 y -f- 3z = 1. 

26. Prove that the sum of the squares of the distances of a point 
within a triangle to the vertices is least when the point is at the inter- 
section of the medians. 



CHAPTER V 

THE DEFINITE INTEGRAL 


57. An appeal to geometry. Consider the curve y = f(x), 
where fix) is a positive continuous function in the interval 
(a, b), and divide the interval into a set of n partial intervals 
by the points x 0 = a, x h z 2 , • • •, x n = b. Upon each par- 
tial interval (Xi-i, Xi) as base erect the rectangles R x and r, 
whose altitudes are respectively the maximum and the 
mi ni mum values M { and m { of fix) in the partial interval. 
Unless we do violence to our intuition we must define the 
area of the portion of the plane bounded by the curve, the 

x-axis, and the ordinates 
x — a and x = b as a 
number between 
and £r„ for every pos- 
sible method of subdivi- 
sion of the interval (a, b). 
We shall see that there 
is only one such num- 
ber — that is, only one 
number A such that £>,- s A S for all possible 
methods of subdivision of (a, b). We therefore take this 
number A as the definition of the area in question. 

We have made this appeal to geometry because it brings 
to the reader’s attention in a simple and natural way the 
sums £>,• = Y.mi{xi — 0 and £ R » = M x {x x — z,-_ ,), 

which are of great importance in the analytical theory we 
shall now discuss. 

58. Let fix) be any function of x that is bounded in 
(a, 6). We form the partial intervals (a, Zi), (zi, z 2 ), • • •, 
(z„_ i, b), as before; and then the sums 

8 = £ro,(z< — Xi-\) and S - ~ z,_ 0, 

88 
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where m, is the lower limit of f(x) in the interval (x *_ lf x , ) 
and M x is the upper limit. We shall call S an upper sum 
and s a lower sum. We cannot say that m % and M t are the 
minimum and maximum values respectively of f(x) in 
( x t -i , x x ), since the function may not have maximum and 
minimum values in these partial intervals. 

In the first place, s S S. Moreover for every set of 
partial intervals the corresponding upper sum is equal to, 
or greater than, m(b — a), where m is the lower limit of 
f(x) in (a, b). Similarly every lower sum is equal to, or less 
than, M(b — a), where M is the upper limit of f(x) in 
(a, b ). There is therefore a number I such that no upper 
sum is less than /, and for every e > 0 there is an upper sum 
less than / -f «; and a number /' such that no lower sum is 
greater than /', and there is a lower sum greater than 1' — e 
(see § 3). 

59. Consecutive methods of subdivision. If we subdi- 
vide the partial intervals x.) in any way we shall get a 
new subdivision of the whole interval which will be said to 
be consecutive to the original one. In forming a subdivision 
consecutive to a given one it is not necessary that every one 
of the original partial intervals be subdivided. 

Theorem 1. If a represents a subdivision consecutive to 
the subditision a of the interval (a, b) with ]T and S the re- 
spective upper sujns for the function f(x) and a and s the 
respective lower sums, then £ S S and cr ~ s. 

Consider first the effect on 5 of inserting a single point y 
in the partial interval (x,_i, x,). If AT,' and M," are the 
upper limits of f(x) in the respective intervals (x,_i, y) and 
(y, x ,), it is clear that neither M nor Mf exceeds M t , and 
therefore M % {x, — x,_i) S M,'(y — x,_0 + M ,"(x, — y ). 
Since this is true for every new point inserted, it follows 
that S S £. It can be shown in a similar way that s s a. 

Theorem 2. If S and s and S' and s’ are the upper and 
lower sums corresponding to any tivo methods of subdivision 
of (a, b) then S S s' and s s S'. 

If we superpose the two subdivisions, we get a subdivision 
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that is consecutive to either of the original ones; and if E 
and <r are the sums corresponding to this new subdivision, 
then 

E == S, o ms, E = S', o — s'. 

Since E = o, we have 

s o ^ E = S' and s' ^ o S E = S. 

If we had 7' > 7, there would be an s' > 7 and therefore 
no S less than 7 + e, in case « < s' — 7. Hence 7' 2 7. 

60. Darboux’s theorem. If we increase the number of 
partial intervals indefinitely in such a way as to make their 
maximum length approach zero, S will approach I and s will 
approach I'. 

We make the provisional supposition that f(x) >0 in 
(a, b). If t is an arbitral positive number there is a 
method of subdivision a, X\, x 2 , ■•-, x n -\, b for which 
S < I + e. Let S' be the corresponding sum with respect 
to a subdivision every one of whose partial intervals is less 
than a certain number y. The contribution to S' from those 
intervals that do not include any of the points X\, x 2 , • • •, 
r»_i within their interiors is less than 7 + e. The number 
of remaining intervals does not exceed n — 1, and their 
contribution to S' does not exceed (n — l)My. Hence 

S' < 7 -(- « + (n — \)My. 


If now (n — \)My < «, that is, if y < 

S' < I + 2e. 


M(n — 1) 


, then 


This means that by taking the partial intervals sufficiently 
small the corresponding <S' can be made to differ from 7 by 
an arbitrarily small amount. 

We have assumed that f(x) is positive in (a, b). If it is 
not, there is a constant C such that /(x) + C is positive 
throughout the interval. If E is the sum for /(x) + C 
corresponding to S for /(x), then E = S + C(b — a). The 
lower limit of all possible E’s is 7 + C(b — a). Then 



1 61] THE DEFINITE INTEGRAL 91 

there is a number 77 such that 

2] < / 4 - C(b — a) e 

when all the partial intervals are less than 77 . For all such 
subdivisions S < I -f- e. A similar discussion with respect 
to s and /' would complete the proof of the theorem. 

61. Integrable functions. If I - I' for a function fix) 
and an interval (a, b) we say that f(x) is integrable in (a, b). 
The common value of I and V in the case of an integrable 
function is called the definite integral of f{x) from a to b and 

is represented by the symbol f f{x)dx. We have assumed 

** a 

that a 4 s b. In order to provide for this excluded case we 

supplement this definition by the agreement that f f(x)dx 
shall be zero. 

Not every bounded function is integrable. Consider 
for example the function defined as follows for the interval 
( 0 , 1 ): 

f{x) =0 when x is rational, 
f(x) = 1 when x is irrational. 

Since there is a rational number and an irrational number in 
every interval (see §2), we have S — 1 and s = 0 for any 
subdivision of (0, 1 ). Hence 1 = 1 and 1' = 0 , and the 
function is not integrable in the given interval. This 
raises the questions as to whether there are any integrable 
functions, and if there are, how they can be recognized. 
The following discussion will bring to light large classes of 
functions that are integrable. 

Theorem 3. A necessary and sufficient condition that 
fix) be integrable in the interval ia, b) is that for every positive 
number e there shall be a number 77 such that S — s is less 
than € when each of the partial intervals is less than 77 . 

For, if f(x) is integrable, 5 and s have a common limit I, 
and there is a number 77 so small that S — I and I — s are 

both less than s when each of the partial intervals is less 
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than 17. Then S — s is less than «. This proves that the 
condition is necessary. 

On the other hand, if S — s < e for every sufficiently 
small 17, then 

S - a = OS - I) + (I - /') + (/' - s) < e. 

Now none of these differences is negative. Hence 
/ — /'<€. But I and I' are fixed numbers and c is 
arbitrary. Hence 1 = 1 ' and /(x) is integrable. 

From this result we can derive an important property of 
continuous functions. It was shown in §18 that if f(x) is 
continuous in (a, b ) there is an 77 corresponding to every 
positive c such that the difference of the values of f(x) at 
any two points of this interval whose distance apart does not 
exceed 77 is less than e in absolute value. This means that 
if each of the partial intervals is less than 77 in length then, 
for every i, M t — m t < e, and 

S — s = £ (M, — m,)(x, — x,_i) < t(b — a). 

1 ** 1 

Hence every function of x that is continuous in (a, b) is in- 
tegrable in (a, b). 

Suppose now that /(x) is a bounded monotonically increas- 
ing function in (a, 6). Then 

S = /Oi)(zi - a) + /(x 2 )(x 2 — *1) + • • ■ + f{b){b - x n _,), 
* = /(a)0 1 — a) + — x,) + • • ■ 

+ /(x„_,)(6 - x n _j). 

Hence 

S - 8 = (x 1 - a)Qf(xi) - /(a)] 

+ (x 2 - zi )[/(x 2 ) - f(x 1 )] + • • • 

+ (6 - x^lfib) - /(x n .:)]. 

If all the partial intervals are less than 77 in length, we have, 
since none of the differences in the right member of this equa- 
tion is negative, 

S-s< - f(a)3 + [f(x t ) - /(*,)□ + ■ • • 

+ [/(b) ~ /(*-i)D) « vU(b) - f(a)J. 
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If we take y < we ^ ave $ ~ s < *• We can 

argue in a similar way in the case of a monotonically de- 
creasing function. Hence every function that is bounded 
and monotonic in (a, b ) is integrable in (a, b). 

62. Properties of the definite integral. 

(a) If f(x) is integrable in (a, b ) the limit of the sum 

n 

Sn - L /(£»)(*< ~ Xi- 1)> (*0 = a, x n = b ) 

f - 1 


where X;_i :g £ t - x, is eguaZ to J' f(x)dx. For »? = g s 

and £ and 5 have the definite integral as a common limit 
(see §10, Ex. 1). 

(b) If /(x) is integrable in (a, b), j/(x) | is also integrable 

I ro | 

I f(x)dx 21 I [/(x)|dx. 

v a I 1 7 a 

The first part of this statement follows immediately from 
Theorem 3 ; the second part from the inequality 


f f(*)dx 

*'a 


|lim ZMHx, - x v _i)| 

- hm L !/({.)! \ xi ~ x>- 1|. 


Definition. If a number 5, is associated to every par- 
tial interval (x,_ 1? x») of (a, b), and if for every positive 
number e there is a positive number y such that ) 5,- 1 < t 
for every i when every partial interval is less than y, we 
shall say that the 5, approach zero uniformly. 

(c) If the 5, approach zero uniformly the sum 


S' 


z 


< - 1 


[/(£.) 


+ — x,_i) 


approaches the limit J* f(x)dx. This can be seen as follows: 
There is a positive number y such that 

Z /(£.)(*,• - *.-i) - f b f(x)dx 

<- 1 Ja 


< « 
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and 

\&i\ < «, 

when Xi — Xi-i < rj for every i; and we have 


s' - f fwdx = r l /(&)(*< - *i~ 1) - r /(x)dxi 

l/o L i = 1 »/o J 

n 

+ Z — Xi- 1). 

«- 1 

If each of the partial intervals is less than 77 


S' - f b f(x)dx 


< e + e(6 — a). 


In other words, 

lim Z [/(£.) + *.•](».• ~ Xi- 1 ) 

= lim £ f(ti)(Xi - Xi- 1) = f(x)dx. 


This formula enables us to find the limits of certain sums 
that appear in many problems in geometry and physics. 

(d) If f(x) is integrable in {a, b ) it is integrable in (a. P), 
where a S a < 0 g b. Let /1, Z 2 , /» be the limits of the 
upper sums relative to the respective intervals (a, a), (a, 0), 
and (0, b), and If, If, If the limits of the lower sums. 
Now / = h + / 2 + I3 and I' = If -f- If -f If. More- 
over I — V since fix) is integrable in (a, b). Then 

I\ + I2 + I3 — If + If + Ifj or 

(/1 - If) + (/a - If) + (Is - If) = 0. 

None of the differences in the left member of this equation 
is negative. They are therefore all zero, and f(x) is in- 
tegrable in (a, 0). 

(e) If f(x) is integrable in (a, b) and C is a constant , 

r b rb 

Cf(x)dx = C I f(x)dx. For 



= lim /£ mxi - 
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C j f(x)dx = Clim E /(£„•) (X,- - x,_i) 

= lim E Cf(ii)(Xi - Xi_i) 
(f) r f{x)dx = — f dx. For, 
f /(z)dx = lim E — Xi- 1) 

= - lim E /(£,-) (x,-i — Xi) = 


= f Cf(x)dx. 
Ja 


— f f(x)dx. 

d h 


/*i> f'c pb 

(g) I f(x)dx - I f(x)dx -f I f(x)dx. This is imme- 

v a i/a r 

diately obvious if a < c < 6, and we have only to apply 
(/) in order to see its validity in ease c is not in the interval 
(a, b). The formula is therefore general. 

63. Theorem 4. A function }{x) is integrable in (a, b) 
if it is bounded and has only a finite number of discontinuities 
in the interval. 

Suppose that |/(x) | < M in {a, b). If there is only one 
discontinuity, x = c, in the interval, choose a positive 

number 8 < , where e is an arbitrary positive number. 

The contribution from the interval (c — 5, c + 8) to the 
difference — s is less than 2 M ■ 28 , and therefore less than 

^ . The integrand is continuous in the intervals (a, c — 8) 

and (c + 8, b). There is therefore an y > 0 such that when 
these last intervals are divided into partial intervals each 
of length less than -q the value of S — s for these two inter- 
vals corresponding to this subdivision is less than ^ . For the 

whole interval we have therefore S — s < e, and /(x) is 
integrable in (a, b). 

If there are n points of discontinuity, C\, c 2> • • • , c„, we 
enclose them in the partial intervals (c< — <5„ -f <5<) 
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(i = 1, 2, 3, • • •, n), selected in such a way that 


2 


L s.- < 


<» i 


AM' 


Then the part of S — s that is due to these partial intervals 

is less than 2 M • J . The integrand is continuous in 

the intervals (a, c x — 5i), (ci -f Si, c 2 — S 2 ), ■ • •, (c„ + 5„, 6). 
There is therefore an tj > 0 such that when these last inter- 
vals are divided into partial intervals each of length less 

than y, the value of S — s for these intervals is less than ^ • 

It will then be less than e for (a, b), and f(x) is integrable 
in (a, b). 


Exercise. Modify the details of this argument to fit the case in 
which ci = a or c n = b. 


64. Volume of a solid of revolution. It follows from the 
definition of integral in § 61 and the definition of area in § 57 
that if f(x) is continuous in (a, b ) the area A bounded by 
the curve y — f{x), the x-axis, and the ordinates x = a, 

x = b is given by the formula 



= f f(x)dx. 

K/a 


( 1 ) 


We arrive at another simple geo- 
metric application of the definite in- 
tegral in the following way : Consider 
the solid generated by revolving 
about the x-axis the area bounded by 
the curvet/ = /(x), the x-axis, and the 
ordinates x = a, y = b ; and divide it 
into n partial solids by the planes 
x = Xi, x — x 2 , • • • , x = x„_i, where a < x i < x 2 < • • • 
< x n _i < b. Now we wish to define volume in such a way 
that the total volume V shall be equal to £A,F, where 
A,F is the volume of the t'th partial solid, and the A <F for 
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all methods of subdivisions of the interval (a, b) shall 
satisfy the inequalities 

vm?{xi — Xi- 1) g AjF g TrM?(xi — Xi- f), 

where Mi is the maximum absolute value of any ordinate of 
the generating curve in the interval (ar<_i, xf) and m, is the 
minimum absolute value of any such ordinate. This re- 
quires that 

rJ^mi 2 (Xi — x,_i) t £Af, 2 (£i — x t _i). 

But the only number between these extremes for all methods 
of subdivision of the interval (a, b ) is 



Hence by definition 

F = 7r J y 2 dx. (2) 

65. First mean value theorem for integrals. 

Theorem 5. If f{x) and <p(x) are continuous in the 
interval (a, b ) and <p(x) does not change sign in the interval, 
then 

f f(x)ip(x)dx = f{£,) f <p{x)dx, 

*Ja t Ja 

where a < £ < b. 

If M and m are the maximum and minimum values re- 
spectively of fix) in (a, b), and <p(x) is positive or zero in 
this interval, then 

f [M — fix)~\<p{x)dx ^ 0, f [/(x) — m]<p{x)dx lx 0; 

%/a Ja 

and therefore 

f b pb pb 

<p(x)dx S I f(x)<p(x)dx ~ m I <p(x)dx. 


X b pb 

f(x)<p(x)dx = <f>(x)dx, 


Hence 
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where M S /z S m. By Theorem 6, Ch. II, there is a value 
f between a and b such that /(f) = h- Hence 

f f(x)<p(x)dx = /(f) f <p(x)dx. 

*Ja «/a 

If <p(x) were negative or zero throughout the interval the 
inequalities in this discussion would all be reversed. This 
would not affect the conclusion. 

If we put <p(x) = 1, we get the important formula 

£ f(x)dx = /(f) (6 - a). 

This is obvious geometrically. 

66. The second mean value theorem for integrals. The 

following theorem concerning integrals whose integrands 
are products of two integrable functions is known as the 
second mean value theorem, and is of importance in certain 
cases. 

Theorem 6. If f(x) is continuous and monotonic in 
(a, b ) while <p(x ) is continuous and does not change its sign 
more than a finite number of times in this interval, then 

f f(x)<p(x)dx = /(a) f <p(x)dx + f(b) f <p(x)dx 

where a S f = b. 

We assume first that f(x) is monotonically decreasing 
and non-negative in (a, b). We can divide the whole inter- 
val into a finite number of partial intervals (r,- — r,_i) 
(i = 1, 2, • • •, n), where x 0 = a and x n — b, such that 
<p(x) does not change sign in any one of them. Then 

X b n 

f(x)<p(x)dx = £ I f(x)<p(x)dx. 

<- 1 

By the first mean value theorem 

£ f(x)<p(x)dx - m I (p(x)dx, 

i *•'*<-1 
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where /(x,_i) S m = /(x»). If we denote the function 
J* <p(x)dx by Fix) we have 

f f(x)<p(x)dx = m\_F{x t ) - F(x<_i)], 

i 

and therefore 


f f(x)<p(x)dx = X! M.[^(x.) - ^(x.-i)] 

«/a t = 1 

-[/(a) - + £ (Mi-. - «<)F(*<-i) + f.F(i>). 

f = 2 

We have added the term f(a)F(a ) to the right side. This 
is permissible since F(a) = 0. By hypothesis no one of the 
differences /(fl) Mi? Mi " M 2 > * * *> M^ — i M^> nor is 
negative. Hence 

J* f(x)ip(x)dx 

= M\J(a) — Ml + (Ml ~ M 2 ) + • • • + (Mu— 1 — Mn) + Mn] 

“ M/(a), 

where M is between the greatest and the least of F(a), 
F(Xi), • • •, F(b). But F(x) is continuous in (a, b ) (see § 67) 
and therefore there is in this interval a £ for which 
M = F(£). This gives us the formula 

f f(x)<p(x)dx = f(a) f <p(x)dx. (A) 

%Ja *Ja 

If f(x) increases monotonically in (a, b) and is never nega- 
tive there, we can show in a similar way that 

jf f(x)<p(x)dx = f(b) jf <p(x)dx, ( B ) 

where o £ b. 

If now f(x) decreases monotonically in (a, b ) and is not 
restricted as to sign, we put g(z) = f{x) — /(&). This 
makes g{x ) a non-negative monotonically decreasing func- 
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tion in (a, 6). Then by A we have 


f g(x)<p(x)dx = g(a) f <p(x)dx, 

a J a 


where o I ^ This last equation can be written as 

follows: 


f f(x)<p(x)dx = [/(a) - /(&)] f <p{x)dx + f(b) f <p(x)dx, 

• J a Ja %Ja 


or 

f f(x)<p(x)dx = f(a) f (p(x)dx + /(&) f <p(x)dx. 

%Ja */a •/£ 

If fix) increases monotonically in (a, b ) we put g{x) 
— fix) — f(a) and apply B. 

67. The definite integral as a function of one of its limits. 

If f(x) is integrable in (a, b) it is integrable in any interval 
contained in (a, b) (see § 62, d). If then a S x ^ 6, the 

integral J f(x)dx is a function of x which we shall desigate 

by the symbol F(x). Now if o £ x + /i g 5 then 

X z+h 

f(x)dx. 

Hence 


X x~\~h 

f(x)dx — J f(x)dx 

£ x+h 

f(x)dx = /j.h, 


where n lies between the upper and the lower bounds of 
f(x) in (a, b). It follows that 

F(x + h) - Fix) — 0 

as h -» 0. This means that F(x) is a continuous function 
of x in the interval (a, b) whether fix) is continuous there or 
not. But if fix) is continuous there we have, by the mean 
value theorem for integrals, 

F(x + k) — F(x) = Mh, 
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where | lies between x and x + h. Hence 


lim 

A — ► o 


F{x + h) - F{x ) 
h 


= lim/(£) = fix). 


The integral is therefore a function whose derivative is the 
integrand. 

68. Differentiation under the integral sign. If fix, a) is a 
continuous function of x and a when a ^ x ^ b and 

a e ^ a s cti, the integral J' fix, a)dx is a function of a. 

We represent it by the symbol F(a). In order to show that 
it is a continuous function of a we assume first that a and b 
are independent of a. Now 


n 


a 


4~ Aa) — F(a) = f [fix, a + Aa) — fix, ot)~\dx, 

Ja 


where a and a + Aa are in the interval (a 0 , «i). By hy- 
pothesis fix, a) is continuous in the closed region described 
above. It is therefore uniformly continuous there (§ 31). 
Then to any e > 0 there is associated an 77 > 0 such that 
when | Aa | < 77 we have 

| fix, a + Aa) — fix, a) | < e 

for every set of values of x and a under consideration. It 
follows that 


|F(a + Aa) 



tdx = e(b — a) 


and that therefore F(a) is continuous in the given interval. 

In order to discuss the existence of a derivative of Fia ) 
we make the further assumption that f a (x, a) is also a con- 
tinuous function of x and a when a ^x ^b and a 0 = a ^ ai. 
Then by virtue of the mean value theorem for derivatives 


fix, a + A a) — fix, a) = A af a ix, a + 0Aa) 

= Aa[/ a (x, a) + £i3, 0 < 9 < 1, 

where €1 approaches zero along with Aa. Now €1 can by 
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virtue of the uniform continuity of f a (x, a) be made uni- 
formly less than an arbitrary positive number by making 
the absolute value of Aa sufficiently small. Hence from the 
equation 

F(a + Aa) - F(a) C\ , w , f 6 j 

— - J a /.(X, a)dx + J a e ,dx 

we can conclude that 

dF r b 

da = S ^ X ’ a ' )dx ’ ^ 

The result is somewhat different if the limits of integra- 
tion are also differentiable functions of a. In this case we 
have 


/*6 

f{x, a + Aa)dx — I f(x, a)dx 

o-f-Aa a 

= f [fix, a + Aa) - fix, a)~\dx 

J ^fH-Ah /»a-f-Aa 

fix, a + Aa)dx — I fix, a + A a)dx, 

b da 


where A a and A b are the increments caused in a and b 
respectively by the increment Aa in a. If we apply the 
law of the mean for integrals to the last two of these inte- 
grals, we get 

Fja -f Aa) — Fja) C b f(x, a + Aa) — fjx, a) ^ 

Aa J a A a 

+ a + Aa) — ^/(a + 6' A a, a + Aa), 


where 0 < 6 < 1 and 0 < 6’ < 1. If we take the limit of 
each side of this equation as Aa — » 0 we get the formula 

as - X V-fe “)<«* + i so , «) - cm «). w 

This is the general formula for differentiation under the 
integral sign. It includes (3) as a special case. 
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We can conclude that F(a) is a continuous f un ction of a 
even when we assume merely that a and b are continuous 
functions of a and make no assumption at all as to the 
existence of a partial derivative of f(x, a) with respect to a. 

The question of the integration under the integral sign 
will be considered in another place (§§ 97 and 98). 

69. The indefinite integral. Let G be any function whose 
derivative is f (x) . Then Fix) and G(x) have the same 
derivative and therefore differ by a constant. That is, 
F(x) — G(x) + C. But F(a) = 0. Hence C = — G(a) 
and 

f f{x)dx — F{x) = G(x) — G(a). 

•J a 

Any function such as G{x) whose derivative is f(x) is called 
the indefinite integral of /(x) and is represented by the 
symbol 

J'f(x)dx. 

This is the same as the symbol for the definite integral with 
the exception that here no limits of integration are indicated. 
The appropriateness of the term “ indefinite ” is due to the 
fact that such an integral is determined only up to an addi- 
tive constant. The preceding formula shows that the 
knowledge of any indefinite integral enables us to determine 
the value of the corresponding definite integral. 

EXERCISES 

X~ 

1. Find the area of the ellipse + ~ = 1. 

a 2 o 2 

2. Find the area of the curve if = (x — 1) (5 — x). 

3. Find the area cut off from the parabola y 2 = lOz by the line 

y = 2x. 

Find the areas of the curves bounded as follows: 

4. By the z-axis and one arch of the curve y = sin x. 

5. By the curve x 2/s + y vz = o !/s (the astroid). Draw the curve. 

6. By one arch of the cycloid x = a(8 — sin 0), y = a(l — cos 0) 
and the x-axis. 
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7. The hyperbola x 2 — y* = 2a s divides the ellipse ~ = o* 
into three parts. Find the area of each part. 

8. Find the volume generated by revolving the ellipse — + ~ = 1 
about its major axis. 

9. Find the volume generated by revolving the same ellipse about 
its minor axis. 

10. What is the volume of a spherical cap of height h on a sphere of 
radius r? 

11. What is the volume formed by revolving one arch of the curve 
y — sin x about the x-axis? 

12. Determine the volume formed by revolving one arch of the 
cycloid of Exercise 6 about the x-axis. 

13. Revolve this arch about its maximum ordinate and find the 
volume generated. 

14. Rotate the area bounded by the axes and the curve x 1/2 + y m 
— a m about the y - axis and find the volume generated. 

15. Find the volume of the anchor ring generated by revolving the 
circle (x — a) 2 + (y — 6) 2 = r 2 {b > r) about the x-axis. 

The pressure on a vertical plane area immersed in a liquid is given 

r 

by the formula P = w f xydy, where x is the width of the area at the 

depth y, a and b are the depths of the top and bottom, respectively, 
and w is the weight of a cubic unit of the liquid (see Osgood, Differential 
and Integral Calculus, p. 161). 

16. Find the pressure on a rectangle immersed vertically in a liquid, 
one side of the rectangle lying in the surface. 

17. Find the pressure on a vertical triangle with its base in the 
surface. 

18. Find the pressure on the triangle when one vertex is at the 
surface. 

19. Find the pressure on a vertical semi-circle with its bounding 
diameter in the surface. 

20. A vertical circle of radius one foot has its center three feet below 
the surface. What is the pressure on it? 

21. A dam is in the form of an isosceles trapezoid 80 feet across the 
top, 50 feet across the bottom, and 25 feet high. Find the pressure on 
it in tons when the water is flush with the top. A cubic foot of water 
weighs 62| pounds. 

22. A reservoir has a circular bulkhead two feet in diameter in its 
side wall. What is the pressure on this bulkhead when the level of the 
water is 20 feet above its center? 
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70. Approximate integration. Normally we evaluate the 
definite integral I f(x)dx by first finding the indefinite 

Ja 

integral J ' f(x)dx. But when we cannot do this we must 


resort to other methods. We can for example take ad- 
vantage of the fact that the definite integral is equal to the 
area bounded by the curve, the rr-axis, and the ordinates 
x = a and x = b. There are various w'ays of getting at 
least the approximate value of this area, and therefore of 
the definite integral. One way of doing this is to replace 
the integrand f(x) by a function <p(x) that differs but little 
from fix) and whose indefinite integral can be found. 

Suppose for example that the interval is of length 2 h and 
that c is its center point. Then a = c — h and b = c + h. 
It is possible to determine the constants A, B, and C 
in such a way that the curve y = Ax 2 + Bx + C shall 
pass through the points [c — h, f(c — /i)], [c, /(c)], and 
[c + h, f(c + h ) ]. The area under this curve between the 
ordinates x = c — h and x = c + h is 


„ A[(c + hr - (c - /o 3 ] , £[(c + hr- - (c - /o 2 ] 

^ = 3 + 2 ; 

+ C[(c + h) - (c - h)2 

= | (6 Ac 2 + 2 Ah- + G Be + 6C). 


But since the parabola passes through the given points we 
have 

A(c - hr + B(c - h) + C = /(c - h), 

Ac* + Bc + C = /(c), 

A(c + h) 2 + B(c + h) + C = /(c + h). 

And therefore 

6 Ac 2 + 2 Ah 2 + 6Bc + 6C = /(c - h) + 4 /(c) + /(c + h). 
Hence 

S = |c f(e -h)+ 4 m + f(c + ft)]. 
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This gives us a rough approximation to the value of the 
definite integral J f(x)dx. We can get a better approxima- 
tion by dividing interval (a, b ) into 2 n(n > 1) equal partial 
intervals (x»_i, x t ) with x 0 = a and x 2n = b, and then dealing 
with each successive pair of intervals in the way we have 
dealt with the whole interval. This leads to the following 

rule for computing the approximate value of J f ( x ) dx : 

S = (yo + 4t/i + 2 i/i -f- 4 y 3 + • • • 

+ 2j/ 2n _2 + 4?/ 2 „_l + 



where h is the length of each of the partial intervals and 
Hi — f(x;). This is known as Simpson’s rule for the ap- 
proximate evaluation of a definite integral. 

71. Determination of the error. We wish now to form 
an estimate of the error due to the use of this rule. That is, 
we want to determine as nearly as possible the value of the 
difference 

J* f(x)dx — S. 

In the cases we would naturally be considering in this con- 
nection we could not hope to get its exact value. 

The method we shall use assumes that the first four de- 
rivatives of f{x) exist in (a, b ) and that P v (x) is continuous 
here. Consider the value of S for n = 1. Then, if we 
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denote the difference by <p(h), 

X c+h Jj 

f(x)dx - g[/(c -h)+ 4 /(c) + /(C + ft)]. 

If we denote the indefinite integral by F(x), then 
<p(h) = F(c + h) - F(c - h) 

t) + 4/(c) + /(c + fc)l 

<p'(h) = /(c + h) + /(c - h) 

-\U(c~h)+ 4 /(c) + /(c + A)] 

-3 [-/'(«-*)+/'(« + *)] 

= |/(c + / 1 ) + |/(c - h) - | /(c) 

-|[-/'(c-W+/'(c + «], 
*>"(« - |/'(c + A) - |/'(c - h) 

- |[/"(c — A) + /"(c + A)], 

v"'(h) - - | [/'"(c + k) - f"'(c - A)} 

If we apply the mean value theorem to the difference 
f"\c + h) — f'"(c — h ) we find that 

9 h 2 

v"\h) = 

where c — ft<£<c-|-ft. From this expression for <p nt (h) 
we work back to a new expression for <p(/i) by taking ad- 
vantage of the fact that <p(h), <p'(h), and <p"{h) are all 
equal to zero when h = 0. We have 

<p"(h) - *"(0) = <p"(h) = f k <p"'(h)dh 

Jo 

X h 2h i 
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We cannot evaluate this last integral exactly inasmuch as 
£ and therefore also / lv (£) is an undetermined function of h. 
But we know that the integrand is integrable since it is 
equal to <p'"(h ) and that we can apply the first mean value 
theorem for integrals to it since h 2 is not negative. We have 
then 

*>"(*) = - m 

But the £ that occurs here is not the same as the £ that oc- 
curs in the expression for We use the same symbol 

for them since all we know about either one is that it lies 
between c — h and c + h. Then, in the same way, 

<p'(h) - *>'(0) = <p\h) = J h ^'(h)dh = ~ j 
and 

<p{h) - «?(0) = <p(h) = £ <p'(h)dh = 

This gives us an expression for the error due to the use 
of Simpson’s rule with two partial intervals. If we use 2 n 
partial intervals, the error is of the form 

- + .r(&) + • • • + /"(£.)] 

where £,• lies in the ith pair of partial intervals. But 

± / IV( ^) + • • • + 
n 

Ues between the greatest and the least value of < / IV (rc) in the 
interval. Then since / IV (x) is continuous in this interval 
there is a value £ in the interval such that 

nti) + • • • + run) = n/ i v(£). 

The expression for the total error E is therefore of the form 

E= - ±h‘nr(()- 
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But 2 nh = b — a. Hence 
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E = "Iso h*(b - a)f"(S). 

Since this value is the product of a bounded factor by the 
fourth power of h, it approaches zero rapidly as h approaches 
zero. We can therefore get a good approximation by the 
use of Simpson’s rule. 

EXERCISES 

Use Simpson’s Rule to get an approximate value of each of the 
following integrals: 

/»r/2 

1. I sin xdx. Use six intervals. Test the accuracy of your re- 
J o 

suit by the formula given in the text and by direct evaluation of the 
integral. 

c~ z *dx. Use six intervals and then ten. 


flog 

• Jo 1 

•X 

•r 


(1 + x) 

+ X 2 

dO 


Vl — k • sin 2 6 ’ 


dx. Use eight intervals. 

k = 0.3. Use six intervals. 


< f*dx . Use eight intervals. 


J r»rl2 • 

f sin x , 

dx. 

o x 


Use six intervals. 


7. Find an approximate value of log 3 by applying Simpson’s Rule 


to the integral 
dx 


X 


dx 


8. 


Xr 


+ x 1 


IT 

4' 


Get an approximate value of it by applying 


Simpson’s Rule to this integral. Check the accuracy of your result 
against the known value of it. 

9. Find an approximate value of tt by applying Simpson’s Rule to 


the integral 


r 1/2 dx 

Jo VTT- 


72. Applications of the definite integral, (a) Center of 
mass. If a particle with the mass m is at the distance d 
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from a straight line, the product dm is called the moment 
of the particle with respect to the line. The moment of a 
system of particles with respect to a line is the sum of their 
several moments with respect to this line. This notion of 
moment of a system of particles with respect to a line, or 
axis, can be readily extended to a curve, an area, or a 
volume. Consider the arc of the curve y = <p(x) between 
the two points A = (a, c) and B = ( b , d ) and suppose it 
divided up into partial arcs, the ith one of which is of length 
A ,s. If p(s) is the density of the arc at the point whose 
distance from a fixed point on the arc is s, the limit of the 
sum J2y(s,)p(s,)A t s as the maximum value of the A ,s ap- 
proaches zero is called the moment I x of the arc AB with 
respect to the x-axis. We assume that p(s) is a continuous 
function of s along this arc. This limit is equal to the 

integral f y(s)p(s)ds. Hence 


Similarly 


h = Jy(s)p(s)ds. 
f y = J'x(s)p(s)ds. 


The point (£, y), where 


J* x(s)p(s)ds j y(s)p(s)ds 

/ y V y 

p(s)ds I p(s)ds 


is called the center of mass of the arc. It is the point at 
which the whole mass of the arc could be concentrated 
without affecting the moment of the mass with respect to 
either axis. 

If we have a bounded region S of area A in the :rt/-plane 
with a distribution of matter of density p, its moments with 
respect to the axes are 


Ix = j* J* ypdxdy and I„ = J J xpdxdy. 
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These moments would be unchanged if the whole mass were 
concentrated at the point (x, y), where 


J' j' xpdxdy 
J j pdxdy 


and y 


f j'ypdxdy 

J J pdxdy 


This point is called the center of mass of the area. Simi- 
larly the center of mass of a volume distribution is (x, y, z), 
where 


x = 


j' J' J'xpdxdydz f f f Vpdxdydz 

J' J' J'j pdxdydz J j J' pdxdy dz 

f f f z pdxdydz 


z — 


J" J J" pdxdydz 


(b) Moment of inertia. The kinetic energy of a mass m 
moving with the linear velocity v is by definition \mv 2 . 
Hence the kinetic energy of such a particle rotating with the 
angular velocity w around an axis at a distance d is \md 2 ur, 
since in this case v = dot. The coefficient of in this 
expression is by definition the moment of inertia I of the 
particle with respect to the axis. That is, / = md 2 . The 
moment of inertia of a system of particles with respect to 
an axis is by definition the sum of the moments of the 
several particles with respect to this axis. We can extend 
this notion to a continuous distribution of matter along a 
curve in a way that is now familiar to the reader. Thus, 
if the moment is taken with respect to the x-axis, 

I = fpy-ds = J py 2 yj 1 + {jfr) dx, (5) 

where p is the density of the distribution at the point on the 
curve whose abscissa is x. 
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If we have a homogeneous plane area, its moment of in- 
ertia with respect to the x-axis is 

p J Xy 2 dy, 

where X is the width of the area parallel to the x-axis at a 
distance y from this axis. 

The moment of inertia of a plane area about an axis 
perpendicular to its plane is sometimes spoken of as the 
moment of inertia of the area about the point in which the 
axis cuts the plane. 

(c) Mean value. If the arc AB is homogeneous — that is, 
if p is a constant — we have 



where s is the length of the arc. We call these integrals 
the mean values of the abscissae and ordinates respectively 
of the curve with respect to the length of arc. In general, 


if y is an integrable function of x, 



is called the mean 


value of y with respect to x as x varies from x 0 to x x . It is 
important to note that this mean value is dependent upon 
the variable with respect to which it is taken. Consider, 
for example, the upper half of the circle x 2 -f- y 2 = I. The 


mean value of y with respect to x is 



while its mean value with respect to the length of arc is 


1 
7 T 




EXERCISES 

1. Find the mean value with respect to x of cos x in the interval 

(“■I)- 

2. Of sin 2 x in the interval (0, 7r). 
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3. Given s = a cos nt (simple harmonic motion). Find the rela- 
tion between the mean kinetic energy with respect to the time over a 
period and the maximum kinetic energy. 

4. The relation between pressure and volume in the case of a cer- 
tain expanding gas is pv *•* = 400. Find the mean pressure with re- 
spect to the volume as the volume increases from 2 to 10. 

5. Find the center of mass of a homogeneous wire in the position of 

£ 2 y2 

the upper half of the ellipse q” + fg = L Determine x without any in- 
tegration. 

Find the center of mass of each of the following arcs: 

6. The upper half of the circle x 2 -f y 2 = 9. 

7. The right half of the curve x Vi + y 2n = 1. 

8. The complete arch of the cycloid. 

9. The part of the catenary y = % (e* /0 + e -I/ “) between the points 
whose abscissae are c and — c. 

10. Find the mean value of the ordinate in the upper half of the el- 

x 2 y 2 

lipse^ + = 1 with respect to x. 

11. Is the mean value of the square of the ordinate the square of 
the mean value of the ordinate? 

12. Find the mean ordinate in the arch of the cycloid with respect 
to the abscissa. 

13. Find the center of mass of the upper half of the homogeneous 
circle x 2 + y 2 = 4. 

14. Find the center of mass of the segment of the homogeneous 
parabola y 2 = 6x cut off by the latus rectum. 

15. Find the center of mass of a homogeneous triangle. 

16. Find the center of mass of the left half of the homogeneous 
sphere x 2 + y 2 + z 2 = 9. 

17. Of the homogeneous segment of y 2 + z 2 = 4x cut off by the 
plane x = 5. 

Find the moment of inertia of each of the following homogeneous 

areas: 

18. A circle about a diameter. 

ty 2 . . , 

19. The ellipse x 2 4- x- = 1 about its major axis. 

y 

20. The same ellipse about its minor axis. 

21. A rectangle about one side. 

22. A rectangle about a diagonal. 

23. Find the moment of inertia of an arc of the catenary 
y =» ^ (e*'» + «-*•> about the x-axis. 
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24. A vessel in the shape of a right circular cylinder is closed at the 
top and weighs half as much as the water it can contain. How much 
water should be put into it to bring the center of mass as low as 
possible? 


MISCELLANEOUS EXERCISES 


1. Give a suitable definition of the area A bounded by the curve 
p - f(6) and the two radii vectors 9 = a, 6 = ft. Then show that 

A = tHB. 

2. Show that fix) sin x and fix) cos x arc integrable in the interval 
(a, b) if fix) is integrable here. 


3. What function is defined by the equation f(x) 


By f(x) 


-I 


J 


f(t)di + 1? 


Assume that fix) is continuous. 


4. If f(x) and <p(x) are integrable in (a, b), f(x) ± <p(x) are also 
integrable in this interval. 

5. If f{x) and <p(x) are integrable in (a, b), f(x)>p(x) is also integrable 
in this interval. 

6. In the proof of Theorem 5 it was assumed that 

r /»& nb 

[AT — f(x)2<p(x)dx = I M<p(x)dx — I f{x)<p(x)dx. 

a a 


Prove this. 

7. The function fix, y, y’) is defined by the equation 
fix, y, y') = (y‘ - t)$>it, y - xt)dt, 


where 3> is an arbitrary differentiable function of its two arguments. 

Show that = $(y', y - xy'). 
dy 

8. Show that if for the interval (a, b) the function f{x) is such that 
for all possible subdivisions of (o, b) ]T (Af, — m,) < a, where a is a 
constant, then f(x) is integrable in (a, b ). 

A function with this property is said to have limited total variation 
in (a, b). 

9. It is obvious on physical grounds that the position of the center 
of mass of a curve is independent of the position of the coordinate axes. 
Show analytically that thia is the case. 

10. Show that the area between the catenary y = ^ (e* /0 + e~ rla ), 

the axes, and the ordinate x = b is double the area of the triangle 
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formed by this ordinate, the tangent to the catenary at the point whose 
abscissa is b, and the perpendicular upon this tangent from the foot of 
this ordinate. 

11 . Prove that of all the curves of the one-parameter family 
y = /(x) + a (o x := b) that one has the least moment of inertia 
about the z-axis whose center of mass is on this axis. 

12. Show in two ways that in the case of curves of the form 
y = ax 3 + bx 1 + cx + d Simpson’s rule gives the exact value of the 
definite integral. 

13. Show from the expression for E that the two definite integrals 


I /i(x)dx and I / 2 (x)dx are equal in case / i(x) and / 2 (x) are poly- 

%Ja J a 

noinials of the fourth degree in x with the same coefficient for x 4 and 

with fi(a) = f 2 (a), J, ^ = / 2 ^ , and /,(&) = / s (fc). 

Verify your conclusion by direct computation. 

14 . Prove that if the bounded function f(x) is positive and continu- 

C b C b dx 

ousin (a, b) then J f(x)dx • J J(^= (& — °) 2 and that the equality 


sign holds when /(x) is a constant. 
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INDEFINITE INTEGRALS 


73. The definite integral has been defined as the limit of 
a sum. But we are in general unable to express this sum 
in a form whose limit we can determine and it is therefore 
impossible for us to evaluate the definite integral in a direct 
way. We can however attack the problem in an indirect 
way by taking advantage of the properties of the indefinite 
integral as shown in § 69. 

It was shown there that if we know any function F(x) 
whose derivative is fix) we can compute the value of the 

definite integral f f(x)dx by means of the formula 


Cf(x)dx = F{b) - Fia). 

Ja 


The problem of determining 


the indefinite integral of a given function is therefore of 
importance, and we shall devote the present chapter to a 
consideration of certain details connected with it. 

In some cases the problem is an extremely simple one 
when we have in mind the rules for finding derivatives. 
For example, we recognize immediately that cos x is the 
derivative of sin x, and that therefore 


J cos xdx = sin x + C. 

We have here a formula for integration. Similar formulae 
will come to the mind of the reader. 

Simple rules for integration will become evident from a 
consideration of the rules for differentiation. For example, 
the derivative of the sum of two functions is the sum of their 
derivatives, and therefore the integral of the sum of two 
functions is the sum of their integrals. Also the derivative 
of the product of a constant and a function is the product of 

lie 
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the constant and the derivative of the function, and there- 
fore the integral of the product of a constant and a function 
is the product of the constant and the integral of the func- 
tion. This is expressed in symbols thus 

j'cf(x)dx = C J'f(x)dx (see §62, e). 

It appears from this that a constant factor can be written on 
whichever side of the integral sign we find the more con- 
venient. But this is not true of factors that depend upon 
the variable of integration. Thus, 


but 


if sin xdx = J 4: sin xdx, 
J x sin xdx 4= x J' sin xdx. 


74. Integration of rational functions. There are many 
functions whose integrals cannot be found by a direct appli- 
cation of these simple rules. This is true in fact of most 
functions. The integral of a polynomial can be written 
down immediately. It is another polynomial. But the 

P(x) 


integral of a rational function 


Q0*0 


, where P and Q are rela- 


tively prime polynomials and Q is not a constant, is not in 
general a rational function. 

If the degree of P(x) is not less than the degree of Q(x) we 
have 

= Mix) + — 

Q(x) mw + Q(x)’ 

where M(x) and P i(x) are polynomials and P\(x ) is of lower 
degree than Q(x). Since the integration of the polynomial 

P (x) 

M(x) offers no difficulty, the fraction is the only part 
that requires discussion. We therefore assume that in the 


original fraction 


P(x) 

Q(x) 


the degree of the numerator is less 


than the degree of the denominator. 
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Let Z>i be the highest common divisor of Q and Q'; Z> 2 
the highest common divisor of Di and ZV; and, in general, 
D, the highest common divisor of Z>,_! and DVi. If k is 
the least number for which D k is constant, Q contains some 
linear factors to the &th power and none to any higher power. 
Moreover D k - 1 is the product of all the linear factors of Q 

Q(x) 

that occur to the fcth power. The quotient yri — -- there- 

D k—l\%) 

fore contains all the linear factors of Q to their original 
powers except those that occur to the &th power in Q. By 
considering this quotient in the same way we can determine 
the second highest power of the linear factors that occur in 
Q and the product of the linear factors that occur to this 
power. And this process can be continued until we have 
considered all the linear factors of Q. Thus we can write 


Q = Qi-QS- 


■Q k k , 


where Q i, Qi, • • • , Qk are polynomials without multiple 
roots such that no two of them have a common factor. 
Some of these polynomials, except the last one, may be 

constants. Since Qi and Q 2 2 -Qs 3 Qk k are relatively 

prime, there are two polynomials A x and B, such that 1 

BQi + A,Q 2 2 Q k k = P. 

Hence 

PAi B 

Q QiQS Qk k ' 


If A i and Qi were not relatively prime, we should have 

A i _ Ai 

Qi" Qi 

where Q i is of lower degree than Q x . This would make 

P = P 
Q Q 

where Q is of lower degree than Q. But this contradicts the 

1 See, for example, Bdcher, Introduction to Higher Algebra , p. 193. 
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hypothesis that P and Q are relatively prime. Likewise B 

and Qo 2 Q k k are relatively prime, and we can therefore 

B 

proceed in the same way with the fraction j~r 2 jz-r • 

Qi Qk 

If we continue the process through k steps we obtain the 
result 

P - Al + Al _l. 4- — 

Q Qi Qk k ’ 


where Ai is a polynomial relatively prime to Q l . 

We have then to consider the problem of integrating 

P(x) 

expressions of the form > where Q(x) is relatively prime 


to its derivative. We consider first the case for which 
n > 1. There are two polynomials A and B such that 


Then 


BQ + AQ' = P. 


fPdx CBQ + AQ’ r Bdx C AQ' 

Jw = J O’ dx ~ J Q^ + JW dx - 

We can integrate the last of these integrals by parts. To do 

i • . , , Q'dx 

this we put u — A and dv = 


1 


Q n 


Then du — A'dx and 


v = — 


(n — 1 )Q n 1 


and 


Hence 


/ 


A Q'dx 


-A 1 rA'dx 

(: n - l)Q-i + n - 1 J Q n ~ 1 ' 



— A CB\dx 

(« - i)y"- i + J Q"- 1 ’ 


where Bi is a polynomial that can easily be determined. If 
n > 2 we can continue this reduction. We finally come to 
the result that 


CPdx r P \dx 

J ()'■ = K,x> + J ~T’ 

where R(x) is a rational function and Pi Or) is a polynomial 
whose degree is less than the degree of Q. 
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This brings us to the consideration of integrals of the form 

J ~TT ’ w ^ ere ® “ restively prime to its derivative. We 

assume that the coefficients of Q are real. Then if it has 
any imaginary factors they occur in pairs of conjugates of 
the form x — a — bi and x — a + bi, where a and b are 
real. The product of these, namely (x — a) 2 + b 2 , has real 
coefficients. We can then, by a method with which we as- 
sume the reader is familiar, express the integrand as the 
sum of fractions of one or the other of the forms 

A Bx + C 

x — a’ (x — a) 2 + 6 2 ’ 

where A, B, and C are constants. Now 

dx 


and 


I 


x — a 


= log (x - a), 


f 


(Bx + C)dx B , r , \ i> , 1 ,-n 

(x - a ) ’■ + b' ” 2 108 - a) + 

Ba AC 
“r l 


arc tan 


a 


We thus see that the integral of a rational fraction is the 
sum of a rational fraction and certain terms involving loga- 
rithms and the inverse tangent. It does not contain any 
other kind of term, and may not contain all of these. 

In some cases in which the integrand is not a rational 
function of the variable of integration, the introduction of a 
new variable will give a rational integrand. For example, 

X 

if we put tan ^ = t, 


Jfl(sin x, cos x)dx = 2 J R ( ~ p > \~+¥ ) TT1 5 

= j* Ri(t)dt, 

where R denotes a rational function of its two arguments 
and Ri(t) is a rational function of t. 
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EXERCISES 


Integrate the following: 

, C dx C dx „ C sin x + cos x , 

J 3+2 cos x J cos p — cos z J sin x — cos x 

^ C dx $ r dx 

J 1 + sin x — cos x " J 1 -f 2 sin z + 5 cos x 

6. J ' ydx, where x + y s — 3 y 1 + 3y — 2 = 0. 

7. J* ydx, where 1 + y z + xy — x = 0. 

8. Find the product of the repeated factors of x 6 + 5x 6 + 4x 4 — 10x s 

— llz 2 + 5z + 6; and the product of the unrepeated factors. 

9. Find the product of the unrepeated factors of x 6 + 2x 5 — 8z 4 

— 14z 3 + Hx 2 + 28x + 12; of the factors that occur to exactly the 
second degree; of those that occur to the third degree. 


' sin x + cos x 
sin x — cos x 


+ 2 sin x + 5 cos x 


75. Unicursal curves. If f(x, y ) is a polynomial in x and y 
and y is a root of the equation /(x, y ) = 0, the integral 

R(x, y)dx, where R(x, y) is a rational function of x and y, 

can under certain circumstances be reduced to integrals of 
rational functions. We refer to the case in which the co- 
ordinates of the points of the curve f(x, y) = 0 are rational 
functions of a parameter. Such a curve is called a uni- 
cursal curve. If 

x = <p(t), y = \P(t), 

where (p(t ) and \p(t) are rational functions of t, we have 

J R(x, y)dx = jR[<p(t), i{t)1<p'{t)dt. 

The new integrand is a rational 
function of t. 

Consider for example the Iemni- 
scate 

(x 2 + y 2 ) 7, = a 2 (x 2 — y 2 ). 

The line y = Xx cuts it in two points besides the origin. 
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These two points are 

± aVl - X 2 

® j _i_ ^2 > y 

and by suitably choosing X we can get any point of the curve 
from these equations. But the expression for x is not a 
rational function of X. If however we put 

1 - X a 2 
1 + X ~ t 2 ’ 

we obtain 

± a 2 t{t 2 + a 2 ) ± a 2 t(t 2 - a 2 ) 

x ~ t* + a 4 ’ y ~ t* + a 4 

These equations express x and y rationally in terms of t. 
The curve 

y 2 = (x - l) 2 (x - 2) 

is another example of a unicursal curve. If we put 
y — t(x — 1) and eliminate y, we get x = t 2 + 2, and hence 
y = t 3 + t. The real points of the curve correspond to 
real values of t, except the conjugate point (1,0). For 
this point we have t = V— 1. 

76. Elliptic integrals. We now consider other integrals 

of the form J' R(x, y)dx, where R(x, y) is a rational function 

of x and y, and the variables are connected by the equation 

f(x, y) = 0, (1) 

/Or, y) being a polynomial in x and y. Such integrals are 
known as Abelian integrals. A general discussion of these 
integrals is beyond the scope of this book, and we shall 
therefore confine ourselves to certain special cases. 

We suppose that (1) is of the form 

y 2 - P(x) = 0, (2) 

where P(x ) is a polynomial in x of degree p without 
multiple roots. If p is odd ( = 2q — 1) we can introduce a 



I 76] 


INDEFINITE INTEGRALS 


123 


new variable in such a way as to make the resulting integral 
similar to the original one with the polynomial correspond- 
ing to P(x) of degree p + 1. Put x = a + ^ where a is any 
number such that P(a) 4= 0. Then, by Taylor’s theorem, 


P(x) — P(a) + P'ifl) j + ••• + 


P^~"{a) 1 Q(t) 
(2q - 1)! ‘ t 2 «~ l f 2 « 


where Q(t) is a polynomial of degree p + 1 , since P(a) 4= 0. 
From this we get 

and 

R(x, y) = P,jj, VQ(7j], 


where Ri[t, is also a rational function of its argu- 

ments. Moreover dx is the product of dt and a rational 
function of t and Q(t) has no multiple roots. 

If p is even ( = 2 q) and P(a) — 0, the same substitution 
gives us 


P(x) = P'(a) *+••• + 


PW(a) 1 Q(t) 

(2 q)l ' t-« t 2 * ’ 


where Q(t) is of degree p — 1 . This substitution is not 
necessarily real. 

If p = 2 the curve y 2 = P(x) is unicursal and we know 
how to rationalize the integrand. If p = 3 or 4 the integral 


j ' y'P(x)Jdx 

is something new which is of considerable importance in 
many applications. It is called an elliptic integral. 
Examples. 

(a) Consider the problem of finding the length s of an 
arc of the ellipse 

x 2 , y 1 
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We obtain s from the formula 


(see § 186). 

The integral appearing here is an elliptic integral. If we 
put x = a sin <p 

s = a fvi — e 2 sin 2 cpd<p. (3) 


(b) An elliptic integral of a different kind appears in con- 



nection with the problem of 
the motion of a simple pendu- 
lum. Let l be the length of 
the pendulum and d the angle 
it makes with the vertical at 
the time t. If s is the distance 
along the path of the bob meas- 
ured from its lowest position 
to its position at the time 
t, and m is the mass of the 
bob, we have (neglecting the 


mass of the arm) 


s = Id, 


By integration 


d?s d?0 

m ~ = ~ m 9 s ^ n 

n ddd-d n g . dd 

2 stb- ~ 2 r m$ dt 

( dd \ 2 2 g n 

(di) ~T cosd + C ' 


If d — a and 
Hence 


dd 

dt 


0 when t 



dd 

Vcos d — cos a 


0, we have C — j- cos a. 
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If we put sin ^ = sin ^ sin ip, we have 



where k = sin ^ • This substitution gives a real value for <p 

for all values of 6 for which — a S 6 == a, and these are 
the only values of 6 we have to consider. If we take 0 
and <p for the limits of integration, 


‘ - v U . < 4 > 

and it is clear that t = 0 when <p = 0, that is, when 0 = 0, 
and the bob is lowest. 

The integral in the right member of (4), namely, 


F( *’ - f v r 


u<p 


k 2 sin 2 <p 


(0 < k < 1), 


(5) 


is known as the Elliptic Integral of the First Kind in Le- 
gendre’s form with the modulus k and the amplitude <p. 


F 




dtp 

k~ sin 2 (p 


( 6 ) 


and is known as the Complete Elliptic Integral of the First 
Kind . The integral in the right member of (3) is the 
Elliptic Integral of the Second Kind in Legendre’s form with 
the modulus k and the amplitude <p ; 


E{k, <p) = f Vl — k 2 sin 2 <p dip (0 < k < 1). 

Jo 

r /2 

V 1 — k 2 sin 2 <p d<p 


E 


is the Complete Elliptic Integral of the Second Kind. 


( 7 ) 

( 8 ) 
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The substitution x = sin <p reduces (5), (6), (7), and (8) 
to (5'), (6'), (7'), and (8'), respectively: 


Fik, <p) - r 

Jo 

K= f 

Jo 

E(k, v ) = f 

Jo 

E= f 

Jo 


dx 


V(1 - x 2 )(l - & 2 x 2 )’ 
dx 

V(1 - x 2 )(l - k 2 x 2 ) ’ 


* Vi - & 2 x 2 


Vl — x 2 

1 Vl — k 2 x 2 
Vl - x 2 


dx, 


dx. 


(5') 

(6') 

(7') 

(80 


If <p is real, this restricts x to the range - lgxgl, But 
these integrands are real also when | x | > * • 

77. Numerical computation. We have seen that the 
integral of a rational function may consist of a rational part 
together with logarithmic terms and terms involving the 
arc tangent. No other kinds of terms appear. But when 
we come to the elliptic integrals the situation is entirely 
different. We cannot express such an integral in terms of a 
finite number of these functions, nor in terms of these 
together with a finite number of the other trigonometric 
and inverse trigonometric functions and exponential func- 
tions. This fact makes the problem of computing the 
numerical value of an elliptic integral more difficult than 
the corresponding problem in the case of a rational function. 
We shall explain two ways of making this computation. 

(a) 


V l~— k 2 sin 2 <p ~ 1 2 sin2 y ' 


+ 


1-3 • • • (2to - 1) 


2-4 


2 n 


k 2n sin 2 " <p + 


d’Alembert’s ratio test (§ 119) shows that this series con- 
verges when | k sin <p | < 1. But by hypothesis 0 < k < 1. 
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Hence the series converges for all values of tp. Moreover 
the convergence is uniform within any interval for tp. We 
can therefore integrate term by term (see § 123), and 

dtp 


F(k • ^ = f vr= 


+ 


+ 


1 C* 

= tp + ^ A; 2 I sin 2 <pdtp 

1-3 • ■ ■ (2n — 1) r« . „ 7 

' k 2n I sin-" tpdtp + 
Jo 


k 2 sin 2 tp 2 


2-4 ••• 2 n 

We can proceed in a similar way for the evaluation of 

E(k, tp) = f V 1 — k 2 sin 2 tp dtp. 

J 0 

(b) We introduce a new variable of integration tp, which 
is connected with the original one by the equation 

sin 2tp\ 


tan tp — 


( 9 ) 


k + cos 2tpi 

This is Landen's transformation. Starting from (9) we 
derive the following relations : 

• 2 := sin 2 2 tpi 

^ 1 -f- k~ -f- 2k cos 2<pi ’ 

n 1 + k cos 2 tpi 

V 1 — k 2 sin* tp = ■-= , 

Vl -j- k 2 -f 2k cos 2tpi 

» , 2(1 + k cos 2tpi) 

sec tpdtp (/c + cQs dtp,, 

1 -(- A* 2 -f* 2k cos 2tpi 


and 


sec 2 tp = 


( k + cos 2tp i) 2 


From these it follows that 


and 


dtp 


j 2(1 + k cos 2 <pi) j 
d(p ~ 1 + k 2 + 2k cos 2<p l d(Pi 

2dtp, 


( 10 ) 


VT - k 2 sin 2 tp VI + 2A; + A: 2 — 4A* sin 2 <pi 

2 


1 + * 


V^- 


(i + fc) 2 sm * V' 
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We see from (9) that we can take <pi = 0 when <p — 0, and 
therefore 



d<p 

k 2 sin 2 <p 


2 f* d<pi 

1 + kj o Vl — ki* sin 2 <pi ’ 


where ki — 


24k 

1 +k’ 


In other words, 


F(k, (p) = Y^TjF(k lf <pi). 


(ID 


Now 1 —2 4k + k = (1 — 4k) 2 > 0, and therefore 

. 2 4k 

kl 1 + A: < L 


Moreover, since 0 < k < 1, 4 > k(l + k) 2 . That is, 
4A; > k 2 (l + k) 2 , or 




2 4k 
1 -f" k 


> k. 


It follows from (9) that A; sin <p = sin (2^i — <p). Now 
<Px — 0 when <p = 0, and <p L increases when <p increases, as 
shown by (10). Hence as <p increases from zero to 7 r, <pi in- 

7 r 

creases from zero to ^ . Moreover 0 < <pi < <p. Hence 

the transformation (9) changes an elliptic integral of the 
first kind, F{k, 4), into a constant times an elliptic integral 
of the same kind with a greater modulus and a smaller 
amplitude. 

By successive applications of transformation (9) we get 


F(k, <p) - x + k • j + ki 


But 


ki = 


24kHi 

1 + ki~ 


or 


' 1 + ' F ( kn ’ <Pn) ' 
kj 2 

4k~i 1 + ki - 1 
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F(k, v) - k. 4 k '' h - : - " k : : ~ HK, *>.)• (12) 

Now 

1 - k n+ 1 1 + k n = (1 - V*Q 2 = 1 - Vfel 1 

1 — ~ 1 — k„ 1 — k n 2 1 -j- VA^ 1 + /c» * 


This ratio is less than 1 for any n and decreases as n in- 

1 — k n +i 


creases. Hence lim 


< 1. But k n < k n+ i < 1. 


1 - k n 

Hence k n+ 1 approaches a limit l ^ 1 (Ch. I, Th. 7). Then 


1 - k 


n+l 


1 - (l ~ «) 


1 — lc n 1 — (l — e) -H k n +i — 

1 — yfc 

where k n+ i = Z — e. This would require that y _j - £ +1 
if l were less than 1, since k n+ i — k n — ► 0. Hence 
lim (1 — k n +i) = 0, 


or k n+ 1 — » 1. Then Vl — k n - sin 2 <p — » Vl — sin 2 <p. Fur- 
thermore ^i, <p-z, • • • is a monotonically decreasing 

sequence with <p n > 0 for every n. Hence <?„ approaches a 
limit <t> (S 0) as n increases indefinitely. Now 1 



r 


1 The reader should bear i& mind that I 

Jo 

dip 

Vl — /fe»* sin* ie 




dip. 


0 Vl — kn} sin* <p» 


is the same as 
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Moreover 

1 1 

VI — k n 2 sin 2 <p Vl — sin 2 <p 

__ Vl — sin *~<p — Vl — k„ 2 sin 2 <p 
Vl — k n - sin 2 <p • Vl — sin 2 <p 
_ (kn 2 - 1) sin 2 v _ 

Vl — k n 2 sin 2 <p • V 1 — sin 2 

X (Vl — k n 2 sin 2 <p + Vl — sin 2 <p) 

For a fixed <p > < l> the right member of (14), being a con- 
tinuous function of k n , which approaches 1, approaches zero 
as n — > oo . That is, for any t > 0 there is an N such that 
when n > N the absolute value of this right member is 
less than «; and it becomes still less as <p decreases. It 
follows that the absolute values of the two integrals in the 
right member of (13) can each be made less than an arbitrary 
positive number by taking n sufficiently large. Hence 


F(k. 


»> 


J r*n 

■ 

0 


dip 


Vl - k n * 


sin 2 <p 


r d<p 

Jo Vl — sin 2 <p 

= log tan ( | + | 


We conclude from this equation and (12) that 
kyki k n — * L + 0 


as n — ► oo , and that 

F(k, (.) - log tan (| + f) / i;l V : ' (15) 

Formula (15) lends itself readily to numerical computation, 
especially if A; is near to 1, since then we need to apply 
transformation (9) only a few times.- 

78. We give the numerical details for one case. 

A pendulum two feet long is pulled around until it makes 
an angle of 120° with the vertical and is then released. 
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How long will it take to rise 

from its lowest position to a 

position making an angle of 50° with the vertical? 

a = 120° 

k = sin 60° = 0.86603 

6 = 50° 



sin 25° 



* sin 60 

log sin 25° 

= 9.62595 


log sin 60° 

= 9.93753 

cp = 29° 12' 33" 
sin (2^i — <p) — k sin ip 

log sin <p 

= 9.68842 

— sin 25° 



2 (pi — ip — 25° 
tp, = 27° 6' 17" 

log 2 

= 0.30103 


log Vfc 

= 9.96877 

log (1 + k) = 0.27092 

colog (1 + k) 

= 9.72908 

. 2<k 

kl ~ 1 + k 

log kx 

= 9.99888 


ki — 1 (approximately) 


The value of ki is so close to 1 we shall get a good approxima- 
tion by assuming it equal to 1. On this basis we take 


4> = ?! = 27° 6' 17" 


| + | = 58° 33' 9" 



log tan + | ) 

log log tan ( ^ + | ) 

= 9.32954 

= 0.21357 

colog H 

= 0.36222 


log -4k[ 

= 9.99944 

a „ _ 

colog Vfc 

= 0.03123 

i = 1(U 



log 16.1 = 1.20683 

log F{k,ip) 

= 9.72243 

log VI6J = 0.60341 

colog V16.1 

= 9.39659 


log t 

= 9.11902 


t 

= 0.1315 
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The /I in this computation is the modulus of the common 
system of logarithms. Its value is 0.43429. 

These two methods of computation are complementary 
in that (a) can be used to the better advantage when k is 
near to zero and (b) to the better advantage when k is 
near to one. 


EXERCISES 

1. Show that every curve of the second degree is unicursal. 
dx , 

is an elliptic integral. 


2. Show that 


f 


Vcos a — cos x 

3. What kind of an integral arises in finding the length of an arc 
of a hyperbola? 

4. What kind of an integral arises in finding the length of an arc of 
the lemniscate ( x 2 -f ?/ 2 ) 2 — 2 a 2 (x i — y i ) = 0? 

X" r [p L 

5. Find the total length of the ellipse — + = 1. 

4 y 

In each of the following exercises expand the integrand into a power 
series and then integrate the sum of the first three terms: 

■<i /2 dx _ C' in dx 


6 . 


f 


7. 


VU^KI - f* J ) " X V(1 - * 2 )(1 - 

Expand the integrand in each of the following integrals in powers 
of sin <p and then integrate the sum of the first three terms: 


10 . 


r' V4-,- <>■ rvnrrsy?* 

Jo Vl - i sin 2 <P J 0 
r r <* dip 

Jo 


Vl — i sin 2 ip 

11. A pendulum three feet long is pulled up until it makes an angle 
of 45° with the vertical and then released. How long will it take to 
rise from its lowest position to a position making an angle of 40° with 
the vertical? 

1 


12. Apply the transformation x = 


/ 


yz + 8 


to the integral 


dx 


V(i - x 2 )(l - A 2 x 2 ) 


13. Apply the transformation x = («5 — $7 = 0) to the in- 


tegral 


J ^ 


4 + bx* + cx 2 + dx + e dx. 
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IMPROPER AND INFINITE INTEGRALS 


79. Improper integrals. In our discussion of simple 
integrals we assumed that the integrand was bounded in the 
closed interval of integration, and in many cases we assumed 
that it was continuous. If now f(x) is continuous for 
a + h ^ x ^ b (h > 0), but /(: r) — > qo as x —> a, the inte- 
gral f f(x)dx may, or may not, have a definite limit when 
Ja+h. 

h—*~ f- 0. If it has, we use the symbol I f(x)dx to denote 

c/a 


this limit and we call the limit the improper integral of 
f(x) in (a, b ). 

If we denote the indefinite integral J f(x)dx by F(x), we 
have 


f f{x)dx = F(b) - F(a + h ); 

Ja+h 


and it is necessary merely to determine w'hether F(a + h ) 
has a limit, or not, as h approaches zero through positive 
values, in order to know whether the improper integral exists 
or not. Consider, for example, the integral 


X 


dx 


+h \x — a 


(b > a). 


The integrand increases without limit as x approaches a 
through values greater than a, and 



dx 

\x — a 


= 2 Vx — a 
= 2 y!b — a 



2 \b — a as k 


+ 0. 


Hence the 


symM £_jL 


a 


represents an improper inte- 
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gral. On the other hand, 



log ( x - a) 


6 

a-f- h 


= log (b — a) — log h — ► + oo 


as h — * + 0, 


and therefore 



does not represent an 


improper 


integral. 

It is customary to say that in the former case the im- 
proper integral converges and in the latter diverges. But 
strictly speaking it is a certain proper integral that con- 
verges or diverges, and in the case of divergence there is, 
in accordance with our definition, no improper integral 
present. 

More generally, 



dx 

(x - aY 


(x — a) 1- ** ] 6 

1 — M a+h 


(b - a) 1 -" 
1 - n 


/i 1- " 


(M * !)• 


This approaches a finite limit or not as h — > -f 0 according 
as 1 — /x > 0, or 1 — m < 0, that is, according as m < 1 
or n > 1. 

80. Tests for convergence. We have seen how we can 
decide whether the improper integral exists or not if we 
know the corresponding indefinite integral. If we do not 
have this information there is a perfectly general test that 
we can apply, but like the corresponding test for the con- 
vergence of an infinite series (§ 116), it is difficult to handle. 
We shall therefore confine our discussion to certain special 
tests that are applicable in most of the cases that present 
themselves in practice and are easy to use. 

Theorem 1. If the integral f <p(x)dx ( b > a) ap- 

Ja+h 

proaches a limit as h approaches zero through positive values, 
and if <p(x) is positive or zero throughout (a, b), the integral 
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f f{x)dx approaches a limit under the same circumstances, 

•Sa+h 

provided that \f(x)\ = <p{x) throughout the interval. If 

J <p(x)dx diverges and f{x) <p(x) throughout the interval, 

a+h 

then I f(x)dx diverges. 

If fix) 2 0 for a < i ^ b, we have 

pb rb 

I f(x)dx ^ I <p(x)dx. 

*Ja+h Ja+h 

Now f f(x)dx does not decrease as h — >0 and is always 
da+h 

less than the limit of I <p(x)dx. It therefore approaches a 

limit. The situation is essentially the same if f(x) £0 
for a < x S b. If f(x) changes sign only a finite number 
of times in (a, b ), or only a finite number of times in the 
neighborhood of a, we can choose c so near to a in this 
interval that f(x) £ 0 or /(x) g 0 for a < i £ c. Then 
the preceding argument applies. But if f{x) changes sign 
an infinite number of times in the neighborhood of a, we 
must proceed differently. Now 

f f(x)dx = f [/(a:) + |/(x)|]dx - f \f(x)\dx. 

The first integrand on the right is positive or zero in (a, b ) 
and does not exceed 2 <p(x), while the second integrand is 
positive or zero and does not exceed <p(x). Hence both of 
these integrals converge, and therefore the integral in the 
left member converges. The last statement of the theorem 
is obvious. 

It follows immediately from the theorem that I f(x)dx 

Ja+h 

converges if I \f(x)\dx does. In this case we say that 

da+h 

J f(x)dx converges absolutely. 
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81. Practical rule. We can now formulate a practical 
rule for determining whether f f(x)dx approaches a limit 

Ja+h 

as h — ► 0. 

Suppose that there is a number n such that 
(x - ay fix) = vK*)- 

Then if p < 1 and ipi x ) is bounded as x —* a the integral 

f f(x)dx converges. But t/ fi S 1 and |^(x)| > m > 0 
Ja+h 

the integral diverges. 

If \p(x) is bounded — that is, if there is a number M such 

M 

that |^(z)| < M — we have |/(x)| < ■— y . If now 

r b M 

U < 1 the integral | r- dx converges, and therefore 

Ja+h\ X a ) 


f(x)dx converges. 


fj 

Ja+h 

Since f(x) is continuous for a < x s b, \p{x) is also. If 
now | \p(x) | > m > 0 in the interval (a, c), where a < c £6, 
\p(x) does not change sign in the interval. Let us assume 
that \f/(x) > 0. Then 

£j {x)dx > Lw^+ dx - 

However the second integral diverges as h -> 0 if u S 1. 

Hence under these circumstances f f (x)dx diverges. 

J a+h 

If f{x) is continuous throughout (a, 6), except at x — b, 
where it becomes infinite, we define the improper integral as 

T*b — h 

the limit as h — ► 0 through positive values of I / {x)dx, 

“a 

if this limit exists. There are tests for the existence of this 
limit similar to those given for the existence of a limit of 


fj 

Ja+h 


fix)dx. If fix) becomes infinite for both x = a and 
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x = b and for no other point of the interval, we define 

f f(x)dx as the sum of the limits of ( f(x)dx and of 
da da+h 

X b-h' 

f(x)dx as h and h' approach zero independently 

through positive values, if both of these limits exist. It is 
to be understood here that c is any point within the interval. 
If the point of infinite discontinuity is at an intermediate 

point c, we define the integral I }{x)dx as the sum of the 

J a 

f*c—h 

limits of I f(x)dx and I f{x)dx as h and h' approach 

zero independently through positive values, if both of these 
limits exist. The procedure in the case of any finite number 
of discontinuities will be obvious to the reader. 

82. Examples. 

(a) Let P{x) and Q(x) be two relatively prime polyno- 
mials and let Q(x) = (x — a) k Q x (x), where Qi(x) is a poly- 

P (.X s ) P(x) 

nomial not divisible by x — a. Now ( x — a) k yrr-r = >r , 

and the right member of this equation does not vanish in 
the neighborhood of x = a. If there are no roots of Q{x), 

X b P(x) 
Q(xj d x 

X b P(x) 

~Ql~j dx di- 
verges if there are any roots of Q(x) in the closed interval 
(a, b). 

C a dx 

(b) | -r-~ •' - - - -- . The integrand is infinite for x = a 

do \a 2 — X 2 

and (a — x) 1/2 - 7 == ==== is bounded in the neighborhood of 


Va 2 — 


x £ 


x = a. Moreover n = Hence the integral converges. 

C 1 V 1 — eH 2 

(c) I - :• ... . - dt, (0 < e < 1). This integral con- 
d 0 VI — t 2 

verges, as may be seen by comparison with (b). 
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(d) (o<*<l,6>j)- 

The integrand becomes infinite at two points in the interval 
of convergence; namely, at x = 1 and x = ^ . It can be 

shown as in (b) that the integral converges. 

(e) It is not easy to see how the rule can be applied to the 

J r*r/2 

log sin xdx, whose integrand is infinite at 
o 

sin x 

x = 0. But if we recall that lim = 1, we see that 

x — ► o X 

sin x = x<p(x), where lim <p(x) = 1. Now x" log sin x 

x — *• 0 

= x* log x + x" log <p(x). If we take n > 0 and let x ap- 
proach zero, we see that x" log sin x — » 0, since x“ log x — > 0 
(see § 50) and x" log <p(x) — > 0. Hence the integral con- 
verges. 


EXERCISES 

Pick out the convergent integrals from the following: 


r dx _ r 1 dx r arc sin z 

L~’- 2 - Lw^t 3 - x w^ dx - 

r do 

4 'Jo 1 — sin ^ ’ 

5. Evaluate I log sin xdx by first showing that I log sin xdx 
Jo Jo 


J r»T/2 


log cos xdx. 


r»*\i 

J 1 

«/o 


6. Show that I log tan xdx = 0. 


7. Show that I log xdx converges (a > 0). 

Jo 

8 . Show that J~* x log xdx is a proper integral (a > 0). 
Are the following integrals proper or improper? 
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11. Show that the latter integral is equal to — ~ log 2 by relating it to 

& 


[ " 


log sin xdx. 


12. Show that the improper integral 


f xr'-'il - 
J o 


x) n l dz 0 < m < 1, 


0 < n < 1, converges. When m =5 1 and n S 1 the integral is a 
proper one. 


13. Discuss the integral 
point of view. 


/»T/J 

f ( si 

Jo 


(sin x) m_l (cos x) n 1 dx from the same 


14. Show that J* log T(x)dx converges. Make use of the fact that 

T(x) = T(x + 1) •- and the fact that T(x) is a continuous function 
of x for every positive value of x. 


15. What is the sign of ( x 2 log sin xdx ? 


f 


f* 

Jo 


■JTX 


16. Does I log x tan dx converge? 


17. Show that 


r n x 2 

J„ {^W' dx converges if n < 1. 


I 


18. Show that 
n < m + 1. 

19. Is the integral 


ITl2 ( 2 ~ X ) 


(cos x) n 


Jo vn ^ 2 


dx converges if, and only if, 


dx convergent? 


83. Infinite integrals. If /(x) is continuous for all values 

of x greater than a, the integral J f{x)dx exists for every h 

greater than a. It is a function of h that may, or may not, 
approach a limit as h increases indefinitely. When there is 

J fQQ 

J{x)dx and call it an 

a 

infinite integral. These integrals are frequently called im- 
proper integrals. It is however desirable to make a distinc- 
tion between them and the integrals just discussed. 
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For example, I 
Jo 


1 adx , h 7r , . . 

tan - - ^ as - °o (a 4=0). 

But r cos zefc = sin h, and this has no limit as h increases 
Jo 

indefinitely. 

We can formulate rules for determining the existence or 
non-existence of a limit in this case without first finding the 
indefinite integral, just as we did in the case of integrals 
with infinite integrands. The following tests are useful 
in many cases, but they are subject to the disadvantage 
that they are not always applicable: 

J f%co 

f(x)dx exists 
o 

if the following conditions are satisfied: 

(a) f(x) is continuous in the interval a x, 

(b) |/(x)|g ip(x) when b ^ x, where b is any number 
greater than a, 

X co 

(p(x)dx exists. 

r*co 

Test for Divergence. The integral I f(x)dx does not 

•Jo, 

exist if 

(a) f{x) <p(x) SO for b = x, where b is any number 
greater than a, 

X co 

<p(x)dx does not exist. 

The reader will find it worth his while to work through 
the details of the proofs. In the light of these tests we can 
formulate the following rule: 

fCD 

If x^f (x) = \p(x), the integral I f(x)dx converges when 

• Ja 

|^(z)| < M for x > b and p > 1. The integral diverges 
when |\Hz) | > m > 0 and ^ £ 1, 

But this rule does not cover all cases. For example, if 
sin x 

fix) = , then x>f(x) — * 0 if p < 1, and is unbounded 


x 


if p > 1. If p = 1 it oscillates between — 1 and 1. And 
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yet I — — — dx converges. This can be seen as follows : 
Jo X 


f 

Jo 


sin x 
x 


dx — u 0 — Wi + 


+ u n ~\ ~h 9u 


n 7 


where u; 


/*( »+i) 

1 = L 


T sin x 
x 


dx 


nir < h ^ (n -f l)x, and 

, „ t p , C r sin y . 

- 1 S 8 = 1. If we put x = nr + y, Ui — I — — dy . 

Jo 2/ “I ' l7r 

It follows from this that u l+ i < Ui and that it» — > 0 as i — » oo . 

But i — > oo as A — » oo . Hence I — — dx converges. (See 

Jo x 

Ch. IX, Th. 10.) It can be shown in a similar way that 
sin x 


X 


x 


dx (a > 0) converges. 


£ a fa 

j{x)dx is defined as the limit of I f{x)dx 

-CO %) h 

as /z — oo , if this limit exists, it being understood that }{x) 

f<X3 

is continuous for x ^ a. The integral I f{x)dx is defined 

« J — co 

{ a r>k 

f(x)dx and | f(x)dx as 
Ja 

h — > — co and k — * oo , when both of these limits exist. It 
is here assumed that f(x) is continuous for every finite 
value of x. The term infinite integral is applied to all these 
integrals with infinite intervals of integration. 

84. Examples. 

(a) Let P{x) and Q(x) be two relatively prime polyno- 
mials of degrees p and q respectively. A direct application 
of the test shows that, if a is greater than any root of Q(x), 

pi' x ) 

the integral I 


v <q 

(b) Since 


Q(x) 

I or p S q — 1. 


dx converges or diverges according as 


we know that 


cos x ^ 1 

a 2 + x 1 “ a 2 + x 2 
cos x 


and 


r~, 

Jo ® 


dx 


+ x 2 


converges 


r°_c 

Jo a2 


+ X‘ 


dx converges. 
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/•CO 

"if: 


dx 

/( 1 - x 2 )(l - kW) 


1(1 - x 2 )(l - A; 2 x 2 ) 


p=(o < i < 1, a >i). 

H 


Now 


Hence 


^2 | 

, . - — > r as x — > oo , 

/(I - x 2 )(l - k-x 2 ) k 


and the given integral converges 
... r°Vl - e-t 2 „ 


r°° vi — < 

(d) X^ 


dt. Here the integrand approaches e 


as t — » oo . Hence the integral diverges. 

. . „ ....... x 2 dz 


diverges, 


(e) It follows as in (d) that I - 7 ==: = diverges, 

Ji vax 4 + bx 2 -f c 

if a > 0 . 

85. Integration by parts. We know from the theory of 
proper integrals that, if f(x) = u(z)?/(:r), 

/•A /»A "I A r»A 

I f(x)dx — | u(x)v'(x)dx — — I v(x)u'(x)dx. 

We have here three functions of h. If they all approach 
limits as h — > 00 we can apply integration by parts to the 

X co 

f(x)dx. Moreover these three functions 
of h will all approach limits if any two of them do. For ex- 

/•A /’A 

ample, I x a ~ l e~ x dx = — [a5 B_ 1 e~*]J + (a — 1) I x a ~ 2 e~ z dx. 

Jo Jo 

Here all three functions do approach limits as h — * °o if 
a > 1. (See § 89.) We have therefore the important 

/»oo /*co 

formula I x^er^dx — (a — 1 ) I x a ~ 2 e~ x dx. 

J 0 Jo 

Similar remarks apply also to improper integrals. 

86. Differentiation and integration under the integral 
sign. It will be shown in § 128 that the integral 

j*° f(x, a)dx can be differentiated under the integral sign 

/•co 

with respect to a if f a (x, a) exists and if J f a (x, a)dx 
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converges uniformly with respect to a in the interval (a 0 , «i), 
that is, if there is associated to every e > 0 a number N 


such that 


J f a (x, a)dx 


< e whenever h > N for every value 

X oo 

fix, a)dx 

can be integrated under the integral sign with respect to 

X co 

fix, a)dx converges uniformly in the 

interval (a 0 , «i) and the limits of integration are in this 
interval. 

87. Theorem 2. If fix, a) is a continuous function of x 
and a when a = x and a 0 = a Si a r , and if the integral 

X co 

fix, a)dx converges uniformly with respect to the interval 

(a 0} ai), the integral is a continuous function of a in this 
interval. 

For any positive e we can, by virtue of the uniform con- 
vergence of the integral, choose an h such that 


|/ 


I /»co 

I f(x, a)dx 
Jh 

o 

fix, a + A a)dx 


< 

< e 


if a and a + A« are in the given interval. Having chosen 
h subject to this condition, we have 

F(cc) = f f{x, a)dx = f fix, a)dx + f fix, a)dx, 

\J a \) a i / h 

Fia + A a) — f fix, a + A a)dx = C fix, a + A a)dx 

Ja Ja 


and 


/%ca 

+ fix, a + A a)dx, 
Jh 

|F(a + Aa) — Fia ) | = | J" [fix, a + Aa) — fix, a)dx] 

I / ,c ° I l 

+ I fix, a + A a)dx \ + I f{x, a)dx 
\Jh J* 
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But we know from the theory of proper integrals (§68) that 

X h 

fix, a)dx is a continuous function of a. Hence if j Aa | 
is sufficiently small 


and 


If 


[fix, a + A a) - fix, a)~}dx 


< 


|F(a + Aa) — F(a ) | < 3e. 

The theorem is therefore proved. 

88. A similar theorem holds for improper integrals. If 
fix, a) is a bounded function of x and a when a h ^ x ^ b 
and « 0 = a g «i for every positive h, and if fix, a) — * oo 
as x —* a + 0 for every value of a in the interval (a 0 , «i) we 

say that the integral £ fix, a)dx converges uniformly with 

respect to a in the interval (a 0 , an) if it converges and if to 
every e > 0 there is associated an y > 0 such that 


f 


fix, a)dx 


< € for every a in the interval ia 0 , an) when- 


ever 0 < h < t). 

Theorem 3. If fix, a) is continuous when a < x b 
and ao < a < an, and if fix, a) — ► <» as x -+ a - 1~ 0 for 

every a in (a: 0 , an), then F(a ) = j" fix, a)dx is a continuous 

function of a. in this interval provided that the integral con- 
verges uniformly. 

For if a and a + Aa are both in the interval (a 0 , aO there 
is, for every « > 0, an r\ > 0 such that 


ph ph 

I fix, a)dx < « and I fix, a + A a)dx 

J a Ja 


< e 


whenever 0 < h < y. Having chosen h subject to this 
condition, we can take | Aa | sufficiently small to give us the 
inequality (§68) 


If 


[fix, a + Aa) - fix, a)]dx 


< c. 
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Hence 

| F(a + A a) — F(a ) | < 3c 
and F(a ) is continuous in (a 0 , ai). 

EXERCISES 

Pick out the convergent integrals from the following list: 

, p dx , pare tan x, , p cos a: 

'• J„ T+~P' 2 ' J, W*' 3 - J 0 —***■ 

J n <» dx c m r°* 

— r= = . 5. I x~ U2 dx. 6. I Vsin x dx. 

1 xVx - 1 Ji Jo 

X 00 j 71 ^ 

yy - converges if, and only if, 0 < n < 1. 


8. Show that 


r°x”- } dx 

J, 1 + * 

______ _ireumstanei 

% px"~'dx fi"- 

I l+^ 2 ‘ Jo H 


converges if, and only if, n < 1. 


Under what circumstances will the following integrals converge: 

-1 dx __ /* OT x n-1 dx 
2 ' 


X* J„ 1 + X- 

II. Evaluate | x-e~* 2 dx. Integrate 


poo pi 

! I x 2 e~ x *dx. Integrate j x^er^dx by parts and then 

Jo Jo 

X oo 

e~ x2 dx = -y (§ 214). 


X 


12. Evaluate j e “ lJ dx (a > 0). 


13. Show that the integral in Exercise 12 converges uniformly in the 
interval 0 < a 0 = a = ai. 

p n’ 

14. Show that if n is a positive integer I x n e~ ax dx = (a >0). 

Jo a 

15. Show that if n is a positive integer and a > 0 


X 


X m e - axt dx = - 


Vtt 1-3- 
2 


•(2b - 1) 


2’>. a »+l/2 


J ^ 00 sin x 

dx is not absolutely convergent. 

o x 

poo 

t I e~ xi sin xdx = 0. 

J — co 

r ain 3 x 

— — dx. (Integrate by parts and use the value 
x 


17. Show that 

18. Evaluate 


of r— 

Jo x 


dx that is given in § 214.) 
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89. The Gamma function. Certain important functions 
can be defined in terms of improper or infinite integrals 
whose integrands contain one or more parameters. We 
shall consider two of these. The first is the Gamma func- 
tion, or Eulerian integral of the second kind. By definition 


r( 


«) = f 

Jo 




e~ x dx (a > 0). 


( 1 ) 


If a < 1 this integral is both an improper and an infinite 
integral, and if a S 1 it is an infinite integral. We know 

from § 81 that the integral f x^e^dx, where 0 < a < 1 

Jh 

and b is any positive number, approaches a limit as h — ► 0. 
For sufficiently great values of x we have e~ z < — , where c 

X 


is any positive number. Then x a ~ l e~ x < 


rC-fl— a 


If we 


c+1 ^ a approaches a 

b X 

s»ca 

limit as h — > <» . The symbol I x a ~ l e~ x dx therefore de- 

Jo 

fines a definite function of a for all positive values of a. 

The Gamma function is a continuous function for every 
positive value of its argument. Since 


r( a) = f 

Jo 


x°~ l e~ x dx + 


P 


a — I 


e~ x dx, 


( 2 ) 


it is a continuous function of a if each of the integrals in 
the right member of this equation is. If a S 1 the first 
integral is a continuous function of a by virtue of § 68. If 
0 < a < 1, we have 

jf x*-'e~ x dx < JT ^ ^ (0 < h < 1). 

h a o 

For any « > 0 there is an h such that — < e (a 0 > 0). 
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Then — < t for any value of a > a 0 , since the derivative 
H a 

of — with respect to a is negative if h < 1. Hence 


f x^e^dx converges uniformly in the interval (q-o, <*i), 
do 

ai > a 0 , and is a continuous function of a in this interval 
(§88). The second integral in the right member of (2) con- 
verges for any ai > 1 . Hence for e > 0 there is an h such that 



e X dx 


< 


t. 


XI co 

Then I < e for every posi- 

Jh 


J /%co 

x ■ a ~ 1 e~ x dx converges uni- 

b 

formly in (a Q , « t ). This completes the proof of the con- 
tinuity of r(a) for any a > 0 (§87). 

It is easy to see that T(l) = 1. It was shown in § 85 that 
for or > 1, r(a) = (a — l)r(a — 1). If a is a positive 
integer greater than 1, successive applications of this 
formula show that 


T(a) = (a - l)(a - 2) • • • 2(1) = (a - 1)! 

In view of this fact the Gamma function is called the 
factorial function. It has the value of a! when a is a positive 
integer, and in addition has a value for every positive 
value of its argument. 

If 0 < h < 1 


J r i 1 1 

x~ l e~ x dx > - I x~ l dx log h 

h e Jh e 


oo as 


This means that our definition of the Gamma function does 
not apply when the argument is zero. But r(a) — * + «> 

as a — * + 0, since T(a) = ^ T(a + 1). We can use this last 

equation to define T(a) for values of a between — 1 and 0, 
and by successive applications of this process we can define 
the function for every negative non-integral value of the 
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Cl 90 


argument. On the basis of this enlarged definition of r(a) 
the function is a continuous function of a, except for a 

equal to zero or a nega- 
tive integer. Its graph 
is shown in the figure. 

90. The Beta func- 
tion. If m S 1 and 
ft S 1 the integral 


-3 


-2 


-1 



0 


f — x) n l dx 

^0 


IS 


2 3 a proper integral. If 

neither one is less than 
or equal to zero and at 
least one of them is be- 
tween zero and 1, we 
have a convergent im- 
proper integral. If at 
least one of them is 
equal to or less than 
zero the integral diverges. The reader will find it a profit- 
able exercise to verify these statements. Assuming then 
that m > 0 and n > 0, we have the function of two argu- 
ments B(m, ft) = f x n ~ 1 (l — x) n ~ l dx. This is called the 
do 

Beta function, or the Eulerian integral of the first kind. 

If we put x — 1 — y, we find that 


r\ 1 

Fig. 12 


B(m,n ) = f y n ~ l { 1 — y) m l dy = B(n, m). 
do 

The Beta function is therefore a symmetric function of its 
two arguments. 

91. The relation between the Beta function and the 
Gamma function. The Beta function and the Gamma 
function can be expressed in many forms by the introduc- 
tion of new variables. For example, we get 
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when x = sin 2 <p, and 

T(m) =2 f y 2m - l e~ v 'dy 
Jq 

when x = y 2 . 

If we denote by C i the part of the circle x 2 + y 2 = h 2 in 
the first quadrant, by C 2 the part of the circle x 2 + y 2 = 2 h? 
in this quadrant, and by S the square bounded by the co- 
ordinate axes and the lines x = h and y = h, we have 

f f x2m ~ 1 y 2n ~ 1 e~ (x2+t/1) dzdy < J J'x 2m ~ 1 y 2 ”~ I e~ (x2+vt) dxdy 

Ci s 

< f J x 2m ~ l y 2n ~ x e~ {z,l+v ^dxdy, (3) 

Ci 

since x 2m ~ l y 2n ~ 1 e~ (x2+, ' 2) S 0 in the first quadrant. But we 
know from § 102 that 

J" J'x 2m ~ 1 y 2n ~ 1 e'~ (x2+v2) dxdy 

Ci 

= I r 2(m+n)-l e -r^^ r . j S in 2m-1 <p COS 2 " -1 <pd<p, 

Jo Jo 

J J' x 2m ~ 1 y 2n ~ l e~ < ' xi+vi) dxdy 

Cl 

J r'W 2 /»*•/ 2 

r 2(m+n)— lg— . I gin 2m ~ 1 COS 2n—1 (pdip , 

0 «/0 

J* ' ^ m ~^ 7n ~ l e~ < - xt+vi ' > dxdy = J* x 2m ~ l e~ x ‘dx • J" y 2n ~ l e~ v2 dy. 

s' 

Since the extreme members of (3) approach the same limit 
as /i — * oo, the middle member also approaches this limit. 
Hence 

/•CD /%CD 

I x 2m ~'e~ x2 dx • I y inr ~ 1 er* l dy 
Jo Jo 

J r w2 . r 

sin 2m_1 <p cos 2 " -1 <pd<p I 
o do 


p2(m+n)— lg— r*^. • 
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or 


r(m + n) • B(m, n) = r(m)-r(n), 

_ x r(m).r(n) 
B(m - n) " fW+n) ' 


( 4 ) 


In view of this connection between the two functions it is 
not necessary to consider both of them in detail. 

92. Stirling’s formula. By definition 

r(x -f- 1) = J '°° a x e~ a da (0 < x ) 

r oo 

t x e~ xl dt (a = xt) 


= af+ 1 e- 


f 

Jo 

f 

Jo 


e -x (t -l~l og t) dt 


= x^+'e- 1 I e~ x/(t) dt, 

Jo 

where f(t) = t — l — log t. Now the important fact here 
is that e~ x,(t) — 1 when t = 1 regardless of the value of x, 
and that it approaches zero for a fixed value of t different 
from 1 as x— * <». This can be seen as follows: f'(t) 

= 1 — ^ , and is accordingly negative when t is between 

zero and 1, and positive when t is greater than 1. Hence 

f(t) is positive for every posi- 
tive value of t, except 1. The 
curve y = e~ x!w for a fixed x 
is accordingly as shown in the 

i figure. For large positive 

values of x the curve is close to 
the i-axis, except in the neigh- 
borhood of t = 1. This sug- 



Fia. 13 

gests that for fairly small values of t the integrals 


JV 


and 


ri+> 

J C " 


xf(l) dt 


will differ by a small amount and that the latter can be taken 
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as an approximation of the former, especially for large 
values of x. We have now to look into the details in order 
to see if this surmise is correct, or not. Now 



g -*/(0 dt 


f * + f 1+ ‘ 4 - f 4 + P 

«/0 t / 1 — • 1 / 1+1 J 4 


We have here written the integrand only once. It is the 
same in all five of the integrals. For \ S t £ 1 we have 




u)du 


and for 1 s i s 4 


- 1) ! s|«- >)’; 


< - i - iogf = j'(i 


1 )du 

=I<‘ 


- 1) 2 . 


In the interval (0, 1 — «), where 0 < e < §, the least value 
of t — 1 — log t occurs when t = 1 — e, and the least value 
in the interval (1 + e, 4) occurs when t = 1 + e. The 
greatest value of the integrand e -l(t ~ 1_1 °K f) in each of the 
intervals is, in view of the preceding inequalities, less than, 
or equal to, e~ J ' ,2/8 . Hence 



-x(f-l-log 0 dl 


+ 



e -x(t-l-log 


4g— X «*/ 8. 


In the interval f s 4 we have 

3 t 

t - 1 - log t ^ 1 1 - log t > | • 

If then x > 4 



— x(t— l— log 


"dt 


f oo 

e~ xtl4 dt 


< e~ x 


< e~ x,i/s . 


Now x~ 2lb < $ for sufficiently large values of x, and we can 
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therefore put « = ar s/8 . Then 

f e~* f{t) dt < &*x~ x ~ 1 T(x + 1) < f e~ x/(t) dt + 5e“*‘ ,/8 . 

« «/l — t 

But e~ x * i,s —> 0 as x —> « . We have therefore 
e*ar*” l r(x + 1) = f e~ xfW dt + «x, 

«/i-« 

where ei — > 0 as a: — > » . 

If we define ^(f) by the equation 

it - ly 


m 


+ (t - 1 ym. 


it is clear that it is bounded in the interval (§, |) for 1 t. 
There is then a number M such that for this interval | \p{i) | 
< M and 

g-x(f-l)*/2 . < g-x/U) < g— x(t— 1)*/2 . e Mx~ Ul 

for 1 - f S t < 1 -f «. But e~ Mz ~' lt and e Mx ~ xlt both ap- 
proach 1 as x — > oo , and therefore for an arbitrary positive 8, 
1 — 8 < e~ Ux ~ Vl and 1 + 5 > e Ux ~ Ut for sufficiently large 
values of x. Then 


J rn+« 

I « 

i-« 


e — x(t- D'ndt < I e~ xfU) di 




< (1 + S) 

J\-t 

/*l+« 

I e ~*' w dt = (1 + « 2 ) e~ x{l ~ 1)il2 dt, 

i— « «/i-« 

where €* — ► 0 as x — » ». If we put (t — 1) = w, 

£ +« /a /**Vi/2 

e-*'(‘>dt = (1+ c) J- e~ u *du. 

■* vxJ— «^ I/2 


1 That tfaii is bo follows from the fact that /(<) — 

: 9 < 1, aa may be seen by 
grange’s form of the remainder. 


Vx/2 
« - D* 


(f - P* 


2 3(i - et - p» 

0 < 8 < 1, as may be seen by expanding log t in powers of (< — 1) and using La- 
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It will be shown in § 214 that 


Hence 


oo 

I e~ ui du = Vir. 

— CO 

/'•tJx /2 r°° 

I e~ ui du = | e~ ui du -{- = w + e 3 , 

'Vi/2 «/-co 

where e 3 — » 0 as 1 - » 00 . We conclude that 

ir*- 1 ' 10 '" =#!+•’) (.+£)• 

r(x + 1) = e-*z* +1 / s V2r(l + 77), 


Hence 


( 5 ) 


where q — ► 0 as x — * 00 . This relation is described by 
saying that F(x + 1) is represented asymptotically by the 
function e _I x I+I/2 \27r, and in symbols thus, 

F(x + 1) ~ <r-x*+»/*V2?. (6) 

This formula is known as Stirling's formula. 

93. Stirling’s series. Stirling’s formula can also be 
written as follows: 


log T(x + 1) = ^ log (2ir) - x + ^x + log x 

, B 2 1 B< 1 , 

+ r2'i _ 3^4? + ••• 

(- !)->£,, 1 (- 1 )'SB W I 

^ (2 n - 1)2 nx 2 "" 1 ^ (2 n + 1)(2» + 2)x 2 " +1 ’ 

where 0 < 6 < 1, and 

b „ = _ML(' 1 + J. + J_ + ... +J.+ ...V 

° ln 2 2rt_1 7r 2n V 2 2n ^ 3 2n ^ ^ m 2n ~ / 

for every positive integral value of n. The proof of this 
is too long and too complicated to be given here. 1 

If we let n increase indefinitely we get an infinite series 
in the right member of (7). The absolute value of the 

1 See, for example, Serret-Scheffera, Lehrbuch der Differential- und Integral- 
rechnung, Vol. 2, 4th and 5th editions, p. 252. 
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general term of this series is 

B tn = JL 2n - 2 

(2 n — l)2n * z 2 ” -1 — 2tx ’ 2irx ’ 2irx 

2irx V 2-" T 

This does not approach zero as n — > <» , since the quantity 
in the parentheses is greater than 1, and only a limited 
number of the other factors are, for a given value of x, less 
than 1. All the others exceed 1 and the number of these 
increases indefinitely with n. Hence the scries is divergent 
for every positive value of x. And yet the series is useful 
for computation of the numerical value of log T(x + 1), 
especially when x is large. The remainder after the term 
. 1 . 

p (- 1 
n ~ (2 n + l)(2n + 2) ' x- n+1 * 


+ 


-L+...V 

TO** T ) 


It can be shown that 1 

\Rn 


k 2 n 


< 1^E(JLY e W.,n 

^6 x \eTx) e ‘ 


( 8 ) 


If in the computation the last term used is the one in 
, the error is in absolute value less than the right 


r 2n- 


member of (8), and also less than the absolute value of the 
first term neglected. It is therefore desirable in the 
computation to include all the terms up to the one of least 
absolute value for the value of x we are using. If we put 
B 1 

, the absolute value of the ratio of 


«» = 


(2n — l)2n x 


. • Un+i _ 2n{2n - 1) _ n 

two successive terms m (7) is - 7 — < 7 - 73 — < 


u„ 


4t r 2 X 2 


2~2 
7T X 


< ^ n < the term =fc u„ +1 is less in absolute 

value than | u „ ) . This makes it desirable to proceed with 


1 See Serret-Scheffers, op. cil., p. 265. 
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the computation until n = 3x, if this is possible. And it 
will be possible if x is a positive integer. For n = 3x 


| Rax | 

If x = 5 we have 


< 


id) 


6x-l/2 ^(l/"2i) — fix 

Vx 


| flu 


1/3 \69/2g(l/360)-30 

V5 ‘ 


= 0.53829 X 10~ 14 . 


Thus we get a good approximation if we use all the terms up 
to and including the term in • 

X 

This example gives us a good illustration of the way cer- 
tain divergent series can be used for numerical computation 
by observing proper care in determining the number of terms 
to be used. 


EXERCISES 

1. Evaluate B($, 5). 

2. Show that T(|) = Vjt. Use formula (4) with m — n ~ 

3. From the result in Exercise 2 show that e~ z 'dx = • 

4 . Show that the Beta function satisfies the equation 


B(m 1, n) = — — B(m, n). 


5. Apply this formula to show that if m and n are positive integers 

V. T>! \ ( m ~ D K” - 1) ! 

we have B(m, n) = — p-7 — • 

(m + n — 1) ! 


r 


6 . Show that 
the interval 0 < a 0 = a 

7. Show that 


e~ ax dx converges uniformly to - with respect to 

a 


«i. 


P 


-bx 


■ dx = log - when 0 < a, 0 < b. Make 


use of the result in Exercise 6. 

Use Stirling’s formula to compute the approximate value of each 
of the following : _ 

8 . 25! 9. 31! 10. T( 21 ). 11. r(VS42). 

In the following exercises use (7) and the fact that B* = g : 


12. Determine two limits between which r(1 85) lies. 

13 . Determine two limits between which r(V375) lies. 
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1. Does 

2. Show that 

3. Show that 

4. Show that 


MISCELLANEOUS EXERCISES 

dx converge? 


5. Given 
du 


r sin x 
1+x 

f 1 da 

Jo vr- 

f 

i: 

-r 


vl/4 


128 
35 ‘ 


(Put x = y 4 .) 


log tan xdx = 0. 
log sin it xdx = — log 2. 

log r(t)df. Show that u = x log x — x + C. 


First find -j- ; then apply the formula T(x + 1) = xT(x) and integrate. 

OX 

6. It was stated in § 92 that t — 1 — log f S 1 1 — log t > ~ for 
15 4. Prove this. 

7. The Gamma function satisfies the functional equation f(x + 1) 
= xf(x). Show that in order that a function satisfy this equation it 
is necessary and sufficient that it be of the form 4>(x)r(x), where 
4>(x) is of period 1. 

8. Show that log T(x) satisfies the equation /(x + 1) - f(x) 
- log x. 


9. Prove that 


“I 


f(x)dx converges the function | f(x)dx has no 




more changes of sign in 0 < x < <» than /(x). 


10. Show by direct integration that 

dx 


f 


dx 


(x 1 + a J )» 


7 T 

4a 1 ’ 


Then, 


jT 


, = ;r- , differentiate each Bide 
2 4 _ n 2 ' 


starting from the formula . , . , - „ 

with respect to a and compare the two results. 

11. Show that I = J* e -» J -(oV* s > dx = ^Find the deriva- 

tive of / with respect to o by differentiating under the integral sign, and 
in the resulting integral put ^ 



CHAPTER VIII 


DOUBLE AND TRIPLE INTEGRALS 


94. The double integral. We consider a region A that 
is bounded by a closed curve and a function fix, y) that is 
one-valued and bounded in A. We subdivide A into par- 
tial regions, a u a 2 , a„, whose areas are respectively 

«i, •••, u„; and form the sums 


S = and s = 2Zm»-co,-, 


where M, and m, are the upper and lower bounds respec- 
tively of f(x, y) in the region a,. Now S g = mQ 

and s = Mil, where 

M is the upper bound and 
m is the lower bound of 
fix, y) in A and it is the area 
of A. But 0, M, and m are 
independent of the particular 
subdivision of A that was 
used. Hence no S is less 
than mi 2 and no s is greater 
than Mil. We shall refer to 
S as an upper sum and to s 
as a lower sum. We can then say that the set of upper 
sums has a lower limit / and that the set of lower sums 
has an upper limit /' (§ 3). 

Integrable Functions. The bounded function f(x, y) 
is said to be integrable over the finite closed region A if the 
limits I and /' are equal. The common value of I and /' in 
the case of an integrable function is represented by the sym- 



bol // /(I , y)dxdy or the symbol j* f(x, y)dA and is called 


the double integral of fix , y) over the region A. The func- 
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tion f(x, y ) is called the integrand and A the field of inte- 
gration. The word “double” in this designation has refer- 
ence to the two dimensional set of points that make up the 
region A. 

We have seen (Chap. Ill, Theorem 1) that if /(x, y ) is 
continuous in A its oscillation in any partial region of A is 
less than an arbitrary positive number ei provided that the 
diameters of all the partial regions are less than a certain 
number y. For such a subdivision 

S — s — = ei£2 = e. 

But 

S - s = (S -/) + (/-/') + (/'- s) < £. 

We can see as in § 59 that no upper sum is less than any 
lower sum. Hence I S I' and all the quantities in the 
parentheses on the right are zero or positive. Moreover / 
and /' are independent of the method of subdivision. 
Hence 1 = 1' and S — / < « and V — s < e. 

This means that if a function is continuous in a closed 
region A it is integrable in A and the upper and lower 
sums approach the value of the integral as their common 
limit when the maximum diameter of all the partial regions 
approaches zero. Of course a function may be integrable 
even if it is discontinuous. However, a satisfactory dis- 
cussion of this question is beyond the scope of this book. 
From now on we shall assume that the integrand is con- 
tinuous unless it is stated otherwise. 

95. Simple properties of the double integral. 

(a) Consider the sum Y.f{Xi, where (x„ y , ) is any 

point in the partial region a,. Then 

S s L/(x<, ydc»i ^ s. 

Since S and s approach a common limit, HfiXi, y,)w t ap- 
proaches the same limit. We see then that in forming the 
sums whose limit is the definite integral we can multiply 
the area of each partial region by the value of the integrand 
at any point inside, or on the boundary, of this region. 
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We shall take advantage of this fact in the discussion in 
§§ 96-98. 

The reader ought to find no difficulty in supplying proofs 
of the following statements : 


(b) J* Jcf(x, y)dxdy = cj J fix, y)dxdy, if C 


is a con- 


stant. 


(c) j J [/O, y) ± <p(x, y)1dxdy 

A 

= J J fix, y)dxdy =fc J J <p(*, y)dxdy. 

A A 

(d) J" J' dxdy = £2. 

A 

(e) J j I fix, y ) I dxdy = | J ff( x > v) d xdy 

A A 

(f ) J J fix, y)dxdy = J J /(x, y)dxcfr/ 


+ 


J J /(*, J/)dxdi/ 

A, 


+ 


where A\, A 2 , • • • are the parts of A. 

96. Mean value theorem. Suppose that fix, y) and 
<pix, y ) are continuous in A and that <pix, y) is positive or 
zero in this region. If M and m are the maximum and 
minimum values respectively of fix, y) in A, we have 


M(pi%i, ^fi£i, ih)<pi%<, S mipih, vi)wi, 


where (£,, y,) is any point in a,. When we take the sum 
and pass to the limit we find that 


M f f <p(x, y)dxdy = J J fi x > y)<p( x , y)dxdy 

A A 

S mj f<pix, y)dxdy. 
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Hence 



A A 


where M S y S m. But since f(x, y) is continuous, this is 
equivalent to 


J* J* fix, y)<P&, y)dxdy = /(£, v) J J <p(x, y)dxdy, (1) 


where (£, y) is some point in A (see § 31). The same con- 
clusion can be reached on the supposition that <p(x, y) is 
negative or zero everywhere in A. 

If <p(x, y) = 1, formula (1) becomes 


J j fix, y)dxdy = 17), (2) 

A 

since J Jdxdy = SI. Equation (2) is a statement of the 

A 

mean value theorem for double integrals. 

97. Repeated integrals. By the definition of a double 
integral the value of such an integral is the result of a 
single limiting process. This is also true of the value of 
a simple integral. But whereas we have a means of evalu- 
ating the latter through the use of the indefinite integral, 
there is no corresponding direct way to evaluate a double 
integral. In order to overcome this difficulty we resort to 
the expedient of repeated integrals in a way we shall now 
explain. 

We assume first that the field of integration is a rectangle 
whose sides are x = a, x = b, y = c, y = d, and we sub- 
divide it into partial regions by the lines x = x u x — x 2 , 
• ", x = and y = y u y = y 2 , • • •, y = y n -u The 
double integral is the limit of the sum 


S = 


E 


<-1 


E /(£</, Vij)(xi - Xi-i)(yj - yj-i), 


7-1 


( 3 ) 
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where (£,7, *7,7) ia any point within or upon the boundary of 
the rectangle bounded by the lines x = x,_i, x — x,-, 
y = y y_x, and y = 2/7, where x 0 = a, x m = 6, y 0 = c, and 
2/ n = d. The elements of this sum that have the factor 
Xi — x,_ 1 make a contribution to & that is equal to 

n 

Si — (x,- iTf— 1) /(siji Vi— l)- 

1=\ 

Now /(x,-, t/) is a continuous function of y in the interval 
(c, d), and therefore 


/*1/1 /'V2 

/(Xi, y)dy = /(x,-, 7/)dy + f(xi, y)dy 

c %)c Jv\ 

+ • • • + f /(.r„ 2 /)dy 


/(*.» i 7 i)(yi - c) + /(*.-, ^2) (2/2 - yO 


+ • ■ • + / (x„ I?«)(d - y„-i) = F(x.) (4) 

where 2/7—1 g 17, S ?//. If for every j we take £,7 = x„ and 
for 77,7 the number -qj in (4), we have 


Si = {Xi - x,_ 1 )F(x.) 

and 

<S = L F(x,-)(x f - x,_i). 


(5) 


If we pass to the limit by letting the greatest diagonal of 
the partial regions approach zero, we find that 

J J/ 0 , y)dxdy = nr /(a*, 2 /)dy J dx. ( 6 ) 

A 

It should be noted that we did not first let all intervals 
yj — 1 approach zero and then the intervals x,- — x,_ 1; 

but we let them all approach zero simultaneously. We 
could do this by virtue of the fact that equation (4) holds 
for a finite subdivision of the interval (c, d) on the t/-axis. 
We have shown that we can evaluate the double integral by 
first integrating the integrand with respect to y between the 
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given limits, holding x constant; and then integrating the 
result, which is a function of x, with respect to x between 
the given limits for x. Of course we could just as well have 
performed these integrations in the opposite order. 

98. The preceding argument is based on the assumption 
that the field A of integration is a rectangle with sides 
parallel to the coordinate axes. We now suppose that the 
field is bounded by the lines x = a, x = b and the curves 
Y i = and Y 2 = <pi(x), where <pi(x) and <p 2 (x) are 

continuous in the interval (a, b ) and <p\{x) S <p 2 (x). As be- 
fore, we shall divide the field of integration by lines parallel 
to the coordinate axes. In the sum S = £/(£,, t? ,•)«,, 
whose limit we wish to determine, some of the partial regions 
are rectangles and some may be more or less irregular 
figures lying along the boundary of the region. 

We first fix our attention on those partial regions that lie 
between the lines x = x,_i and x = x,-. Let y = y' be the 
lower boundary of the lowest complete rectangle in this 
strip and let y — y" be the upper boundary of the highest 
complete rectangle. Then 

(Xi - Xi _0 I /(£„ y)dy 

Jy' 

is the contribution to S made by the complete rectangles in 
this strip, provided that in the formation of S we take the 
£, to be the same in the co-factors of the areas of all these 
rectangles and select the 77 , suitably (see § 97). 

Since the functions <pi(x) and <pz{x) are continuous in the 
interval (a, b) we can take x,- — x<_ 1 sufficiently small to in- 
sure that the oscillation of each one in the interval 
(xi — Xi- 1 ) is less than a pre-assigned positive number 5. 
We can also make all the differences y, — 2 /,_ 1 less than 5. 
The total area of the irregular partial regions within the 
strip in question is less than 46 (x, — x,_i), and the contribu- 
tion to S of these partial regions is less in absolute value 
than 4M5(x, — x<_ 1 ), where M is the maximum absolute 
value of f(x, y) in the whole region of integration. 
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f rn y)dy = f /(£.-, y)dy 

•J V' 

4- f /(ii, y)dy + f /(£„ 

•'V' •-'Vi 

where F x = <pi(£.) and Y 2 = <p 2 (£,). But |Fx - t/'| < 28 
and | F 2 — y”\ <26. Hence 

r /(£•> 2/) rf 2/ = f /(£., y)dy + 4AT0.6, , 

*/y' •/ Yi 

where 1 0,- | < 1. The contribution to S made by all the 
partial regions in the strip is therefore 

(xi - Xi-i ) | ~ /(£„ y)dy + 4Af0/5 J 

= (Xi - Xi-i) £ /(£<, y)dy + 83f0,"8 J , 

where |0/| <1 and |0/'| < 1. Hence 

5 = X](x,- - i) £ f(ii, y)dy + 8Af0,"5j . 

But 

|8M5£(x< — x,_i)0,"j < 8M5(6 — a). 

This last expression approaches zero as 5 — > 0. Hence 

J J f(x, y)dxdy = lim £(x,- ~ z-i)J^ /(£<, 

If we put 

/(x, y)dy = $(x), 
r i 

we can say that 

f f ^ x> y^ dxd y = }im £$(&)(*< ~ 
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That is, 

fP (x < y)dxdy = J* $>(x)dx 

A ° 

-nr f(x, y)dy^ dx. (7) 

A similar argument shows that also 

f J f(x, y)dxdy = f \f x f( x > (8) 

A Xl 

where the region A is bounded by the curves Xi = (y) 

and X 2 — fa(y), and the lines y = c and y = d, it being 
understood that 4/\(y) and \p 2 (y) are continuous in the 
interval (c, d), with (y) S \f/ 2 (y). 

From these results we see that a double integral can be 
replaced by a properly chosen repeated integral, the inte- 
gration being with respect to y first and then with respect 
to x, or vice versa. 

We have assumed for simplicity that the integrand is 
continuous in A, and our conclusion is that in this case both 
the repeated integrals and the double integral exist and 
have the same value. This conclusion is still valid if we 
assume merely that the integrand is integrable in A, but 
we cannot give the proof here. 1 It is worth noting that if 
the integrand is discontinuous, one or both of the repeated 
integrals may exist and the double integral not exist. The 
following example illustrating this point is due to Thomae. 2 
Let the region of integration be the square bounded by the 
lines x = 0, x = 1, y = 0, y = 1] and let fix, y) = 1 for 
all rational values of x and f(x, y) = 2 y for all irrational 
values of x. Then 

X [X^ y) d v\ dx “ L 

1 See P. duBois Reymond, CreUe’t Journal, Vol. XCIV, 1883, p. 277. Abo 
Hobson, Theory of Functions of a Real Variable, 3d ed., Vol. 1, p. 510. 

* SchlOmilch's Zeitschrift, Vol. XXIII, 1878, p. 67. 
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On the other hand, the double integral does not exist. To 
see this let I\ and If be the values of I and I' respectively 
for the upper quarter of A ; and 1 2 and 1 2 ' these values for 
the lower three-quarters. Then I = h -f I 2 and /' = If 
+ If- Now 7i > | and If = and / 2 s If. Hence 

1 > V and the double integral J* J f(x, y)dxdy does not 

A 

exist. Neither does the simple integral I fix, y)dx for any 

Jo 

value of y, except y — If the double integral does not 
exist, the repeated integrals may exist and be equal. 


EXERCISES 


1. Verify that 


If 


(x 1 + y 2 )dxdy = 


If 


(x 1 -f y^dydx in case 


the field of integration is the triangle bounded by the lines x — 0, 
x - y, and y = 2. 

2. Show that these two integrals are the same when the field of 
integration is the circle + xf — 16. 

Evaluate: 


>// 

-// 


x £ V L 

xhjdxdy over the region for which + ^ = 1. 
dxdy 


over the triangle bounded by the lines y = x, 


\ f x i + y 1 
y = 0, and x — 1. 

When limits are given, it is to be understood that the first set of 
limits belong to the variable whose differential is written first. 


- fJT- 
'• IT 


sin (x — y)dxdy. 


n o 

(** - y‘ 

_ 


)dxdy. 


yd cv dxdy. 


8. Verify that 


// 


(12 4- x — y*)dxdy = 


-// 


(12 + x — y*)dydx 


in case the field of integration is the second quadrant of the circle 
z 1 + y* = 3. 

dxdy 

VI — x* — y* 

the first quadrant of the circle x 1 + if = 1. What is the value of this 
integral when taken over the whole circle? 


9. Find the value of the double integral 


If 


over 
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What is the field of integration determined by the limits in each 
of the following cases? 


10 - 1 J, 

“• ff 


f(x, y)dydx 


• n 


( 6 / a ) Va»— its 


2ax—z> 


f(z, y)dxdy 

V 2oi— 1> 

n v* 

/(x, y)dxdy. 

_ i 

16. Integrate (x + j/) J over the circle x 2 -f- y 


f(x, y)dxdy. 

'4 V2/13 A3/2)VrT‘ 


/NV2/13 /*(3/2)i 

• 13 - I / 

,/o * / Vi +5 

/"( 1 + V 5 )/2 

15, J / 

a /0 


/(x, y)dydx. 

I 

/(x, y)dydx. 


99. Line integrals and Green’s theorem. We say that 
the function F(x, y) is continuous along the arc AB of a 
curve if to every point ( x , y) of the arc and every positive 
number e there is associated a positive number 17 such that 

\F(x,y) - F(xi,yO\ < « 

whenever \x — Xi | < rj and \y — y x | <77 and (xi, y 1 ) is on 
the arc. 

Consider now a function F(x, y) which is continuous along 
the arc AB of the curve y — <p(x), where A — (a, c) and 
B — (b, d) and <p(x) is continuous in the interval (a, b). If 
the arc be divided into partial arcs by the points (xi, yi), 
(xz, yf), • • • (z„_i, y n -i), the sum 


S = T,F(Zi, v*)(zi — x,_i), 

where 17 ,) is a point on the arc connecting (x,_j, y<_i) 
and ( Xi , y,), approaches a definite limit as the maximum 
length of the chords of these arcs approaches zero. For 

S = LF[Si, <p(ki)l(Xi - x^ 1), 

and this has for limit the definite integral J* F[x, <p(x)~]dx } 

since F[x, <p(x)~\ is a continuous function of x in the inter- 
val (a, b). This definite integral is called a line integral of 

F(x, y) over the arc AB, and is written thus: j F(x, y)dx. 

The limit of the sum F(£,-, 17 ,) (y, — 1 ) is the line integral 
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f F{x,y)dy. 

JAB 

integral that 


It is clear from the definition of a line 


J F(x, y)dx = - I F(x, y)dx. 

AB JBA 


Suppose that we have a region A whose boundary is made 
up of the lines x = a, x = b, y = Fi(x), and y = Y 2 (x), 
where Y 2 {x) = Y i(x) in the interval (a, b). We consider 


the double 


integral J* J* 


dP 

dy 


dxdy, where P(x, y ) and 


dP(x, y) 
dy 


are continuous within the region A and on the 


boundary. It is showm in § 98 that 



A 




= £[P(x, Y 2 ) - P(x, Yi^dx. 


Now’ J P(x, Y 2 )dx is the line integral of P(x, y ) along the 

curve y — Y 2 (x) from A to B, or minus the line integral of 
the same function along the same arc from B to A, while 

P(x, Y i)dx is the line integral of the same function along 

a 


the arc y — Y \{x) from A to B. 

Definition. We agree to say that the boundary C is 
described in the positive sense by a man walking along C 
with the bounded area on his left. i y 

With this understanding we have | 

A 


X 


P(x, y)dx, 


Fig. 15 


the line integral being taken in the positive sense. 1 Simi- 

1 This assumes that the axes are oriented as shown in the figure. 
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larly we have 

/ / = f c Q{x > yS}dv> 

A 

where Q(x, y) and ~ ~ 8X6 continuous within and on the 
boundary of A. Hence 

J7(te ~fy )^V-jPdx + Qdy. (9) 


We have assumed that the boundary C is cut by a line 
parallel to either axis in not more than two points. We 

can extend our results to regions 
not of this type but such that 
they can be divided up into a 
finite number of parts each of 
this type. Consider, for example, 
the region shown in the figure. 
Certain lines parallel to the y- 
axis cut the boundary C in more 
than two points. But if we draw 
the line LM we divide A into two 
regions, A x and A 2 , neither of whose boundaries C \ and (\ 
is cut by a line parallel to either axis in more than two 
points. Hence 

ff-Jtdy = -£pdx 

Ai 

and 

ff%** “ -//<**• 



If we add the corresponding members of these two equations 
we get 




§100] DOUBLE AND TRIPLE INTEGRALS 


169 


In the first of the two line integrals on the right we integrate 
over the line LM from L to M, while in the second one we 
integrate over the same line from M to L. But 


Hence 




If there were any limited number of these partial regions, 
we could proceed in a similar way. The same considera- 
tions apply whether we are dealing with line integrals with 
respect to x, or line integrals with respect to y , or both. 

The statement that the two members of (9) are equal is 
called Green's theorem. 


100. The integral J* Pdx + Qdy. We now make use of 
Green’s theorem to prove some important theorems con- 
cerning the integral J Pdx -f Qdy. 

dP dQ 

Theorem 1 . If the four functions P, Q, — , — are con- 
tinuous within and upon the boundary C of A, a necessary 
and sufficient condition that the integral J' Pdx + Qdy should 

vanish when taken over the boundary of every closed region in 
A is that 


dP __ dQ 
dy ~ dx 

for every point of A. 

That the condition is sufficient follows immediately from 
Green’s theorem. That it is necessary can be seen as 
follows: If there were an interior point B of A at which 
dQ dP 

— — — > 0, this inequality would hold throughout the 
interior of a sufficiently small circle £ with center at B that 
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lies wholly in A. Then 


jTftb + o* -//(£-£)**> o, 

where C is the circumference of £. But this contradicts 
the hypothesis. A similar contradiction would present 

dO dP 

itself if we assumed that — — — < 0 at an interior point 

of A. If there were a point on the boundary at which 
dP <90 

— 4= 0, there would be an interior point at which 

dy dx ’ * 

this inequality holds. 

Theorem 2. If P and Q satisfy the conditions of Theorem 
1 and if (a, 6) and ( x , y ) are any two points of A , the integral 

V) 

Pdx + Qdy 

(a, b) 


has the same value when taken over any two paths from (a, b ) 
to ( x , y ) that lie wholly within A and do not enclose any 
boundary point of A. If F(x, y) is the common value of 

dF dF 

these integrals from (a, b ) to (x, y), — = P and — — Q. 

Consider two such paths Ci and C 2 between the given 
points. If they have no common points other than these 
two, we know from Theorem 1 that 


or 


f Pdx + Qdy — f Pdx + Qdy = 0, 
Jc l dc, 

f Pdx -f- Qdy = f Pdx + Qdy. 

dci Jet 


If the two paths have common points between the two 
given ones, we can avoid complications by drawing a third 
path C 8 between these points that lies wholly in A and has 
no other points in common with C\ or C 2 . Moreover C 3 
can be so drawn that there shall be no boundary points 
between it and C i and none between it and C 2 . Then the 
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integral over C% is equal to that over either of the other 
curves, and therefore these latter are equal to each other. 

This shows that F(x, y ) is a single- valued function 
throughout the interior of A under the conditions described. 
We have now to consider whether it has partial derivatives 
with respect to x and y. We observe in the first place that 


Fix o + Ax, y 0 ) - F(x 0) y 0 ) 

’(x o+Ax, i/o') 


J '*(xo+ 
(a, b) 


Pdx -f 


(xo. l/o) 


/’(lo. 

Qdy - 

J (a, i>) 


Pdx -f- Qdy 


where ( x 0 , yo) is any interior point of A. In the first line 
integral in the right member of this equation we can take 
the path of integration to be the same as the path of integra- 
tion in the second integral as far as the point (x 0 , y 0 ) ; and 
from here to (x 0 + Ax, y 0 ) we can take it parallel to the 
x-axis provided that Ax is sufficiently small to keep this 
latter path wholly in A. This is always possible inasmuch 
as (x 0 , Vo) is by hypothesis an interior point of A. Then 


F(x o + Ax, y 0 ) - F{x 0 , y 0 ) 


-L 


(x 0 +Ax, Vo) 


(*>. Vo) 


P{x, y 0 )dx + Q(x, y Q )dy. 


J ™(xo+Ax. Vo) 

Q(x, yo)dy along a line par- 


Vo) 

allel to the x-axis is zero. Hence 


Fix o + Ax, y 0 ) - F(x 0 , y 0 ) 


= / 


(x a -(-4x, Vo) 


P(x, yo)dx = A xP(t, y 0 ), 


(*«. Vo) 


where £ lies between x 0 and x 0 + Ax. Hence 

dFix 0 , y 0 ) ,. . Fix o + Ax, y 0 ) - F(x 0 , y 0 ) nf _ .. N 

Si = i 1 ”. 55 F{z ” Va) - 

We see in a similar way that 

dF(x o, y 0 ) 


dy 


= Q(x o, yo). 
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If (xo, y a ) and (z, y) are any two points in A, we have 

J 'V*. V ) /*(io. l/o) /*(*. v) 

Pdx + Qdy = -hi ; 

(a, b ) J(a, b) •'(Xo, Vo) 

and therefore 

f Pdx -h Qdy = F{x, y) - F{x 0 , y 0 ). 

*'(*>. lit) 


EXERCISES 

VS, 2) 


1. Find the value of the integral 


/VS, 2 

J(0. 0 ) 


(x 2 + if )dx 4 2 xydy when 


taken along the straight line from (0, 0) to (3, 2). 

2 . Along the x-axis from the origin to the point (3, 0) and then 
along the line x = 3 to the point (3, 2). 

3 . Along the parabola 3 y 2 = 4x. 

/V3. 2) 

4 . Compute I (x 2 4- y*)dx 4- (x 2 — r/)dy along the same paths 

J ( 0 , 0 ) 

as in the preceding exercises. 

'( 2 , 1 ) 


S. Compute 


6. Compute 


/ 

•A o 


(3y 2 — x 3 )dx 4- 3y(2x 4- y)dy. 


(0. 0) 
<x. V) 


/•(x. I 
V(I, 2) 


(3y 2 — x s )dx 4 3y(2x 4 y)dy. 


7 . What is the function determined by the integral 


/»(X. 1 

J(0. 1) 


1 4 y 2 

y l 


xdx 


1 + x 3 j 

— r~ d y 

y 


in case the path of integration has no point in common with the x-axis? 

8. Differentiate the function of Exercise 7 partially with respect 
to x and partially with respect to y. 

ydx — xdy . 


9. Integrate 


in the positive direction over the circum- 


X 2 4- y 2 

ference of a circle whose center is at the origin. 

10. Over the boundary of a circular ring whose center is at the 
origin. 

11. Over the circumference of the circle (x — 2) 2 4- y 2 = 1. 


12. Over the boundary of the ellipse -f y 2 = 1. 


101. Simply and multiply connected regions. If the 
region A is the region bounded by two concentric circles 
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with center at the origin and radii ri and r 2 (ri < r 2 ), we 
can connect any two points of A by two curves C i and C\ 
that enclose boundary points of A. 

For two such curves it may be that 


f Pdx + Qdy 4 f Pdx + Qdy. 
JCy Jc t 


For example, suppose that P = 
and Q — 


y 


— X 


x 2 4- y 1 
The conditions of 



Fig. 17 


x 2 + y 2 * 

the theorem are satisfied at every 
point except the origin. Take (a, b) to be the point ( — p, 0) 
and (x, y) the point (p, 0), where ri < p < r 2 . If Ci is the 
lower half of the circumference x- + y 2 = p 2 and C 2 is the 
upper half, we have 


and 


J Pdx -+• Qdy — — dd = — 7T 
J' Pdx + Qdy — — J *° d0 = t. 


The discrepancy between this result and the statement 
of the theorem is due to the fact that the proof of the 
theorem rested on Green’s theorem which was applicable 
only because the two paths in question formed the complete 
boundary of the region enclosed by them, whereas in this 
example the two paths enclose points not in the region A. 

Simply Connected Regions. In order to have a con- 
venient terminology for such cases we agree to say that a 
region of the plane is simply connected, if every closed path 
in the region encloses only points of the region. The in- 
terior of a circle, for example, is a simply connected region, 
while the circular ring described in the example is not. If 
we draw a line from the inner boundary of this ring to the 
outer boundary and make this line part of the boundary, 
the resulting region will be simply connected. We say 
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that the original region is doubly connected. If we can re- 
duce the original region to a simply connected region by 
inserting two additional boundaries, we say that the original 
region is triply connected. The extension of 
this idea to n-tuply connected regions is ob- 
vious. These new boundaries which we have 
introduced are merely lines drawn from one 
point of the original boundary to another 
with the understanding that they shall not 
be crossed in passing from one part of the region to an- 
other. They are called “cross cuts” or “barriers.” The 
shaded part of the figure is a triply connected region. 

102. Change of variables in a double integral. Suppose 
we have a one-to-one correspondence between the points of 
the bounded closed region A of the (x, y) -plane and the 
points of the bounded closed region A' of the ( u , t/)-plane 
defined by the equations 

X = <p{u, v), y = *(«, v), 

where <p(u, v) and \p{u, v ) together with their first partial 
derivatives are continuous in A'. When the point ( u , v) 
describes the boundary C' of A' in the positive sense, the 
corresponding point (x, y) wall describe the boundary C of A 
in either the positive or the negative sense. If it reversed 
its direction at any time, the correspondence would not be 
one to one. 

Now the area 0 of A is given by the line integral 



But 


n = I xdy = lim 2>,(r/; - 
Jc 


Vi - Vi-i - Hui, Vi) - i) 

= \p(Ui, Vi) — i(Ui-i, Vi) -f — x, Vi) 

— }p{Ui—i, Vi- 1) 

dtiti, Vi) , N , d\p(Ui - ,, 7} i) 

= r~ (u - _ “ i - ,) + ' — Tv — 


( Vi - 
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where £,• lies between u, and Ui-i, and lies between Vi 
and Hence 


i* r" 1 ^^G»i Vi) t x 

ft = lim r ( Ui — Ui-i) 


du 


i i: x— „ i) ^t) / x 

+ lim 2 X ^ (r< - Vi-i), 


where in the first summation we can take z< = ^G>» c.) and 
in the second Xi — <p(w,_i, rji). This is equivalent to the 
equation 


ft 


= dfc I cp(.U, V ) 

Jc 


d'p , , ^d\p 

si du + V (u,v,~dv. 


We can apply Green’s theorem to this line integral by put- 
d\l/ d\l/ 

ting P(u, v) = <p ~ and Q(u, v ) = <p ■ Then 


ft = ± J* j Adudv, 


where A = 


dip dip 
du dv 
dip d\p 
du dv 


By the law of the mean 

n = ± ag, ,)i r, 


the point G> ij ) being somewhere in A'. Since ft and ft' are 
both positive, we have 

ft - | AG, 77) I «'• 

It is clear from this discussion that A is positive or nega- 
tive according as the correspondence is direct or inverse — 
that is, according as the points {x, y ) and ( u , v) describe 
their respective paths in the same sense or in opposite 
senses. 

To any subdivision of A’ into partial regions a' there 
corresponds a subdivision of A into partial regions a,* 
and Ui — jAG„ m) |«/ f where G», is some point in a/. 
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Then 


f f f(x, y)dxdy = lim Z/(x,-, y,)u ( 

= lim £/[>(£., *?.)> ’Kk, *n)3 
X |A({„ ,.)!«/ 

= f ff[<p(u, V ), 1 P(u, i>)] 

X |A(w, v) jdudv, (10) 

where x< - *>(£,-, 77O and y { = <£(£„ j?,). 

In evaluating this last integral by means of repeated 
integrals, the limits of integration are determined from C' 
in the same way that the limits of integration for the original 
repeated integrals are determined from C. 

Example. The substitution of polar coordinates for 
rectangular affords frequent occasion for the application of 
formula (10). In this ease v'e have 

x — p cos 6, y = p sin 6, 
with A = p. If we wish to evaluate 


JJ‘ 


~dxdy 


over the circle x 2 -f y- — R 2 , w T e have 


- j/'I 



e-^pdpdd 



R 


d6 = ir(l - 

0 


(ID 


If the reader will attempt to evaluate the original integral 
directly, he will see the importance of the introduction of 
new variables. 

103. Geometric applications of double integrals. In 

§ 64 it was pointed out that the area bounded by the curve 
y = /(x), the x-axis, and the ordinates x = a, y = b as 

defined in § 57 is the value of the definite integral f f(x)dx. 
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In the same order of ideas we can attach a geometric mean- 


ing to the double integral J* f f( x > y)dxdy. 


A 

The upper and lower sums S = £Af t w t - and s = 
which entered into the definition of the double integral are 
the sums of the volumes of two sets of cylinders whose 
bases are the partial regions a ; . No definition of the volume 
bounded by the surface z = f(x, y), the (x, y)-plane, and 
the cylindrical surface whose elements are parallel to the 
z-axis and pass through the boundary of A would be satis- 
factory if it assigned to this portion of space a volume greater 
than any upper sum S or less than any lower sum s. Now 
if f(x, y) is continuous over the region A, there is only one 
number that satisfies these requirements, and that is the 


number represented by the definite 


integral j j f(x, y)dxdy. 


We accordingly take this definite integral as our definition 
of the volume in question. As a consequence of this defini- 
tion that part of the surface that is 
below the ( x , y)-plane will correspond 
to a negative volume. 

We have now to define what we 
mean by the area of a limited part 
of a curved surface and to derive a 
formula for the area so defined. 

Let r be a bounded portion of the 
surface z - f(x, y ) and suppose that 
a line parallel to the z-axis does 
not cut it in more than one point. 

Denote by A the orthogonal pro- 
jection of T onto the (x, y) -plane. We have already con- 
sidered the division of such a bounded region A into partial 
regions a,. We draw the tangent plane to the surface at 
any point (£„ y,-, f.) of the surface within the cylinder 
whose base is a,- and whose elements are parallel to the 
z-axis. If the sum of all the plane areas a/ cut out 
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from these tangent planes by the respective cylinders ap- 
proaches a unique limit as the maximum diameter of the 
regions a,- approaches zero, we shall call this unique limit 
the area of the curved surface T. Now 

«/ = sec 7, to,-, 


where w, is the area of a,- and -y, is the acute angle between 
the normal to the surface at the point 77,-, $\) and the 
z-axis. If z = fix, y) is a continuous function of x and y 
throughout A, with continuous first partial derivatives, 
then 


lim Xoj/ = lim £ sec 7 i-os. 


dz , dz 
wherep-^and 

by definition the area S of 
z — fix, y). That is, 


sec 7 • dxdy 

A 

= J J Vl -f p 2 + g 2 dxdy. 

This definite integral then is 
the portion T of the surface 




A 


( 12 ) 


is the formula which gives us the area. We have assumed 
that no line parallel to the z-axis cuts the area T in more 
than one point. If such a line cuts T in more than one 
point, and we can divide T into a finite number of parts 
each one of which meets the requirements of the assump- 
tion, we shall take the sum of the areas of all these parts 
as the area of the whole. 

If we apply the mean value theorem to the double integral 
in (12), we obtain the formula 


S — sec 7i J* J* dxdy = sec 7, - ft, 
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where 7 ,• is the angle made with the z-axis by the normal to 
the surface at some point of r, and Q is the area of A. In 
particular we shall call the element of area of the surface 
if cti — sec 7 ,- 

If no line parallel to the y - axis cuts T in more than one 
point and we project T into the region B of the (z, x)-plane, 
similar considerations lead us to take the value of the 


integral J* J sec /S • dzdx to be the measure of the area of T, 


B 

(3 being the angle between the normal to the surface and the 
y- axis. It is important therefore to know that these two ex- 
pressions for this area are equal. Now the partial regions a» 
into which A is divided project into the partial regions <r, on 
the respective tangent planes, and these in turn project into 
a set of partial regions d. of B whose respective areas we 


denote by 


Then 



lim Y sec 7 .•■«» 


= lim £>, = lim Y sec /3, • u/ = 


fl 


sec /3dzdx. 


Under cor- 


B 

responding conditions the area of T is also equal to 



sec a-dydz, where a is the angle between the normal 


c 

to the surface and the z-axis. 

Our definition of the area of T seems to make this area 
dependent upon a particular orientation of the xy-plane, 
whereas we intuitively feel that area should be an intrinsic 
property of the surface. We could avoid this difficulty by 
dividing V into partial regions <j„ projecting these orthogo- 
nally upon the respective tangent planes, and taking the limit 
of the sum of all these projections for our area. It turns 
out however that this limit is the same as the other one, 
and that therefore the difficulty was only an apparent one. 
We omit the details of this alternative proof because they 
are somewhat complicated . 1 


1 See, for example, Goursat-Hedrick , Mathematical Analysis, Vol. I, p. 272. 



180 


ADVANCED CALCULUS 


[§ 103 


If we are dealing with a surface of revolution we can 
determine the area of that part of it that is contained be- 
tween two planes perpendicular to the axis by evaluating a 
certain simple integral. Suppose, for example, that the 
surface is generated by revolving the curve y — f(x) around 
the x-axis. Its equation is y 2 + z 2 = f 2 (x) and the area be- 
tween the planes x = a and x = b is 


where 


Hence 


5 


/*6 |V( x) 

= 41 I sec ydxdy, 
Ja J o 


sec 7 = 


/(: e)Vl + As) 

- y 2 


S 


=4/y 

Ja 


6 r /w f(x)<i + r(x) 

\f 2 (x) - y 2 


dxdy 


= 2tt £f(x)< l + }'\x) dx. 


EXERCISES 


Compute the following areas by double integration: 

1. The ellipse + — 1. 2. The astroid x 2,5 + if n = 1. 

a z IP 


3. That bounded by the curves y — x 1 and if = x. 

4 . That between the axes and x Ui + y m = a' n . 

5. That common to the circles x 2 + if = 4 and (x — 2) 2 ■+• j/ 2 = 1. 


6 . 


Express the double integral 



dxdy in terms of polar coordi- 


nates p and 9, with x = p cos 6 and y = p sin 9. This formula is useful 
in finding an area bounded by two lines through the origin and the arc 
of a curve. 

7. Find the area of the cardioid p = 2a(l — cos 6). 

8 . Find the area of one loop of the curve p = sin 29. 

9. Find the area of the curve p* «■ cos 26. 

10 . Find the area bounded by the curves y = sin x, y = cos x, and 

* «* 0 . 


11. Find the volume between the xy-plane and the paraboloid 
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12. Find the volume enclosed by the surfaces xy = 0, z = 0, and 2x 

— Zy + z *= 1. 

13. Find the volume enclosed by the cylindrical surface y* + 2* 

— 2ay — 26z = 0, the plane x = 0, and the paraboloid x = 2 yz. 

14. Find the volume common to the sphere x 2 + y 2 + z 2 = a 2 and 
the cylinder y 2 + z 2 — ay = 0. 

15. Find the area of the surface of the sphere x 2 + y 2 + z 2 — a 2 be- 
tween the planes z = 0 and z = 1. 

16. Find the area of that part of the surface of the paraboloid 
or = x 2 + y 2 that lies between the planes z = 1 and z = 2. 

17. Find the volume and the surface area of the solid generated by 
revolving the circle x 2 + (y — 3) s = 1 about the x-axis. 

18. Find the moment of inertia of a circular disc about an axis 
through its center and perpendicular to its plane. 

19. Of a ring bounded by two concentric circles about an axis 
through their common center and perpendicular to their plane. 

20. Of a circle about a diameter. 

21. Find the volume between the xz-plane and the surface y = 4 

— x 2 - 3 z 2 . 

22. Find the volume common to the cylinders x 2 + y 2 — 1 and 
J /* + z 1 = 1 . 

23. Find the moment of inertia about the x-axis of the area 
bounded by the x-axis and one arch of the cycloid x = a{6 — sin 0), 
y — a(l — cos 0). 

24. Find the area of the surface generated by revolving the astroid 
about one of its axes. 

25. Find the area of that part of the surface of a sphere of radius 
5 inches that is included between two planes 3 and 4 inches from the 
center respectively and on the same side of the center. 

26. Find the area of that part of the surface generated by revolving 


the catenary y = - (c* ,a + e~ x,a ) about its directrix that is contained 


between the planes x = 0 and x = a. 

27. A circular hole one inch in diameter is bored through a sphere 
four inches in diameter, the axis of the hole coinciding with a diameter 
of the sphere. Find the volume cut out. 


104. Triple integrals. Let the function f(x, y, z) be 
single valued and bounded throughout a certain limited 
portion A of space whose volume is V. If we divide A into 
partial regions a u a 2 , • • a„ whose volumes are respectively 
«i, « 2 , • • • , the function /(x, y, z) will be bounded in 
each of these regions. We can accordingly form the upper 
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and lower sums 


S — "ZMiUi and s = 

where 37, and m, are the upper and lower bounds respec- 
tively of f(x, y, z ) in <*,. No upper sum is less than 
= mV, where m is the lower bound of fix, y, 2 ) in A, 
and no lower sum is greater than = MV, where M is 

the upper bound of fix, y, 2 ) in A. The set of all upper 
sums has a lower limit 7, and the set of all lower sums has an 
upper limit 7'. Moreover 

7 g 7'. 


The proof of this is similar to the proof given in § 59 of 
the corresponding statement in connection with simple 
integrals. 

Integkable Functions. The bounded f unction / ix, v, 2 ) 
is said to be integrable over a finite closed region A in case 
7 = 7'. The common value of 7 and 7' is represented by the 


symbol J* J* ^ fix, y, z)dxdydz, or the symbol fj(x, y, z)dV, 


A 

and is called the triple integral of fix, y, 2 ) over A. The 
function f(x, y, z) is called the integrand and A is called 
the field of integration. If fix, y, 2 ) is continuous in the 
closed region A, it is integrable over A (see § 94). 

105. Repeated integrals. In order to show that a triple 
integral is equal to a repeated integral we assume first that 
the field of integration is a rectangular parallelopiped whose 
faces are parallel to the coordinate planes. 

Let the bounding planes be x = x 0> x = X, y — y 0 , 
y — Y , z — Zq, and z — Z; and let the partial regions be 
bounded by the planes x = x it y = y jt z = z k . Then we 
have 


/// ^ X ’ y> z ^ dxdydz 

A 

lim Erf (.lit, j, hi Vi, i, kj hi, j, k)(Xi X*_j) 

X (yj - Vi-i)(Zk - Zk- 1 ), 
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where f,- t y, *, ijy, y, k, and y, t are the coordinates of 
any point in the partial region bounded by the planes 
x = Xi-I, X = Xi, y = y j—i, y = y„ z = z*_i, and z = 2 *. 
(Cf. § 95 (a).) The contribution to the integral by those 
regions which lie in the column bounded by the planes 
x = Xi-i, X = Xi, y = y j—\, y = y, is 

(Xi - Xi-i)(yj - 2/y-i)[/(^v-i, y s - 1 , rO(zi - z 0 ) + • • •]> 

if we take y. * = x,_i and 77,. y, k = ?/ y __ ! for all values of 
A:. Now the T’s may be so chosen that the part in the square 
brackets is equal to 

f /(*.->, Vi-u z)dz = y j—i) (see § 97). 

•'Zo 

The triple integral in question is therefore equal to the limit 
of the sum 

Z(*v - Xi- i)(?/y - yy_,)$(x,_ lf yy-i), 
and this in turn is equal to the double integral 

J J *(*, y)dxdy 

over the region of the (x, ?/)-plane bounded by the lines 
x = x 0 , X - A', y = ?/o, and = 1\ 

This conclusion can be extended to the case in which A 
is not a rectangular parallelepiped with faces parallel to 
the coordinate planes, provided its bounding surface is not 
cut by any line parallel to one of the axes in more than tw’o 
points, and provided the integrand is continuous throughout 
A. The argument is as follows: The points of the bounding 
surface of A project into the points of a region R of the 
(x, ?y)-plane bounded by a curve C. Every point (x, y) 
inside C is the projection of two points (x, y, Z x ) and 
(x, y, Z'l) of the bounding surface. The 2 -coordinates of 
these points are functions of x and y. We shall denote them 
by <pi(x, y) and <p 2 (x, y ) respectively with the understanding 
that <pi(z) ^ <Pi{z), and that both are continuous within 
and upon C. 
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If we divide the region of integration into partial regions 
by planes parallel to the coordinate planes, the part of the 
sum 2 !/(£»•> Vi, U) v i, where the t\ are parallelopipeds, or por- 
tions of parallelopipeds, which are made up of the elements 
bounded by the planes x = x<_i, x = Xi, y — yj-i, y — yj, 
is given by the sum 




y ' _i )[X vj ~ u z ^ dz 



The reader should refer to § 98 for indications as to how this 
result is reached. Since <pi(x, y) and <pt{x, y) are uniformly 
continuous in the closed region bounded by C, the numbers 
/ can all be made less in absolute value than an arbitrary 
positive number e for every choice of i and j by making all 
the differences Xi — Zi-i and yj — y,_i sufficiently small. 
The sum 

££(*.- - Xi-iXyj - y j—i)tij 

can therefore be made arbitrarily small in absolute value, 
and the original triple integral is equal to the double 
integral 

f f y)dxdy, 

K 

c z% 

where \p(x, y) = I f(x, y, z)dz. 

Jz\ 


If a line in the ( x , y)-plane parallel to the y-axis meets C 
in the two points whose coordinates are Y i = 6i(x) and 
Yi — d 2 (x), we have 


r r r r b rz, pz* 

J J J ^ X ’ V ' z ^dydz = J dxj dy^ f(x, y, z)dz. (13) 


It is to be understood that in the repeated integral in the 
right member of this formula the integration with respect to 
z is to be performed first and that the limits Z\ and Z 2 are 
functions of z and y. Then the integration with respect to 
y is to be performed with limits Y i and Y 2 which are func- 
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tions of x. In the last integration the limits are constants. 
This establishes the fact that a triple integral can be evalu- 
ated by means of repeated integrals. The order of the inte- 
grations in the latter is of course arbitrary, provided that 
proper regard is had for the limits in each case. The re- 
striction that a line parallel to one of the coordinate axes 
shall not meet the bounding surface in more than two points 
can be replaced by a less restrictive one. 

106. Change of variables in a triple integral. The for- 
mula for a change of variables in a triple integral is similar to 
the formula for a change of variables in a double integral. 
If the new variables u, v, and w are connected with the origi- 
nal ones by the equations 

x = <p(u, v, to) , tj = \P(u, r, u«), z = 6(u, v, w ), (14) 

which establish a one-to-one correspondence between the 
original region A of integration and a new one A j, this 
formula is 


Iff V ’ z ^ dxdydz 

A 

= f f J/[v(u, v, to), + (u, v, to), e(u, v, re)] 

X y}r' dudvdw, (15) 
D{u, r, to) 

where represents the functional determinant 

^ U y t- y \tA J 


dp dp 

du dv dw 
dip d\p dip 
du dv dw 
d0 d0 d6 
du dv dw 


We omit the proof of this formula. 


The variables u, v, and w may be considered as the co- 
ordinates of a point with reference to a rectangular system 
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of coordinates. If 

u = $(x, y , z), v = *(x, y, z ), w = 0(x, y, z ) (16) 

are the solutions of equations (14), it is clear that the equa- 
tions u = Ci, v = c 2 , iy = c 3 represent three families of 
surfaces and that the constants determine a point in A. 
Conversely, any point in A determines the values of the 
three constants. We can therefore think of these surfaces 
as determining a curvilinear system of coordinates. 

107. Surface integrals. If A is the orthogonal projection 
of a certain portion T of the surface z — (p{x, y) upon the 
(x, y)~ plane the double integral 

JJ/O, y> <p( x > y)]dxdy 

A 

is called the surface integral of }{x, y, z) over r. We shall 
assume that f(x, y, z ) and <p(x, y) are continuous throughout 
T and A respectively, and that r is cut in only one point by 
a line parallel to the z-axis, or at least that it can be divided 
up into a finite number of parts, each of which has this 
property. 

It will be observed that a surface integral is closely 
analogous to a line integral, with the difference that there 
appears to be nothing in the former to correspond to the 
reversal of sign in the latter when the direction of integration 
is reversed. There is however a property of surface inte- 
grals that can with propriety be regarded as supplying this 
lack. In order to describe this property it is necessary to 
distinguish between unilateral and bilateral surfaces. 

Definition. At any point of a surface at which there 
is a normal we can consider that part of the normal that 
extends in either of two opposite directions. If now start- 
ing at any point of the surface with a definite direction of 
the normal we can describe a continuous closed curve on the 
surface with the direction of the normal changing continu- 
ously in such a way that we return to the starting point with 
the direction of the normal opposite to its original direction, 
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B 


D 


Fio. 20 


we say that the surface is unilateral. 1 Otherwise, we say 
that it is bilateral. We shall confine our discussion to 
bilateral surfaces. 

If at any point we take that 
direction of the normal that makes 
an acute angle with the positive 
direction of the z-axis, we shall say 

that we are on the upper side of the surface. If we take 
the opposite direction of the normal we shall say that we 
are on the lower side. Of course this is a mere convention — 
a surface does not have sides. 

If now we write the surface integral J J f(x, y, z)dxdy 

r 

in the form z) cos 7 da, where y is the angle 

r 

between the normal to the surface and the z-axis, we see 
that the integral has one sign or the other according as we 
integrate over the upper side or the lower side of the surface. 
In certain cases it might of course be zero. 

108. Green’s theorem in space. Let S be a closed sur- 
face which is not cut by any line parallel to an axis in more 
than two points. If R(x, y, z) is a function which together 
dR 

with is continuous on S and in the region V bounded by 

we take advantage of the fact that the triple integral 
dR 

dxdydz can be replaced by a certain iterated 

dZ 


Iff 


integral : 


Iff £ *** - 


= f f {#[>, y, <?•:(*, y)] - ft[>, y, <px{ y)~\)dxdy t 


1 If a narrow strip of paper such as is shown in the figure is formed into a band 
by making C coincide with A and D with B, a unilateral surface will be formed. 
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where z = ^(x, y) is the equation of the part S 2 of S that 
forms the upper boundary of V, z = <pi(x, y) is the equation 
of the lower boundary Si, and A is the projection of <S on 


the (x, y)- plane. 



y, <p 2 (r, y) ~\dxdy is the sur- 


face integral of R(x, y, z ) taken over the upper side of S 2 and 


- JJ R^x, y, cpi(x, y)~\dxdy is the surface integral of 

A 

R(x , y, z) taken over the lower side of Si. Hence 


Iff 


dR 

dz 


dxdydz 



.s 


taken over the exterior of S. If we make similar assump- 

dP dQ 

tions concerning P(x, y, 2 ), — , Q( x > V, 2 ), and — , then also 

Iff % dxd y (h = // p ( x > y> z ) d v dz 


and 


Iff d ^] dxdljdz = f f y ’ z ^ dzdx ' 

V s 

If we combine these three integrals we obtain the formula 

v 

= J J Pdydz -j- Qdzdx -f* Rdxdy. 


This is Green's theorem for space. It gives us a certain 
volume integral in terms of a surface integral over the 
bounding surface of the volume just as Green’s theorem for 
the plane gives us a certain double integral over a closed 
area in terms of a line integral over the bounding curve. 

109. Stokes’ theorem. Consider a closed twisted curve 
L and a bilateral surface r bounded by L and not cut by 
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any line parallel to one of the coordinate axes in more than 
one point. If P(x , y, z) is continuous along L we define the 

line integral J. P(x, y, z)dx in a way suggested by the defini- 
tion of a plane line integral in § 99; that is, by definition, 


J P(x, y, z )dx = J> [ <p(x), V p(x)~\dx, 


where y = <p(x) and z = ip(x) are the equations of L. If we 
denote by A the orthogonal projection of F upon the 
(x, y)-plane, we have 


j Jp(x, y, z)da = j J P[x, y, Fix, y)~\dxdy, 

r l 


where z — F(x, y) is the equation of the surface T, and 
P(x, y, z) is now assumed to be continuous, together with 
its first partial derivatives, on the surface F. Now the line 
integral 

JV(j, y, z)dx 

is the same as the line integral 

JTpCx, y, F(x, y)]dx, 


l being the orthogonal projection of L upon the (x, y)-plane. 
If we put 

P i(x» y) = F[x, y. F(x, y)J 

we have 

dPi _ dP dPdF 
dy ~ dy + di J 

But 


cos y : cos v 


dP, 
dy ' 


- l, 


dF _ cos y 
dy ~ cos v 


or 
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Here cos X, cos n, and cos v are the direction cosines of the 
normal to the surface. Hence 


By §99 


BP I dP BP COS n 
By ~ By Bz cos v 


i p ' (x ’ y)dx = - ff w Jxdl> 

“//[It 008 "- 


BP 3P . 

cos u — - — cos i> I sec vaxay 
Bz By J 


r[d p dP 1 

= Iim 2- I — cos //,• — ~ cos sec *>,- •«» 

=. Um cos - 1^- o°s 


■ im 


BP , . BP , ' 

-r- dzdx — dxdy 
Bz By 


where u/' is the projection of a, upon the ( z , :r)-plane. If we 
take all the <r, as positive, the u," will be positive or negative 
according as m* is acute or obtuse. We agree to take the 
direction of the normal such that v, is acute. If then the a»» 
are obtuse we must determine the limits of integration in 

the repeated integral J J ~ dzdx in a way that would make 

r 

the integral J'J'dzdx negative. With this understanding 
we have 

f p ( x > y> z ) dx = //( ^ 7 dzdx ~ ty ~ dzdy )* ( 17 ) 


where the direction of the line integral corresponds to the 
positive direction around l. 
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This direction around L corresponds to the positive or 
the negative direction around the projection l' of L upon 
the ( y , z)-plane according as the normals to r make acute 
or obtuse angles with the positive direction of the x-axis. 
If then these angles are acute we have 

Jq(x, y, z)dy = J J(|j dxdy - ~ dydz') , (17') 

r 

where the direction of integration around L is the same as 
in (17). But if these angles are obtuse this direction around 
L is the opposite to what it is in (17). A change of sign of 
the integrand brings the direction of integration around L 
into agreement with the direction in (17). Similar remarks 
apply to 

fR(x, y,z)dz = J - ff dzdx) . (17") 

r 

If now we have proper regard for the limits of integration in 
the repeated integrals we can combine (17), (17'), and 
(17"). This gives us 

J P(x, y , z)dx + Q(x, y, z)dy + R(x, y, z)dz 

- d -£) iydz 

+ { 3 ^-§) <hdx - < i8) 

This Is Stokes' theorem. It gives a certain surface integral 
over a limited portion of a surface in terms of a line integral 
over the bounding curve. 

The rule to be followed can be formulated as follows: 
Select that direction of the normal that makes an acute 
angle with the positive direction of one of the axes, say 
with the z-axis. Then adjust the limits in the second and 
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third repeated integrals in the right member of (18) in 
the way described if this direction of the normal makes an 

obtuse angle with the corre- 
sponding axis. In view of the 
restriction that no line parallel 
to one of the coordinate axes 
shall meet T in more than one 
point, the angles X are either 
all acute or all obtuse. This 
is also true of the angles n 
and v. 

Example. Verify Stokes’ 
Fi 0 . 21 theorem in case P — x — y, 

Q = x + y, R = x + y + z, 
and T is that part of the plane x — y -f z — 1 that is cut 
out by the coordinate planes. 



J Pdx + Qdy -f Rdz = xdx -f J dx + (1 -f 2 y)dy 

+ r ydy + f dz + f (2 z — 1 )dz - 2. 

g)i* 

+ ff(§-§) d!dx 

r 

n o po ri+v ri /» o 

2 dxdy + I I dydz — I f dzdx 
-1 J-iJo J o J 1_, 

= f (2 - 2 x)dx + f (1 + y)dy - f (z - 1 )dz = 2. 
Jq J - x Jq 


Here the direction of the normals that makes an acute angle 
with the positive direction of the z-axis makes an acute 
angle with the positive direction of the z-axis and an obtuse 
angle with the positive direction of the y-axis. Note the 
corresponding adjustment in the limits for the double 
integrals. 
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1. Evaluate 


/// 


EXERCISES 

x*dxdydz, where I is the volume common to 


the sphere x s -f y 2 + z 2 = a 2 and the cylinder y 2 + z 2 


= ay. 


2. Evaluate 


Iff 


yhlxdydz, where V is the volume common to 


the sphere x 2 + V 2 + z 2 = a 2 and the cylinder x- + z- = az. 

3. Evaluate J* J J (x - 2y + r>z)xyzdxdydz, V being the region 
r 

defined by the inequality x- -f y 2 + z 2 Li 4. 


4. Evaluate 


JJ7 


(x + y + z)(3x — ay* + 2 z)dxdydz through- 


out the region defined by the inequalities x > 0, y tl 0, z il' 0, 
x + y + e 2. 

h,dz 


5. Evaluate 


Iff n? 


+ z : 


subject to the condition x* -f y* 


-f z' tl 1. Use* spherical coordinates. 

6. Find the moment of inertia of a homogeneous right circular 
cylinder about its axis. Compare this with the kinetic energy of the 
cylinder when it is revolving about its axis with the angular velocity 

7. Find the mass and the moment of inertia about a diameter of a 
sphere of radius 1 whose density at any point is a linear function of the 
distance of this point from the center. 

8. Prove that if A, B, and (’ are the moments of inertia of a solid 
with resjM»ct to the coordinate axes, then A + B > C. 

9. Find the moment of inertia of the homogeneous ellipsoid 

2*3 > 

1 about the y-axis. 

a 3 b* c 3 


10. Find the volume of the solid bounded by the surfaces 
z* -f x 1 = 4j/, x 5 - y, and y = 5. 


11. Evaluate 



{lx 3 + my* nz 3 )dcr, where 5 is the surface of the 


s 

sphere x * + y* + z* = r*, and l, m, and ri are the direction cosines of 
the normals to the sphere. 

12. We have seen that the triple integral 


Iff dxdydz taken be- 


v 


tween suitable limits is equal to the volume of a given bounded region. 
Express this in terms of cylindrical coordinates, and also in terms of 
spherical coordinates. 
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13. Show directly that J* J* (xzdydz + yzdzdx + z'dxdy) = 0 i 


mease 


S is the surface of the sphere x 5 4- y 3 + z a = a* and the integration is 
over the exterior of the surface. 

14. Verify this result by applying Green’s theorem and evaluating 
the triple integral that appears. 

15. Apply Green's theorem to show that 


// 


(adydz + bdzdx + cdxdy) 


taken over any closed surface is zero in case o, b, and c are constants. 


16. Evaluate 


// 


( xdydz — ydzdx — zdxdy) in case S is the part of 


the cylindrical surface x 1 + y 1 = r 1 between the planes z = ± a. 

17. If P — u p- , Q = u — , R - u , we have from Green’s 
dx dy dz 

theorem 


*nms 


dudv.dudv\ 

+ —.S7.+ ala; jdxdydz 


dydy dzdz 

-JJK 


^ V dydz 4- « ^ dzdx 4- m ^ dxdy ^ ■ 


Show that the right member of this equation can be written in the form 
dv 

u-z-do, where •=— is the derivative of r in the direction of the ex- 
dn dn 


If 


terior normal. 

18. Show that 


Iff ^ ~ rAu)dxd,jdz = ff( U in ~ "tn) (Ur ' 


, . d*u . d*u , d 2 u 

where a«- s? + ^ + ^ 


19. What does this equation become if wc put v = 1? 

‘ du 


20. What is the value of 


If 


dn 


da in case u is a solution of La- 


place’s equation Au » 0? 
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21. What results from (Ex. 18) if we put v = ul 

22. Show that the volume enclosed by a closed surface S is given by 


the formula V 


Iff 


r cos 6da, where r is the radius vector and 9 


is the angle between it and the exterior normal. 

»<j. -i. j) 

z(x* -4* y i ) ( ^ x + 2 xyzdy + xy-dz over two 

. 0) 

paths and compare the results. 

»( 2 , a. O 


23. Compute 


r 

J(0, 0, I 


24. Compute 


f 

Ju. 


( dx + dy + dz) along the paths: (a) the line 

/(I. 2. 0) 

from (1, 2, 0) to (2, 3, 4); (b) a broken line whose parts are parallel to 
the axes. 


25. Show that the two line integrals I Pdx -f Qdy + Rdz and 


/ 


f‘ 


V P * + R- cos Ods are equal in case 0 is the angle between the 


curve and the line whose direction cosines are proportional to P, 
Q, and R. 

171 

110. Potential. The fraction — is called the potential at a 

point P due to a particle of mass m whose distance from P is 
r. If there are n particles of masses mi, • • •, m n at the 
respective distances r h r 2 , ■ ■ • , r n from P, the sum 


Wl.Wj , 
T\ r« 1 


Vln 

' r„ 


is called the potential of the system at P. The potential 
at P due to a continuous distribution of matter over a 
finite region is by definition the value u of the triple integral 

— — , where p($, 17 , f) is the density of the matter at the 


X 


point (£, 7 ?, i - ), and r is the distance between this point and 
the point P = (x, y, z). The integral is to be extended over 
the region occupied by the matter in question. The 
variables of integration are y, .C and x, y, z are parameters. 
The integral is therefore a function V(x, y, z) of x, y, and z. 

The reader can convince himself of the naturalness of 
this definition by the following considerations: If we con- 
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ceive of the total mass divided up into n partial masses Aim, 
A 2 m, • • • , A „m, and if r< is the distance of some point in A >m. 


from P, the sum £ 


A ,m 
r t 


is approximately what we would 


naturally want to call the potential of the total mass. Now 
A ,m = p,A,F, where p, is the average density 1 of the mass 
A,m and A.F is the volume occupied by it. We assume 
that the density is a continuous function of position. Then 
p, is the actual density at some point of A,F. If we take r, 
to be the distance of this point from P, we see immediately 


that 


iim £ 


A,m _ f 


pdV 


It is therefore natural to take this integral as our definition 
of potential. 

If the point P is outside the region occupied by the 
matter, the integrand is finite throughout the field of inte- 
gration and the integral is a proper one. But if P is in this 
region r — 0 at one point of the field and the integrand is 
infinite here. The improper integral nevertheless con- 
verges. For we can take the element of volume dV to be 
r 2 drdw, where du is the element of surface on a unit sphere. 
Then 

rpr^drdw C . , 
u — J — - — = J premia). 

Now 

r s = (f - x ) 2 + (v - y y + (r - zy, 


and hence 



cos a 
r 2 


/ 

1 That is, pi — — • Then piAiV^J^^pdV. Rut for any mass Af distributed 

throughout the volume V with the density p(x, y, z) we havcV.o/'uH rl M IS y,t>i'uu . 
where pi and pi" are the maxim u m and minimum values of p in the elementary 

volume (m. Hence M —j’^pdV, and therefore JitXV — A<m. 
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if a is the angle between the positive 2 -axis and the line 
from P to the point (£, rj, f). If we represent the triple 


integral J p —J— dV by X, 


we have 


X = 


/ 


p cos a 


dV = 


f 


cos adm 


By properly selecting the element of volume we see that 
this integral also converges when P is in the region occupied 
by the matter. 

Now 1 






dxdV 



where 1 u 0 is the value of u at the point (.r 0 , y 0 , Zo). 
lows from this that 


X 


du 

dx 


It fol- 
( 19 ) 


The z-eomponent of the attraction due to the matter in 

the volume A t V upon a unit mass at P lies between the prod- 

, (p cos a\ / p cos a\ , TJ . 

uct Max 1 — — 1 A.V and the product Min I — ^ — l A<V , 

where the coefficients of A,V denote the maximum and 
minimum values respectively of — ~^T ~ ~ hi A.T. This com- 
ponent is therefore equal to the value P ' r0 ; - ai A,V of 

1* i 

pCOSa , „ ^ rm_ ^ Pi cos «,• . Tr 

— ~ 3 — A,V at some point of A.I . The sum 2- 3 — A, K 

T Ti 

is the z-component of the attraction of the whole mass upon 

* We assume that we can integrate with respect to x under the integral sign. 

' We should keep in mind that p is independent of x, y, r; it is a function of 

>1. f- 
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a unit mass at P. The limit of this sum, that is, J j.2 dVp 

or X, is therefore also equal to this component. Formula 
(19) shows that this component is equal to the partial 
derivative of the potential u with respect to x. Similarly 


Y 


du 

dy 


and 


Z = 


du 

dz 


where Y and Z are the y- and 2 -components of the at- 
traction. 

The component of this attraction along a line whose 
direction cosines are cos a, cos /3, and cos y is 


X cos a + Y cos /3 + Z cos y , 

or 

du , du „ , du 

-r- COS a + — COS 0 -f — COS y. 
dx dy dz 

That is, the component of the attraction in a given direction 
is the corresponding directional derivative of the potential. 
Since 

du — Xdx + Ydy -f Zdz 


the right member of this equation is a complete differential. 

111. Work. If a constant force F is directed along a 
straight line and moves a given mass a distance l on this 
line, the product FI is taken as a measure of the work done. 
If the force is directed at a fixed angle 0 to the line we con- 
sider the components along the line and perpendicular to 
it. These components are F cos $ and F sin d. But if the 
mass is constrained to remain on the line the latter com- 
ponent produces no motion. We therefore agree to say 
that it does no work, and that the other one does it all. 
That is, the work done is IF — FI cos 6. 

If X and Y are the components of F along the x- and 
y-sxes respectively, and the given line makes the angle a 
with the positive direction of the x-axis, we have 

F cob d *= X cos a -f- Y sin a, 
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and therefore 

W = Xl cos a+Yl sin a. 

But 

l COS a = X 2 — X 1 

and 

l sin a = i/ 2 — y u 



where (xi, iji) and 

(x 2 , y 2 ) are the ends of the line. Hence 


W = A'(x, - xO -f Y(y 2 - t/i) . (20) 

Suppose now that the force varies continuously in magni- 
tude and position, and that it moves a given mass along a 
curve C from A to B. We have to consider how we shall 
define the work done. We shall want a definition that is 
consistent with that just given for a special case. In 
order to arrive at a decision on this point we divide the arc 
into a number of partial arcs and draw the chords to these. 
If the force along each chord were the same in magnitude 
and direction as at the beginning of the chord, the total 
work done in moving the mass from A to B along these 
chords would be 

£F,/, cos e„ 

where /, is the length of the ith chord, F, is the magnitude 
of the force at the beginning of this chord, and Q, is the 
angle between the direction of this force and the chord. If 
the chords are all short, this sum will be a good approxima- 
tion to what we must define as the work done in moving 
the mass along C from A to B, if we want to be consistent 
with the special definition already given. This considera- 
tion leaves us no alternative — we must define the work done 
as the limit of cos 0, as we vary the arcs in such a 

way as to make the maximum length of the chords ap- 
proach zero. Now if A,s is the length of the arc whose 
chord is U, it follows from the discussion in §§ 186 and 187 
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that the ratios -y- approach one uniformly. Therefore 


lim cos Oi — lim cos 6 


"■r 


F cos dds — W. 


Here F and 6 are functions of s. In view of (20) it amounts 
to the same thing to say that 

Vt> 

Xdx + Ydy, 

(a. »n) 


where X, and F, are the components of the force at the 
initial point of the ith chord, and A t x and A t y are the pro- 
jections of this chord on the axes. We see then that the 
work done is given by a line integral. 

In space similar considerations lead us to the definition 


J '*(**. If*. £ V 

Xdx + Ydx + 

(a. in, «) 


112. Total differentials. It follows from (18) that if 


dQ_dP = o d JA _ dQ ^ 

dx dy ’ dy dz 
everywhere on T, we have 


and 


dP 

dz 


I 


Pdx + Qdy + Rdz = 0. 



( 21 ) 


If now this integral is zero when taken over any closed curve 
in a given region, equations (21) must be satisfied in this 
region. For if there were a point at which, for example, 


dQ 

dx 


dP 

dy 


> 0 


and we draw through this point a plane perpendicular to the 
z-axis, we could surround the point by a closed curve in 
this plane of sufficiently small diameter to insure that 
dQ dP 

yy — yjj- be positive throughout the region of the plane 

enclosed by this curve. This is due to the fact that this 
function is continuous within this region. Then the surface 
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integral in the right member of (18) when applied to this 
region would not be zero and Stokes’ theorem would be 
contradicted. 

If A is a region throughout which equations (21) are 
satisfied, the line integrals 

J' Pdx + Qdy -f- Rdz 

along two curves connecting two points M and N of the 
region are equal, provided that there is a surface T passing 
through the two curves and lying wholly in A. Under 
these restrictions the line integral from M to N is inde- 
pendent of the path of integration. If we keep M fixed and 
let .V vary, the integral in question is then a function of the 
coordinates of X. 


f Pdx -f Qdy + Rdz = u(x, y, z). 

J\f 

J 'U+JU, v, s) 

Pdx + Qdy + Rdz, 

U U. ;) 


Now 


since the line integral that defines u(x + Ax, y, z) can be 
taken in part along the path from .1/ to .V that was used in 
determining u(x, y, z). Moreover the integral in the right 
member of this equation can be taken along a path parallel 
to the x-axis, since for sufficiently small absolute values of 
Ax all points of the straight line from (x, y, z ) to (x + Ax, y, z) 
lie in the given region. That is, 


But 


X 


I/. t) 


Pdx + Qdy + Rdz 


■r 

X 2+Ajt 

Pdx = P(x 4- 0Ax, y, z) Ax, 


where 0 < 6 < 1. Hence 


du u(x -f Ax, y, z) - u(x, y, z) 

-- = hm t 

Ox ^.*0 Ax 


Lim P{x + dAx, y, z ) = P(x, y, z). 
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Similarly — = Q(x , y, z) and — = R(x, y, z). This is 
equivalent to saying that 


Pdx -}- Qdy + Rdz 


du .du 

- dx +- d v +~dz. 


Hence when equations (21) are satisfied 

Pdx 4- Qdy 4 Rdz 


is the total differential of some function. Conversely, if 
this function is the differential of a function u, then P — ~ , 

OX 


Q = and R 
dy’ 


du 

dz 


, and equations (21) are satisfied. 


As in the case of two variables, we see that 


J n (x, V. X) 

(j». I/O, a) 


(Pdx + Qdy 4 Rdz ) = v(x, y, z) - u(x 0 , y 0 , z 0 ). 


EXERCISES 


1. Find the potential and attraction of a thin uniform rod at a 
point on its perpendicular bisector. 

2. At a point on the perpendicular to the rod at one end. 

3. Of a circular disc at a point on its axis. 

4. Of a spherical shell at an exterior point. 

5. At an interior point. 

6. Find the attraction of a homogeneous sphere of radius r upon a 
unit mass at a distance d from the center (d > r). Suppose the unit 
mass to be on the x-axis. The resultant attraction is then along the 
x-axis and amounts to 


A 



(d — x)dxdydz 
lid - xY 4 ?/ 2 4 z-¥ 12 ‘ 


The integral is taken over the sphere and p is the density. (Cf. Ex. 4.) 

7. Show that the potential V at ($, ij, f) due to a homogeneous 
volume satisfies the partial differential equation 

&V 3*V d*V* _ 

ae + V + at “ 

Assume that (£, if, f ) is outside the volume. 
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8. Compare the work done against gravity in moving a particle 
from the point (xo, l/o, *o) to the point (xi, y u Zi) along two different 
paths. 

9. A certain force at any point of the xj/-plane is proportional to 
the distance of this point from the origin and is directed toward the 
origin. Compare the work done in moving a particle against this force 
from the point (1, 0) to the point (1, 4) along the two arcs of the 
circle (x — 1) J + (y — 2) 1 = 4. 

10. Show that the work done in moving a unit mass from the surface 
of the earth to infinity is equal to the potential at a point on the surface 
due to the earth’s attraction. 


MISCELLANEOUS EXERCISES 


1. Prove that, if an arc of a plane curve revolve about an axis in 
its plane, the area of the surface formed is equal to the length of the arc 
multiplied by the length of the path described by the center of mass 
of the arc. (Assume that the arc does not cut the axi*.) 

2. Prove that, if a plane area revolve about an axis in its own plane, 
the volume of the solid generated is equal t-o the area multiplied by the 
length of the path described by the center of mass of the area. (As- 
sume that the axis does not cut the area.) 

The two theorems in Exercises 1 and 2 are due to Pappus of Alex- 
andria, about 300 a.n. 

3. Prove that the sum of the moments of inertia of a plane area 
about two j>erpendicular axes in its plane is equal to it* moment about 
an axis through their intersection and perpendicular to the plane. 

4. Find the difference lx*tvveen the moment of inertia of a plane 
area about a given axis and its moment of inertia about a parallel 
axis through its center of mass. 

5. Solve the same problem with respect to the moment of inertia 
of a solid about a given axis. 

6. Show that the definition of volume given in § 103 is consistent 


with the formula 


'-/// 


dxdydz. 


7. Prove that the double integral 



j, y)didy approaches a 




limit as C becomes infinite in case j ' J'l/ir, y) \dxdy does. 


8. Show that the double integral 


/*a /■»<! 

I I sin (x s 

Jo Jo 


+ y i )dxdy-*j as 


o — * <» but that the same integral over the quadrant bounded by the 
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axes and the arc a? + y 1 = R 2 does not approach any limit as R — * » . 
See § 214. 


9. Prove that if F(a) 




a)dxdy, where /( x, y, a) and 


fa(x, V, «) are continuous when the point (x, y) is in the closed region 
S and ao=a = a i, then F'(a) = If f a (x, V, a)dxdy. It is assumed 

s 

that S is independent of a. 

10. Show that any force in space that is directed to a fixed point 
and is equal to a continuous function of the distance from this point 
has its component in any direction equal to the derivative of a certain 
function in this direction. 

11. Find the moment of inertia of a rectangle about a vertex in case 
the density varies as the square of the distance from the center. 

12. Describe the region over which the integral 


is taken. 

13. Is the integral 


I f 0, y, z) dxdydz 

- \V»- -yri-t'—vi 

n V3=3 C 1 


dxdydz equal to 


'-VrT: 

n yrTZTi r*+v* 

Jo 


dxdydz ? 


14. Write the integral in Exercise 12 in five other ways. 



CHAPTER IX 


INFINITE SERIES 

113. Definition. A set of numbers arranged in a one- 
to-one correspondence with the positive integers is called a 
sequence. The numbers (which need not be distinct) are 
called the terms of the sequence, but they are not sufficient 
to determine the sequence. It is necessary that they be 
arranged in a definite order. There may, or may not, be a 
last term. If there is, the sequence is said to be finite and 
is without importance in this discussion. If there is no 
last term the sequence is said to be an infinite sequence. 

Examples. 

(a) The set of all the positive integers arranged in the 
order of magnitude. 

(b) The negative integers arranged in the order of their 
absolute values. 

(c) The numbers 1, j,, •••,-, • ••, where n is a 

positive integer. 

(d) The minor approximations to the square root of 5; 
that is, 2, 2.2, 2.23, • • *. The identity of the terms of this 
sequence is not immediately obvious, but can readily be 
determined. 

(e) It is possible to put the rational numbers from 0 to 1 
into one-to-one correspondence with the positive integers, 
and thus to form a sequence from them. 

We shall use the symbol (o„) to denote the sequence a h 
a*, • • *, — • In many cases it is important to know 

whether a H approaches a finite limit as n increases without 
limit. If it does, the sequence is said to be convergent; 
otherwise it is said to be divergent. 

114. The greatest limit of a bounded sequence. If the 
sequence is bounded — that is, if there is a number M such 

205 
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that jo„ j < M for all values of n — we divide all real num- 
bers into two classes by assigning to class A every real 
number that is exceeded by an infinite number of terms of 
the sequence, and to class B all other real numbers. This 
classification determines a number X (see Chapter I, 
Theorem 4). Every number less than X is in A and every 
number greater than X is in B. The number itself may be 
in either class. It is called the greatest limit of the sequence. 
Similarly there is a number X' which is called the least limit 
of the sequence. We shall use the following notation: 
X = lim Oj,; X' = lim a„. The reader should not confuse X 
with the upper limit of the sequence or X' with its low r er 

limit. In the sequence 2, 1^, l£, • • • 1 + • • •, for ex- 

ample, the greatest limit is 1, while the upper limit is 2. 
On the other hand, for the sequence in § 113(c) the greatest 
limit and the upper limit are the same. 

Let «i, e z , c 3 , be an infinite sequence of posi- 

tive numbers such that €„_i > e n and «„ — * 0 as n » . If 
(a„) is a bounded sequence for w r hich the greatest limit is X, 
there is an unlimited number of terms of the sequence in the 
interval (X — e Jf X d). Let a / be such a term distinct 
from X; and in general let a be a term of the sequence that 
lies in the interval (X - t„ X + e n ) and is distinct from a/ 
when i < n. Then (a„') is an infinite partial sequence of 
(a n ) that converges to X. If there existed an infinite partial 
sequence that converged to a limit greater than X, there 
would be an unlimited number of members of the original 
sequence greater than X + e, where t is a suitably chosen 
positive number. But this is impossible. These facts 
justify the name given to X; it is the greatest limit of all 
possible infinite partial sequences. That there may be in- 
finite partial sequences that converge to limits less than X 
is clear from the following example: 

113 17 1,1 

2' 4’ 4' 8’ 8’ "‘’2 n ’ 1 2 n ’ 
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In this case 0 is the limit of the partial sequence ^ , • • • , 

1 13 

2 ^, • • •, while 1 is the limit of the partial sequence 

•••,1 ^ and X = 1 . 

Theorem 1. In order that the sequence (a n ) he convergent 
it is necessary and sufficient that for any preassigned positive 
number e there he a number N such that j a n — a n+p | < « for 
any positive integer n greater than A r and every positive 
integer p. 

This is merely a special case of Theorem 6, Chapter I. 
Theorem 2. A monotonic hounded sequence is convergent. 
This is a special case of Theorem 7, Chapter I. 

Example. Consider the sequence in which 



as may be seen from the expansion of ^ 1 + - - -- -- - J by 

the binomial theorem. Hence 


(' +dri) 


> 1 + £ = 1 + 1 ' 
n~ n 


(‘ + ») 

That is, ^ 1 + ) > (^1 + " ) i and the sequence 


is monotonically decreasing. Moreover it has a lower 
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bound since 


( 


lV+i 

1+ n) 


> 1 for all positive integral val- 
ues of n. The sequence therefore converges. Its limit is 
the same as the limit of ^ 1 + ^ . Cauchy represented 
this limit by e as far back as 1731. 


EXERCISES 


Is the sequence (o„) in each of the following caseB bounde 
bounded; convergent or divergent; monotonic? 

1. On — 2. o„ = — 3. On - (— l) n - . 4. a„ = ( — 

n nr n 


On 

5. a» = 
8 


n 

n — 2 

^TT 


l) n 


6 . On = log n. 7. On = 


74 T X rt 

t ^ . i _ _ i 

1,2, 2 , 2, 2 ’ 3, 3’ 3 * 3’ ’ ’n’ ’ n’"'' 


9. On = ^ [1 — (~ I)”]. 10. a* = the nth prime number. 


11. A sequence that converges to zero is called a "null sequence.” 
Prove that every infinite partial sequence of a null sequence is a 
null sequence. 


12. Show that (a*) is a null sequence if o„ 


1+ i + 


+ 1 


13. Show that if a„ = ■ d ~ + • • • + 5 -, then (a„) is 

n -r l n i zn 

monotonic. 

14. What is the limit of o» as n — » 00 if On + 2 = \{a n -f On + i)? 

15. Show that a* — * (ai*a 2 8 ) l/ ’ as n— * 00 in case a„ > 0 and 

o>.+» = Vo,-a B+ i. 


115. Infinite series. Associated with any sequence (a n ) 
is another sequence S 0 = a 0 , £1 = a 0 4- aj, S 2 = a 0 -f- ai 4- a 2 , 

H 

• • • , £» — £ a** It is customary to represent this second 

z»0 

sequence by one or the other of the symbols a 0 + «i + • ■ • 
06 

4- On + • • • and £ We call either of these symbols an 
»-0 

infinite series with the terms a 0 , a h - ■ • , a n , • ■ • . The num- 
bers S n are called the partial sums of the series. We say 
that the series converges or diverges according as the 
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sequence ( S n ) converges or diverges. If the series con- 
verges, the limit of the sequence is called the sum of the 
series. It should be remembered however that this sum is 
not obtained by the mere process of summation, but by 
such a process followed by a passage to a limit. 

It is important to observe that the series £ a v is conver- 

y~-t 

00 

gent or divergent according as ]T a, is convergent or 

»-o 

divergent. For if = a k + m f i + • • ■ a n , then 

S n — = Sic- 1 . But Si-: is independent of n. Hence 

S n and Y,n-k are both convergent or both divergent. If 
then we are interested in determining merely whether a 
series is convergent or not, we may neglect as many terms 
at the beginning of the series as seems convenient. 

116. General test for convergence. We have directly 
from Theorem 1 the following general test for convergence: 

In order that the scries £a n converge it is necessary and 
sufficient that for an arbitrary positive e there be a positive 
number N such that when n > X u-e have \S n ^. p — S n \ < e, 
for every positive integral value of p. 

If this condition is satisfied, then for an arbitrary positive 
< and any sufficiently large n we have 


or 


\S n 


+i 


s n \ 


< 


|a n+ i < e. 


It follows that in order for a series to be convergent it is 
necessary that a„ — > 0 as n — * oo . But this condition is not 
sufficient to insure convergence, as may be seen from a 

consideration of the harmonic series Y)-, which is di- 

n 

vergent. (Bee § 117.) 

117, Series with positive terms. The simplest series are 
those whose terms are real constants of the same sign. 
We shall assume that they are all positive. The sequence of 
partial sums of such a series is a monotonically increasing 
sequence. The series is therefore convergent if this se- 
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quence is bounded (Theorem 2). 
series £ ( — jl ' f) ') . Here 


S n = 


1 + 2 ! + 


Consider for example the 



Now compare S n with where 

Hn — 1 + 2 + ’ ’ ‘ "b ‘ 

We have 3! = 3-2 > 2 2 , 4! > 2 s , and, in general, n! > 2" -1 . 
Thus beginning with the third term on, every term of S n 
is less than the corresponding term of 21 n, and the first two 
terms of the two sums are the same. Hence S n < for 

i — L 

2" 1 

n > 2. But = r- = 2 — < 2. The original 

1 - - 
2 

series is therefore convergent. 

Theorem 3. If each of the terms of a series of positive 
terms is less than, or equal to, the corresponding term of a con- 
vergent series, the series is convergent. 

For all the partial sums of the given series are, for all values 
of n, less than, or equal to, the sum of the second series. 

Theorem 4. If each of the terms of a series of positive 
terms is greater than, or equal to, the corresponding term of a 
divergent series of positive terms, the series is divergent. 

For the sum of the first n terms of the first series is not 
less than the sum of the first n terms of the second series, 
and this latter increases without limit with n. 


Example. If the series is Y, — ; — r , we have 

n.oU + 1 


Sn ~ 1 + g + ’ ’ • + 


1 


n + 1 




+ (2— Vi + + ^) 
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= G+^) + (i+i) + ••• 

+ (!+ ...+JL 

~ \ 2 m ~ ^ 2 m 

it is clear that »S 2 m _i > But the first group in £ » m -i 

is equal to 1, and each of the remaining groups is equal to 
Hence 

£2 m -i = 1 + - (m — 1) = ^ (m -f 1). 

It follows that if K is an arbitrarily large positive number 
we have 

*S 2 "_i > £ 2 m -i > N 


for all positive integral values of m such that m > 2 N — 1. 
The series therefore diverges, as does also the series 
* 1 

£ 1 — XTw w ^ en « < 1- A slight modification of the 

n-0 * ) 

discussion shows that the latter series converges when 
a > 1 . 

Theorem 5. If the series of positive terms £a„ converges, 
the series of positive terms J^b„ also converges if there is a 


number m such that when n > mwe have 


^ O n ±i 

b n ~ a n 
b n± \ _ Un+1 


If the 


first series diverges and for n > m we have -g— S — — , the sec- 


ond series diverges. 

Since the convergence or divergence of a series is not 
affected by multiplying every term by the same number 
different from zero, and since the ratio of two terms is not 
affected by this multiplication, we can assume that b„ +l 
< ou + i. If now 


bm+j Om+2 
bm + 1 1 


then 


7 bn% 4 ~ 1 

Om+t = Om+2 ' _ S Om+S 
®m+l 
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and in general b m + p < a m + p ( p a positive integer). It fol- 
lows that the series is convergent. 

The proof of the second part of the theorem is similar 
to this. 

The last three theorems are of the nature of comparison 
tests — they depend upon particular series whose conver- 
gence behavior is known. The most useful standard for 
this purpose is the geometric series since we know that it 
converges when |r| <1 and diverges when |rj £ 1, where 
r is the common ratio. 

118. Cauchy’s root criterion. We shall make use of the 
comparison test to establish the following important 
theorem: 

Theorem 6. If all the terms of the series £a„ are positive 
and if Va^ < k < 1 for all sufficiently large values of n, the 
series converges. If Va^ £ 1 for all sufficiently large values 
of n, the series diverges. 

For if > la^ < k , a„ < k n and from a certain point on the 
terms of the given series are less than the corresponding 
terms of a convergent series. The given series is therefore 
convergent. If on the other hand Maf, £ 1 for all suffi- 
ciently large values of n, then a n does not approach zero as 
n increases indefinitely, and the series diverges. 

This criterion is known as Cauchy’s root criterion. 1 It 
may be stated in somewhat less general form as follows: 

If a/cu —* k the series converges when k < 1 and diverges 
when k > 1. When k = 1 the series may be either convergent 
or divergent. But if — *• 1 and is always greater than 1, 
the series diverges. 

119. D’Alembert’s test. If in a given series of positive 
terms the radio of any term after a given one to the preceding 
term is less than a fixed number that is itself less than one, the 
series converges. If this ratio after a certain term remains 
greater than , or equal to, one, the series diverges. 

The proof is left to the reader. 

i Sometimes referred to m Cauchy’ a quotient criterion. 
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120. Application of the greatest limit. If a n is the general 
term of a series of positive terms, the sequence 

a u • • •, a n lln , ■ ■ • 

may, or may not, be bounded. If it is not, a n does not ap- 
proach zero as n increases indefinitely, and the series di- 
verges. If the sequence is bounded and X is its greatest 
limit, the series converges when X < 1 and diverges when 
X > 1. 

If X < 1, let 1 — a be a number between X and 1. Then 
a„ lln < 1 — a for all sufficiently large values of n, and the 
series converges. In case X > 1 we choose a number 1 + a 
between 1 and X. Then a n lln > 1 + a for all sufficiently 
large values of n, and (he series diverges. This leaves the 
case X = 1 undecided. 

121. Series with arbitrary terms. We have been con- 
sidering series all of whose terms are of one sign. But what 
W’e have said applies also with obvious modifications to 
series with only a finite number of terms of a given sign. 
When we remove all restrictions upon the signs of the 
terms an important difference in series presents itself. 
Consider, for example, the two series 

1 -2 + i+ - + <- !)-■;+••• 

and 

1 -^2 + ^ 2 + •*■+(- 

It will be shown later (Theorem 10) that they are both con- 
vergent. But the series whose terms are the absolute 
values of the terms of the first series is divergent, while the 
series formed in the same way from the second series is 
convergent (see § 117). This leads to the important notion 
of absolute convergence. 

Absolute convergence. If the series £ja„| is convergent 
the series £o n is said to be absolutely convergent. If 
converges and £ ) a n | does not, the former is said to be 
conditionally convergent. 
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Theorem 7. If a series is absolutely convergent it is 
convergent . 

Since £|a„J is convergent, there is associated to every 
positive e an N such that when n > N 

| U n | 4" 4" ’ * ' 4” I p I ^ * 

for every positive integral value of p. But 

|a„ 4* • • • 4" ctn+p | = |u B | 4- • ’ • | u»+p | > 

and therefore £a» is convergent. 

122. Let b 0 , b u • • • denote the positive terms of £a n in 
the order of their occurrence, and — c 0 , — c i, • • • the nega- 
tive terms in the order of their occurrence. Put = b 0 
-J- &j 4“ * • ■ -f* b n and — Co 4* Ci 4~ • ■ ■ 4* c». If ^,a n 
converges, either £&„ and Ee n both converge or both 
diverge. For S n = if n — m m! and if 

either or converged and the other diverged S n 

would increase indefinitely in absolute value. 

The series £>„ converges absolutely if and £c n 
both converge, and conversely. For |a 0 { 4- |<*i | 4* • • • 
4- |a. | = 4- E'- 

Theorem 8. The order of the terms in a convergent series 
of positive terms may be changed in any way without altering 
the sum of the series. 

If the given series is 

5 = a 0 4- a\ 4- • • * 4- a n 4- • • •, 
let 

YL — bo 4- bi 4- • • * 4- b„ 4- 

be a series every one of whose terms is in the original series 
and which contains every term of the original series without 

m 

repetition. Let S m ' = £ &». Then since every fe, occurs 

0 

in the first series and all the terms are positive we have for 
sufficiently large values of n 

SJ <Sn<S. 
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It follows that S m ' approaches a limit S' ^ S as n — ► « . 
On the other hand, for a given n and sufficiently large values 
of m 

S n < SJ < S'. 

Hence S g S' and therefore S = S'. 

Theorem 9. The terms of a convergent series of positive 
terms may be grouped together in any manner without altering 
the sum of the series. 

In view of Theorem 8 we may assume that the terms 
included within any group are consecutive terms. Suppose 
then that 

bo = ao + Oi -j- • • • + a p , bi = ctp+i + • ■ • + a q , • ■ - . 

m 

Now S m ' = £ b, — S.v for some N S m. Moreover W— ><» 

0 

asm— ► oo, and therefore lim *S m ' = lim Sy = S. 

m — ► x> N — ► oo 

Suppose now that S — £a„ is any absolutely convergent 
series. Then £(a n + \a n \) is convergent since its terms 
are all zero or positive and the sum of any number of them 
does not exceed 2S. Denote its sum by Si and the sum 
£|a„| by S 2 . Then Si = S -f S 2 . If now S' = is 
obtained from the original series by any rearrangement of 
terms, and Sf = £(a„' + | | ) and S 2 = 22 ! I then 
Si = and S 2 ' — S 2 . Hence S' = S. A similar argu- 
ment shows that no regrouping of the terms of an absolutely 
convergent series affects the sum. Hence from the point of 
view of numerical computation an absolutely convergent 
series may be treated as if it were the sum of a finite number 
of terms. But a conditionally convergent scries may not 
be so treated. As a matter of fact it is possible so to arrange 
the terms of a conditionally convergent series as to get a 
convergent series whose sum is any preassigned number A. 
For if is a conditionally convergent series, the series 
£6 n and 2]c n are both divergent. If now A is an arbitrary 
number (say positive), we select positive terms from the 
given series in the order in which they occur in it until the 
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sum exceeds A. This is possible since the series of the 
positive terms is divergent. Then we add to these in the 
order in which they occur in the given series just enough 
negative terms to make the total sum less than A. We now 
add positive terms, beginning where we left off until the 
sum is greater than A. We then return to the negative 
terms, and so on. The partial sums of the new series differ 
from A by amounts whose absolute values do not exceed the 
last term of the original series used. But this approaches 
zero as we go further and further out. Hence the new 
series converges to A. If A were negative, the proof would 
be similar. We could even make the new series divergent. 

Theorem 10. The series £a n converges if the following 
conditions are satisfied: 

(1) The terms are alternately 'positive and negative. 

(2) |a„+i| < |a«|. 

(3) a n -» 0. 

If we put | a* | = h„, then b„ > 0 and b n+} < b n . Hence 

Szk = (b 0 — &i) (b 2 — bf) • • • 

4" (&2*-2 ~ bik-i) + b«k > 0. 

Moreover 

Szt = bo — (b i — 62) — • • • — (bzk-i — bik) <C bo. 

From this it follows that (S 2k ) is a bounded monotonically 
decreasing sequence. It therefore converges. But 
— S 2 k "h Qik+i) and a 2 k+i — * 0. That is, S 2 k+i approaches 
the same limit as S 2k , and the series converges. 

It follows immediately from this theorem that the series 

Vj (— 1) B_1 - and T.(— l)” -1 K to which reference was made 
in § 121 are convergent. 


EXERCISES 


Which of the following series are convergent? 

1* i)"* 2. 22 n t 


3. £^(o > 1). 4. L 


(log n)* ’ 


5. E 


(log n)" 


E ( 


2 n 


2 n 


2n + 1 


2n 
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7. L . 8. La" (0 < a < 1). 9. £ ^ ■ 

V(n + l)(n + 2) «! 


10. Show that ^ < 1 + ^ + * * • + \ 


< n. 


11. Make a rough estimate of the value of n in order that 

S = 2] - shall exceed 16. 

»-i v 

12. Show how to rearrange and group the terms of the series 

1 3 

V(— l)"~ l - in order that the resulting series shall converge to -■ 
n 2 

Give the first three groups. 


123. Series with variable terms. We pass now to the 

consideration of series £/ n (x) whose terms are functions of a 
single real variable. If the series converges for every value 
of the variable in a given interval, we say that it converges 
in the interval. 

If the series converges to S(x) in the interval (a, b), then 
for any given x in the interval and any e > 0 there exists a 
positive number m such that | < e for every n > m, 

n 

where £/,(x) + R n (x) = *S(x). There is considerable lati- 
► - 0 

tude in the choice of m, since if the stated conditions are 
satisfied for one value of m they are satisfied for every 
greater value. We shall in each case deal with the least 
possible value. It is obvious that this value of m depends 
in general upon both t and x. We shall at times emphasize 
its dependence upon x by writing it m x . For a given e this 
function m x may, or may not, have an upper bound in the 
interval (a, b). Consider, for example, the series 

1 + T + X- + • • • + X" + • • • 

( 1 1 \ 1 _ x n+l 

— 2 > o J • Now <S n (x) = i _ x 

and S(x) = - — . Hence 

, 1 1 - x " +1 X " +1 

R n(x) ~ l _ x i _ Z ~ 1 - X 
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and | /?„(*) j 5 (£)* for every value of x in the interval. If 
now after « has been chosen we so select m that (|) m < «, 
we shall have | R n (x) | < e for every n > m irrespective of 
the value of x in the given interval. That is, m x is bounded 
in the interval. 

Consider now on the other hand the series defined by 
S n (x) = nxe - "* in the interval (0, 1). The terms of the 
series are 

fo(x) = So(x) = 0, fi(x) = Si(x) - Sq(x) = xe~*', • • •, 
f n (x) = S n (x) — S n -i(x) = nxe-™' - (n — l)xe- (n-1);,:i , 

Since lim S n (x ) =0 for all finite values of x, we have 

R n (x ) = 0 — nxe'"* 1 , and ( /2«(x) [ = e~ 1/B forx = But 

Th 

e~ lln > - for n > 1. Hence if e is taken less than - , there is 
e e 

for an arbitrarily large number N, an x in the interval (0, 1), 

namely x — - (n a positive integer greater than A r ), for 

which m x > N . That there is a definite value of m x for 
this value of x follows from the convergence of the series. 
In this case m x is unbounded in the interval (0, 1). 

Definition. If the series y.L(x) converges in the inter- 
val (a, b), and if m x is bounded in this interval, the series is 
said to converge uniformly in the interval. If m x is un- 
bounded in the interval, the series is said to converge non- 
uniformly in the interval. 

It is to be noted that uniform convergence is always asso- 
ciated with an interval. It means nothing to say that a 
series converges uniformly at a point. 

The distinction between these two kinds of convergence 
can be made clear geometrically. We draw the three 
parallel curves y = S(x) and y = S(x) ± <. If now r there 
is a positive number m such that when n > m all the ap- 
proximation curves y ~ S n (x) lie between the curves 
y = S(x) ± e throughout the interval, the series is uni- 
formly convergent in this interval. If however, no matter 
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how great m is, there is an n > m such that the curve 
y = S n (x) does not lie within this band throughout the 
whole interval, the series does not converge uniformly in the 
interval. Figures 23 and 
24 illustrate this distinc- 
tion with respect to the 
two series just discussed. 

In Figure 23 the 
curve y = S„(x ) has been 
sketched only roughly. 

In this case S(x) = r — 

1 — x 

1 — x" 41 

and $ n (x) = — : • Fig. 23 

v ' 1 — X 

For the other series we have S(x) = 0 and SJx) = nxe~ nrt . 
This last curve has a maximum at the point 

Hence if < € the curve y = nxc nz * will not lie within 

the required band through- 
out the interval, although for 
any particular value of x in 
this interval, as x h there is an 
m such that for n > m the 
curve y = nxe~ ni ‘ cuts the 
line x = Xi bet ween the x- 
axis and the line y = t. 
Theokem 11. If the series 
£/„(x) coni'crges uniformly to S(x) in the interval (a, h) and 
the, terms of the series are all continuous in this interval, then 
S(x) is continuous in this interval. 

I^et Xt and aq -f h be two points in (a, b ). By virtue of 
the uniform convergence of the series there is, for any e > 0, 

an n such that ) ft»(x) | < ^ throughout the interval. Using 

n 

this value of n, we have S(x) = L/,(x) + R»(x). 

r-0 
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This holds for any value of x in the interval. Hence 

£(*l) = £ l) + Rn{X l), 

► -0 

S(xi + h) — X fX x i + h) + # n (aa + h). 

»-0 

Therefore 

S(*i + A) - >S(^) = [£ /,(*! + A) - £ / r (x:)] 

0 0 

+ #«(xi -f A) — #»(xi). 


But 


+ h) \ <| and |E„(a;i)|<| 


Moreover, since £ /.(x) is the sum of a finite number of 

functions each continuous in (a, 6), it is itself continuous 
in this interval, and we can take |A| sufficiently small to 
insure that 


\iux, + h) - iux oi <{■ 

r-0 r-0 O 

For such a choice of h we have 

|S(xi + h) — Six,) Kl + g + g*-.. 

This completes the proof of the theorem. 

Theorem 12. If the series J2f n (x) converges uniformly to 
S(x) in the finite interval (a, b ), and if its terms are continuous 
in this interval, the series 

Ljf f nix) dx, 

where a 5 a < 0 converges to J S(x)dx. 

Since the given series converges uniformly in the inter- 
val, there is associated to every positive e a positive number 
m such that | < e for every x in (o, b ) when n > m. 
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Moreover S(x) is continuous in (a, b) and therefore inte- 
grate in (a, 0). Now 


f S(x)dx — I f 0 (x)dx — I /i (x)dx ••• 

%J a *Ja *Ja 

f fn(x)dx = f R n (x)dx. 

%) a a 

But If* n (x)dx j < f (/3 — a) for n > tn. This is equiva- 
lent to saying that 

r» x /'a 

I S(x)dx = Y. I fn(x)dx. 

%)a n as 0 a 

If we keep a fixed and put x for p, we have 


f S(x)dx = £ f fn(x)dx. 

J a a 

The argument shows that the series in the right member of 

this equation converges uniformly in (a, b ) to J S(x)dx. 

If the series converges to an integrate function, but the 
convergence is not uniform, it may, or may not, be inte- 
grate term by term. Consider first the series for which 

71-X 

jS„(j) — n 2 x 2 • For every finite value of x we have 

S(x) = 0. Hence f S(x)dx = 0. On the other hand, 
do 

i£ux)dx=£ r ^iz 

= ^ log (1 + nV) | o = log (1 + n>). 
But ^ log (1 + n 2 ) ->0a s n —* °o. Hence 


£ f f n (x)dx = 0 = f S(x)dx = 0. 

1 Jo Jo 

The series can therefore be integrated term by term in the 
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interval (0, 1). Is the convergence uniform in this interval? 
Is it uniform in the interval, (a, 0), where 0 < a < 0? 

As a second example, consider the series for which 
S n (x ) = nxe~ nzi . For any finite value of x we have 

S(x) a= 0, and therefore f S(x)dx = 0. But 

Jo 



nxe~ nxi dx = 



- \ (‘ - «-) 



as n 


00 . 


Hence this series cannot be integrated term by term in the 
interval (0, 1). 

When we come to term-by-term differentiation of a 
series, the situation is somewhat different inasmuch as not 
every uniformly convergent series of differentiable functions 
can be differentiated term by term. Consider, for example, 
the series 

^ sin nx 


It follows from § 124 that this series converges uniformly in 
every interval. But term-by-term differentiation gives the 

series £ ^ os ^ lx y which diverges for x = 0. Under suitable 

conditions however a series of differentiable functions can 
be differentiated term by term. A set of such conditions is 
given in the following theorem: 

Theorem 13. If the series £/„0r) converges for at least 
one valve, c, of x in the interval (a, h) within which all its 
terms have continuous derivatives and if the series £/„'(: r) 
converges uniformly in this interval to <p(x), then H/ n (x) con- 
verges uniformly in the interval to a function S(x) and S'(x) 
— ip(x). 

By hypothesis 

<p(x) = U(x) + ff{x) + ■-■ + /„'(x) + • • • 

and the series on the right is a uniformly convergent series 
of continuous functions in the interval (a, h). Hence <p(x) 
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is continuous and therefore integrable in this interval. 

£ *(x)dx = \J 0 (x) - /.(c)] + Ui(x) - /i(c)] 

+ • • • + [A(X) — /.(C)] + • * 

The series on the right converges uniformly in (a, b) and the 
series £/„(c) converges by hypothesis. Hence £/ n (z) 
converges uniformly to a function &(x) and 

^ <p(x)dx = <S(x) — <S(c). 

From this we get by differentiation <p(x) = S'(x). 

124. The Weierstrass test for uniform convergence. It 

is in general a difficult matter to determine whether a given 
series converges uniformly in an interval, or not, even when 
we know that it converges. The following test is useful in 
many cases. It is known as the Weierstrass M-Test. 

If there is a convergent series of positive constants M 0 , M i, 

• • • , M n , • • • such that \ fn(x) j S M„ for every n and every x 
in the interval (a, b), the series £/„(ar) converges absolutely 
and uniformly in this interval. 

Since the series converges, there is an K for every 

positive < such that when n > N 

n + t 

£ M, < e, 

r»n 

n+* n+t 

for every k. But | £ f,(x) | = £ M, < «, for every x in 

9 — n r = n 

(a, b). That is, the series £/ n (r) converges absolutely and 
uniformly in (a, 6). 

The only series that can be shown by this test to be 
uniformly convergent in an interval are absolutely con- 
vergent in this interval. But a series may be uniformly 
convergent in an interval without being absolutely con- 
vergent everywhere in the interval, and a series may be 
absolutely convergent throughout an interval without being 
uniformly convergent there. For example, the series 
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x 2 


E is absolutely convergent in the interval (0, 1), 

but not uniformly convergent. On the other hand, the 
sin (2 n 4- l)x . 


series E 


2 n 4- 1 


is uniformly convergent in the in- 


terval ^ (see Exercise 1, §160 and Theorem 2, 
§ 156), but is not absolutely convergent at the point 


7T 

x ~ 2 


125. Abel’s lemma. In order to establish a more delicate 
test for uniform convergence we first prove a set of inequali- 
ties the statement of which constitutes what is known as 
Abel’s lemma. 

If the set of positive numbers u n (n = 1 , 2, • • • , p) is such 
that u n s u n _i, and a n is another set of p numbers, not neces- 
sarily positive, then 


V 

mu i < E a„u„ < Mui, 


n *«■ 1 


where M and m are the greatest and the least respectively of 
the sums a u ai + a 2 , • • *, ai + a 2 4- — + a P . 

If we put S„ = ai + a 2 + • • • + a„ (n = 1,2, • • •, p), 
we have 


ai — <Si, ci2 — $2 — <Si 


Up Sp -i* 


Then 


E u»w« = (Si^i + (4S2 — Si)u t + • • • + (S p — Sp-i)u p 

Bn 1 

= Si(ui — uf) 4“ Si(ui — Uz) 4- • • • 

4~ (Sp — i('U’p_i Up) 4“ SpUp. 

But no one of the factors u„_i — u n is negative, and there- 
fore 

S n (u n - Un+0 S M(u n - «»+i) (n = 1, 2, • • •, p - 1). 

SpUp ~ Mup. 
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V 

2>nU n < M[(Ui - U 2 ) + (Us - U Z ) + • • • 

1 4- (Vi — u p) 4- « P ] = Mui. 

It can be shown in a similar way that 

J^a n u n mu u 

126 . Abel’s test for uniform convergence. The series 
£o n «„(i) is uniformly convergent in the interval (a, b) 
provided 

(1) £a n is convergent. 

(2) u n (x) is positive throughout the interval and does not 
increase with n for a fixed value of x. 

(3) Ui(x) < k for all values of x in the interval. 

By virtue of the convergence of £a n there is associated 
to every positive t a number m such that 

m-±- p 

L an 

n— m-f 1 

for any positive integral value of p. By Abel’s lemma, for 
a fixed p, 

m + p 

L a„u n (x ) 

«+ 2 





since u m+ i(x) S ufx) < k. This proves the uniform con- 
vergence of the series Xa n u n (z) in the interval (a, b), since 
m is independent of x. 

127. Theorem 14. If the functions f„(x ) are all con- 
tinuous in the closed interval (a, b) and if the series ]P/ n (x) 
is uniformly convergent in the corresponding open interval, it 
is uniformly convergent in the closed interval. 

For, a positive « having been chosen arbitrarily, there is 
an m such that 

\Sn(x) -S m (x) I < e 

for n > m and a < x < b. But S n (x) and S m (x) are con- 
tinuous functions of x at the point x = a. Then there is a 
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5 > 0 such that when jx — a ) <5 

| S n (a) - S n (z) | < 
|S m (x) - S m (a ) | < €. 


Hence \S n (a) — S m (a) J < 3«. It follows that S n (a) con- 
verges and that a can be included in the interval of uniform 
convergence. A similar argument applies to the point 
x — b. 


EXERCISES 


1. Does the series £ log (ft* 2 ) converge for any value of x? 

j? n 

2. For what values of x does the series £ — converge? 


CO^ TLX 

3. For what values of x does the series T' converge ab- 

n 

solutely? 

4. Prove that the series l) n_l (a > 1) converges abso- 

lutely for every value of x. Does it converge uniformly in any 
interval? 

1 x 

5. Can the series Y - sin - be differentiated term by term? 

n n 

6. Show that the series in Exercise 5 converges uniformly in any 
finite interval. 

7. Give an example of a series that converges uniformly and abso- 
lutely in an interval. 

8. Give an example of a series that converges uniformly, but not 
absolutely, in an interval. 

9. Give an example of a series that converges absolutely, but not 
uniformly, in an interval. 


10. Discuss the convergence of the series for which S n (x) = 


nx 

1 + vPx 1 


in the interval (0, 1). 

11. Do the same for the interval (2, 3). 

fix 

12. Draw the curve y — — : — r-r for n = 3. 

1 + n ! x z 

13. Does the series for which S n (x ) = x" converge uniformly in the 
open interval (0, 1)? 

14. Prove that the series £c„ cos nx and sin nx converge ab- 
solutely and uniformly in any interval in case £c„ converges absolutely. 

15. Show that the series £ ~i converges uniformly in the interval 


1 + a < x (a > 0). 
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16. Does the series for which S n (x) = arc tan (nx) converge uni- 
formly in the interval (0, 1)? 

Show that if converges, the series in each of the next two exer- 
cises converges uniformly in the interval (0, 1). 

17. l + x n ■ 18 - I a » i x m ’ 

19. Find J f(x)dx in case/(x) = ^OnX", where £a» is convergent. 

x n 

20. Find the derivative of /(x) = 21 ^ for |x| <1. 


21. Integrate /(x) = 21 ^ between the limits 0 and x (0 < x < 1), 
it being understood that 21<*n is convergent. 

22. Differentiate /(x) = 21 ~ S y ~ ■ 


23. Obtain a power series for 


(1 - x)' 


First expand — - — and 
1 — x 


then apply the theorem concerning the Cauchy product. (See § 141.) 


128. Differentiation of an infinite integral. It was shown 
in § 68 that if f(x, a) is a continuous function of x and a 
in the region a S x S b, an s « < « 2 , and 


then 


F(a) = £ f(x, a)dx, 

F ' (a) =jy^^ dx ' 


provided that f(x, a) has a derivative with respect to a 
which is continuous in this region, and the limits a and b 
are independent of a. The proof depends essentially upon 
the fact that the limits a and b are both finite, and as a 
matter of fact the conclusion does not always hold when 
this condition is not satisfied. If, for example, 

. f 06 sin ax , 

F(a) =Jo — * 

the integrand is continuous in the region 0 Sx and 1 3s a, 
and has a derivative with respect to a which is also continu- 
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ous in this region. 



cos axdx has no meaning, 


whereas, on the other hand, 


F{a) = r 

'Jo 


sin ax 

X 


dx 


r^dy 

Jo V 


7 r 
2 


(§ 129), and therefore F'(a) = 0. We can however be sure 
that the function of a represented by the improper integral 
will be differentiable under the integral sign if we impose 
certain further conditions upon /(x, a). The first of these 
is that the improper integral 


£ 


f(x, Ct)dx 


shall converge uniformly with respect to a certain interval 
for a (see § 86). It is understood that /(x, a) shall be 
continuous for x So and «i S a s 

We are considering this question at this point because it 
is closely related to the theorems concerning infinite series 
that we have been considering. Take an infinite sequence 
of numbers a = a 0 , a h a 2f • • •, a„, • • • such that a„_i < a„ 
and a„ — » oo as n — » oo ; and put 


r**l 

Fo (a) = I f(x,a)dx, F^a) = I f(x, a)dx, 

a J a x 

F n (a) =jf /(x, a)dx, •••. 


Now the series 


E F.(a) 


nmO 


X oo 

f(x, a)dx in case the latter 

converges. Moreover if this infinite integral converges uni- 
formly in (ai, a 2 ), the series converges uniformly in this 
interval, since 

!&.(«)! = |j[ f(x, <*)dx 
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and this is by hypothesis less than t for all values of a in 
the interval and every a n > N. Now F n (a) is continuous 
in the interval, and therefore also F(a) is continuous there 
(Theorem 11). 

We now impose the following additional conditions: 
d f 

(1) ~ is a continuous function of x and a when a £ x 
da 

and = a S a <2. 

X «> df 

~ dx converges uniformly in the in- 
terval («i, a 2 ). 

Now if G n (a) = I - -dx, then 

«Ai„ da 


£ 


df 

da 


dx — Go(a) -f- G\(a) +•••-+* G n (a) -f- 


and the series on the right converges uniformly. Moreover 


F n '{a) 


-r 


1 df 

y~dx = G n (a). 
da 


Hence the series £/Y(a) converges uniformly, and there- 
fore (Theorem 13) 



In the same order of ideas we can define uniform conver- 
gence of the improper integral F(a) = f fix, a)dx with 

finite limits but with the integrand infinite at one or both 
of the limits or at some intermediate point. And we can 
prove a similar theorem concerning F'{a). The reader 
should fill in the details. 

129. Illustrative Example. We have seen (§ 83) that 

J '* 00 sin x 

e -aI dx converges when a > 0. 

o x 

We represent its value by F(a). Now — e -0 *sinx is the 
partial derivative of the integrand with respect to a, and 
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/%oo 

the integral J e~ az sin xdx converges uniformly for 0 < 

S a. This can be seen as follows : 

lr" . , i r i i 

I e~ ax sin xdx < I e~ ax ax e~ ax = — • 

| Ji I J, CC |i ae 

If we select N in such a way that one a i N > ^ , where e is an 

arbitrary positive number, then for all values ofl>N and 
every a ~ ai 


Hence 
F 


r 


sin xdx 


< e. 


'(«) = ~ f 

J o 


e~ az sin xdx 

e~ az (cos x + a. sin x) 


“D 


T"“ _ l 
J,-o 1 + a I 2 


1 + a 2 

and F(a) = C — arc tan a. Now the absolute value of 


sm x . 


x 


is never greater than 1 ; therefore 


I F(a) | < P 

«/o 


e~ ax dx = - 
a 


Hence F(a) — ► 0 as a — > °o . Also arc tan a -* ^ 


under the 


same conditions. From this it follows that C *= ^ > an d 


r si 
I e~ az - 
Jo 


sin x , tt 
— dx = o — arc tan a. 
x 2 


The infinite series corresponding to this infinite integral 
(see § 128) converges uniformly in the closed interval (0, a), 
where a is any positive number. Hence F(a) -* F(0) as 
a — ♦ 0 through positive values, and therefore 


r* si 
•Jo 


sin x 7 tt 

T ix ~ 2' 


130. Test for uniform convergence. If the function 
f(x, a) is continuous for x = a and ai = a = an, and if 
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| f(x, a) | <p(x) for a = x and a\ =1 a S a 2 , where 

J r'* CO /»CO 

<p(x)dx converges, then I f{x, a)dx converges uniformly. 

a J a 

The proof is omitted since it is similar to the proof given 
in § 124 for the uniform convergence of a series. 

Consider, for example, the integral r TT% dx - For 
all values of x and a we have 

1 


cos ax 

1 + X- 


1 + X 2 


Moreover J ^ —■ ^ Hence the original integral 

converges uniformly to a function F(a). In this case 

, , . x sin ax , . 

f a (x, a) = j— and the integral 

r, , . , x sin ax , 

Jo /.(x,a)d* J T+7 dX 

converges uniformly for 0 < ai 2 a gaj, as may be seen 
by identifying it with the series 

® sin m , ... 

£ f rr—idx. (1) 

B«0 • Jnw/a * 

t a {y + ~) sin ay 


Now 7 


J 


(n+i)i/« j sin ax , 
— : :r dx 

nr/ft 1 + J" 


nir 


Jo j 




(-*") 


vdy, 


if x =■ y 4 ; and the reader will have no difficulty in 


a 


showing that, starting with a sufficiently large value of n, 
this latter integral decreases as n increases. Moreover, it 
approaches zero as n — * «=. Since then (1) is a convergent 
alternating series with each term after a certain one less 
than the preceding one in absolute value, the remainder 
R n {x) is less in absolute value than the first term omitted if 
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n is sufficiently great. That is, 

i rt ,„\i A r n+iWl ~x sin ax j 
|I2n(x) I < I 1 I t 2 dx 


(n + 2) ^ I /,(„4 o) r / 0 

2 I sin axdx 

1 + (n -h 1) ! ^‘ J(n+1Wo 


a m 

2 (n + 2)7r 


2(n + 2 )tt 


a 2 + O -f l)V #== a,* -f- («■ + 1)V 


< €. 


for sufficiently large values of n and any a in the interval 
(ax, aj). Hence 


f 


x sin ax , 
— ax 


1 + x 2 

converges uniformly in (ai, a»). We can then differentiate 


f“cos ax 


ir, 

under the integral sign. This gives us 


dx 


But 1 

and 

Hence 


= - /" 


x sin ax 
1 + x 2 


dx. 


IT 


F(a ) = 2<r° 


7T 


F'(a) = -2<r«. 


f cos ax , r® x sin ax , 

_ rr?'*' = "Jo tt?*’ 


131. Infinite integrals of infinite series. In Theorem 

12 we saw that in case u n (x ) is continuous in (a, b) 

£ 6 oo oo /"•& 

J^u n (x)dx = X I u n (x)dx 

n - 0 n-0 J a 

1 See Serret-Scheffera, Lehrbuch der Differential- und Integrairechnung, Vol. 2, 

4th and 5th ed., p. 192. 
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provided that the series £u n (x) converges uniformly in 
(a, b). It is essential in the proof of this formula that the 
interval of integration be finite, and the formula does not 
always hold when we are dealing with infinite integrals. 
Consider, for example, the series the sum of the first n terms 

of which is S„(x) = —e~ x * /n2 . This converges to zero for 

every finite value of x. Moreover, the maximum value of 

1 [9 71 

<S„(x) is - -x r , and occurs when x = — . Hence the series 
n \e V2 

converges uniformly in the interval (0, /i), where h is an 

arbitrary positive number. On the other hand 



1 , 


/»00 /•'•CD 

and therefore lim I S n (x)dx = 1, while I S(x)dx = 0, 
« — ac J 0 J 0 

where S(x) = lim S n (x) = 0. 

«— ► cO 

Various sets of conditions can be given which are suffi- 
cient to insure the validitv of the formula 



u n (x)dx 


= £ u„{x)dx. 

l»o() 


We shall confine our attention to one rather special set of 
such conditions. 

Theorem 15. If the series £ : h„(j) ! is uniformly con- 
vergent in the interval (a, h ), where h is an arbitrary number 
greater than a, and if either 


[£|w»(-r)|]dz or Z f \u„(x)\dx 


is convergent, then I = Y 

•Ja 

We shall assume in the first place that w„(z) S 0 for 
every x S a and for every positive integer n. Then the 
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function 


F(\, m) 


= f [ Lu n (x) \dx 

J <x |_ n« 0 J 



X 

u n {x)dx 


does not decrease as X and m increase. It follows as in 
§ 138 that if one of the repeated limits lim Rim F(X, /x)3 and 

X — *- ac j*— ► ao 

lim Rim F(\, n)2 exists, the other one does also and the two 

M — A — *■ oc 


limits are equal. 

Since the series ^u n (x) is uniformly convergent in the 
interval (a, X), 

lim F(\, n) = f f £>»(*) 

^—►oo c/a L »- 0 

Hence 

lim flim F(X, = f F 'Lu„(x)~\dx (2) 

X— *oo >i— *ao Ja L H-0 J 



if the improper integral in the right member converges, 
the other hand 


and 


lim F(\, n) = E f u„(x)dx 

X — ► ao Ja 

lim Rim F(X, *t)3 = E \ u n (x)dx 

H — ► « X — ► co n»0 Ja 


On 


(3) 


if the series in the right member converges. But by hypoth- 
esis either this series converges or the infinite integral in 
the right member of (2) converges. Hence the right mem- 
bers of (2) and (3) both converge and their limits are equal. 
That is, 

I T.Un(x) \dx = E U„(x)dx. 

Ja L 0 J O Ja 


If u n {x) is not always positive or zero we can apply the 
argument just given to u n {x) 4- | u n (x) \ which does satisfy 
this condition. Moreover 


0 < £[«.(*) + M*)I3 2 2E \ u n (x) | 

f as Z*” 0 «• 

E[u n (x) + \u n (x) IJdx converges if I E \u n (x)\dx 

0 Ja 0 
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J r^co /-*oo 

[w„(x) + |a„(x)|]dx 2 I \u n (x)\dx 

a Ja 

06 /*°° 00 /*» 

and E 0„(x) + |u n (x) |]dx converges if E |w,(x) |dx 

0 i/d 0 i/a 

does. Hence 

f [E{a n (x) + | n n (x) I )]dx = E f [u„(x) + lu n (x) |]dx 

«/ a 0 0 c/a 


and 


n oo *1 as /»«» 

L |w«(x) | dx = E I |u„(x)jdx. 

0 J Cl Ja 


From these it follows that 




dx 



u n (x)dx. 


132. Integration of an infinite integral. It was shown in 
§ 97, that if /(x, a) is continuous in the finite region 
a % x 2 b, «i % a Si a 2 , then 


s*b (*b s*a t 

dal f(x, a)dx = I dx I fix,a)da. 

crj •/ a i/fl t/ai 

That this formula does not hold without further restrictions 
when 6 = °o can be seen from the following considerations: 


r OT sin ax 

Jo x 


r sin x 
x 


dx = | ^dx = * (§129). 


Hence 


r“ , r a > , r°°sin a»x — sin aix . 

I dx f cos axaa = I ax = 0. 

J Q J au v 0 ® 


But we cannot say that 



cos axda 



cos axdx 


since the infinite integral on the right does not converge, 
although the integrand is continuous in the region 0 ^ x, 

«i 5 a = a 2 . 
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X co 

/(x, a)dx converges uniformly to F(a) in the 

interval (on, a 2 ) there is associated to an arbitrary positive e 
a number N such that when l > N 


and 


I /^oo 

J /(x, a)dx 


< «> 


r /V*2 /»( /»/9, /»co 

F(a)da = I da I /(a:, a)dx + I da I /(x, a)dx, 
Jff, Jo Jfii Jl 


where ai = ft < ft ^ a 2 . But 


/♦ft /»A 

I da I /(x, a)dx = I dx I /(x, a)da 

dp, •-'a •'a dp, 

by the theorem referred to at the beginning of this paia- 
graph and 


/•ft 

I da I /(x, a)dx 

dp, Ji 


< (ft ~ ft)« = (a 2 — ai)e- 


Hence 


r l /»“ /»“> /»0! 

F(a)da =| da j f(x, a)dx = I dx I /(x, a)da. 

dp, d a do dp, 


This shows that if the stated conditions are satisfied we can 
integrate under the integral sign. We leave it to the reader 
to justify the assumption that F(a ) is integrable in the in- 
terval (aj, a 2 ). 


EXERCISES 

Establish the uniform convergence of each of the following infinite 
integrals for 0 a a,: 


cos ax 
x* 1 * 


•r 
- r-i 


dx. 2. 


r sin ax 


cos ax 


dx (a > 0). 5 


6. Show that T'(x) 


P" 


’ 3, io 1+^” 
(o>0> 


log le~ l dt. 
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X co 

F-'e-'dt converges uniformly in the interval 


0 < a ^ a i. 

8. Given F(a) = J* 

9. Given F(a) 


cos ax 


dx. Find F'(a). 




, cos x 


dx. Find F'(a) for a > 0. 


133 . A continuous function without a derivative. If a is 

a positive number less than 1, the series £a n cos bn nZ con _ 

0 

verges uniformly in any interval since ] a n cos b n ttx | ^ a”. 
We shall represent the continuous function to which it 
converges by F(x). In case ab < 1 

F'(x) = — Y. an b n Tr sin b n irx 

since the series on the right converges uniformly in any 
interval. 

We proceed to show that on the other hand if & is a 
positive odd integer greater than 1 and ab is sufficiently 
great the function F(x) has no derivative anywhere. 

For a fixed x let be the integer nearest to b m x, or the 
smaller of two equally near integers. Then 


b m x = + $m, 


. 1 „ 1 
where — 2 < £« = 2 • 

e„ — dh 1, then 


If we put h = Cm j- — , where 


b m (x -f h ) - p m + c m . 

The sign of h is the same as the sign of e n and ^5, — | h \ 


3 

2= 7zrz . We see then that h — * 0 as m — > 00 . 
2 b m 

Now 

F(x + h) - F(x) 0 , „ 

1 — 1 
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where 


and 


1 


S m = ^ L a"C cos b n Tr(z + h) — cos b n 7rafj 


1 * 

Rm — t £a n [cos b n v(x + h) — cos b n irx 3- 


By the law of the mean 

cos b n ir(x + h) — cos b n TX — — b n ir sin ( b n m))h , 
where 77 lies between x and x + h. Hence 

jcosb n 7r(x + h) — cosb n 7r:rj g b n 7r|b|, 

and 


\S m \ < 7T Ifl n 5" 
0 


a m b m — 1 ira m b m 
T ab — 1 ^ ah — 1 ’ 


in case ab > 1. Furthermore, 

b H ir(x + h) = b n ~ m b m ir(x + h) = 6"- m 7r(/i m + C m ). 

The product b"~ m (fi n -f e m ) is even or odd with + 1, 
since b is odd and e m = ± 1. Hence 


Also 


cosb n 7r(x 4- h) = (— 1) 8 - +1 . 


cos b n Trx = cos ( b n ~ m b m irx ) = cos b n ~ m 7r(0 m -f £ m ) 

= cos b n ~ m ir(3 m cos b n ~ m i r£ m . 

But b n ~ m (3 m and p m are either both even or both odd. 
Therefore 

cos b n TX = (— 1)®" cos b n ~ n, Tr^ m 

and 

( — « 

Rm r La n ( 1 + COS b n - m 7T$ m ). 

” m 


There is no negative term in the series on the right. The 
sum is therefore greater than the first term, which in turn is 
not less than a m , since cos 6 n- " , £ m x = cos £ m ?r for n — m, and 
- h < U ^ §. Then 


Rm 
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and therefore 



Rm 



( ab ) m . 


We can so choose the positive odd integer b as to mak e 


Then 


and 


Then 

It follows that 

F(x + h) - Fix) 
h 


, 3t 

ab > 1 + cf ■ 


2 7 r 

3 ' > ab — 1 


iab) m > 


T(ab) m 

ab — 1 


Rm\ > j 5m I • 


ab 


\Rm \ - 


s m \ >7 s (aby 


37T 

T 


ab — 1 


As m increases without limit, h — ► 0, and the expression on 
the right of this inequality increases without limit. Then 
for any positive value of t there is an h less than « in abso- 
lute value for which 


Fix + h) - Fix) 
h 

exceeds any pre-assigned number. The function F(x) is 
then a continuous function without a derivative anywhere 

<^7T 

in case ab > 1 + . This example is due to Weierstrass. 

134. Quasi-uniform convergence. If the series £/„(x) 
converges in the interval (a, b) and if to any two positive 
numbers e and N there is associated a third number 
N' > N such that for every value of x in the interval there 
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is an integer n x between N and N' for which 

I #»,(*) I < « 

the series is said to converge quasi-uni formhj in the interval. 

In connection with quasi-uniform convergence we have 
the following theorem which definitely settles the question 
as to the continuity of the sum of a convergent series of 
continuous functions of x. 

Theobem 16. In order that the sum of a series of func- 
tions of x each continuous in the interval (a, b ) be itself a 
continuous function of x in this interval it is necessary and 
sufficient that the series converge quasi-uni f or rnly in the interval. 

We omit the proof. 1 

The series for which 


S n (x) = nxe nji 


is quasi-uniformly convergent in the interval (0, 1), while 
the series for which 


S„(x) 


x- 


(1 + r 2 )" 


is not quasi-uniformly convergent in this interval. The 
reader can convince himself of the truth of this by drawing 
the curves y = S n (x) and y — S(x) for each of the series. 

A series that is uniformly convergent in an interval is 
quasi-uniformly convergent there. The converse of this 
statement is however not true. 

135. Double series. The symbol 


flo, 0 + Co, 1 + ■ • • 4" Oo, n 4" • • ■ 

+ fll, 0 4" 0J, 1 4" ’ * - 4* Ol. n + 

+ 

+ 

4* a m , 0 4* flm, 1 4 ' • * + dm, n 4- ’ • • 

4- 

4- 

which is constructed from the doubly infinite sequence of 

1 See, for example, Borel, Lemons tur lea fonctuma de variable* r telle*, p. 42. 
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terms a m , „ (m = 0, 1, 2, • • • ; n = 0, 1, 2, • • • ) is called an 

m n 

infinite double series. The sums £ m , n = ]T £ are 

M = 0 0 

called the partial sums of the double series, which is also 

* 

represented by the symbol £ <z m , n . 

m, n = 0 

We say that the series £a m , „ converges to the limit S if 
there is associated to every positive number e a positive 
number N such that j*S' — S m , „ [ < t whenever m > N and 
n > N. Now 


Urn. n n n — 1 “f~ — 1, n — 1 1, n* 

If therefore the series converges, a m , „ < e for all suffi- 

ciently large values of m and n. This means that if the 
series converges, it is necessary that a m , „ — > 0 as m and n 
both tend to infinity. It does not mean that a m , n neces- 
sarily approaches zero if one of its subscripts increases 
indefinitely while the other one remains finite. Suppose, 
for example, that the series is such that 


Then 


Uo. 0 — 


Q _ (~ l) m4 V 1 , 1 \ ^ . 

' Sm - n ~ a + 1 \a m + a n )’ ° > L 


CL 1 


1 , 0 *Sm. 0 — 1, 0 


a+l \a" + ) a + 1 \a m ~ l ^ ) 

= ^ ~ 1 ) m (^m + a -f 1 )' 

In a similar way we find that 

a 0 ,» = (- 1 ) n (" _|_ i +^)» 

and, in general, a m , n = (- l) m+n + 
it follows that 

2 

lim leu. o! = lim |a 0 . „| = v ~ f 


From this 



242 


ADVANCED CALCULUS 


[§ 136 


and 

2 

lim|a m>n | = — , for a fixed n, 

2 

lim | a», n | = ~ , for a fixed m. 

»— ►« a 

On the other hand it is easy to sec that the series converges 
to zero. 

136. General condition for convergence. In order that 
the double series £a m . „ converge, it is necessary and sufficient 
that there be associated to every 'positive number e a positive 
number N such that |S m+p , n) . fl — S m , n j < e whenever 
m > N, n > N, p > 0, q > 0. 

The proof is similar to that of the analogous theorem for 
simple series. 

137. Double series whose terms are all positive or zero. 

We make the following observations in connection with 
double series, all of whose terms are zero or positive: 

(a) In testing for convergence it is sufficient to consider the 
sequence S m _ m . 

In order to show this we put S m , n = a m . Then, in the 
first place, a m — » S if S m , n — * S. Furthermore <r m+n S S„, n 
<r„, in case m > n, n > m- If now a m — ♦ S we can, for an 
arbitrarily chosen positive e, take n sufficiently great to 
bring about the inequalities 

S — € < cr„ 2 S, 

S € ■ 

m and n being both greater than n- If follows that 

or, in other words, that S m , „ also approaches S. 

(b) Consider the sequence of curves, C 0 , C i, • drawn 
as follows : 

(1) Any one of them forms a closed area with the two 
straight lines that bound the array ( a m , „) above and on the 
left, and entirely encloses the preceding area. 
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(2) The distance from the intersection of the two straight 
lines to any point of C n becomes infinite with n. 

We denote the sum of the elements inside the curve C» 
by S n . For all sufficiently great values of n, <r m s S n . 
Moreover for any n there is an m' > n such that S n ^ 
Hence if either <x m or S n approaches a limit, the other one 
approaches the same limit. It thus appears that the limit 
of S n , when it exists, is independent of the system of curves 
used, and any system of the kind described can replace the 
system of rectangles. 

138. Theorem 17. If a double series of positive or zero 
terms converges, the series formed from the elements of any 
row or any column converges, and the series formed from the 
sums of the respective rows or columns converges to the sum 
of the double series. 

If the double series converges to S, S m _ n sS for every 
m and n. Hence 

lim S m , n ( m fixed) 

n — ► oo 

and 

lim S n , n ( n fixed) 

m— -*-oo 

exist and do not exceed S. Now for any positive e there is 
an N such that for in > N, n > N, we have S m , „ > S — e. 
Hence 

lim [ lim S m , = S 

W* ■ * GO H 1 

and 

lim [ lim S m , „] = S. 

139. Test for convergence. If the terms of a double series 
are either zero or positii'e and are equal to, or less than, the 
corresponding terms of a convergent series, the series converges. 

The proof is similar to the proof of an analogous test 
concerning simple series whose terms are positive. 

140. Absolute convergence. We pass now to the con- 
sideration of series whose terms are not restricted as to sign. 

Definition. The double series £ a «. » is said to be 
absolutely convergent if the series £ |a m , „| is convergent. 
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Theorem 18. If a double series is absolutely convergent, 
it is convergent. 

In order to see this, form a new series by replacing each 
negative term of La m , „ by zero and retaining the positive 
and zero terms as they stand. Then form a second new 
series by replacing each positive term of £ a m , n by zero and 
changing the sign of each negative term, leaving the zero 
terms unchanged. These new series are convergent since 
the original series is absolutely convergent. Let their 
respective sums be S' and S". If we denote the sum of the 
terms in the first m rows and the first n columns of these 
new series by S' m , „ and S''„, „ respectively, we have 

e _ O' _ Q/r 

*-'to. w Lv m , n O m , n* 

Hence 

lim S m , „ = S' - S", 

m, n — ► ao 

and Y.o m . n converges. 

If a double series is absolutely convergent it can be shown 
as in the case of an absolutely convergent simple series 
(§ 121) that the terms can be re-grouped and re-arranged in 
any way without affecting the convergence or the sum of 
the series. Moreover the terms in any row or any column 
are the terms of an absolutely convergent series. Then 

n & m tmj 

n - 0 

where <r m is the sum of the positive terms of the m th row and 
t m is the sum of the absolute values of the negative terms. 
Moreover the series and are convergent since the 
sum of a convergent double series of positive or zero terms 
can be obtained by first adding the terms in the separate 
rows and then taking the sum of the series whose terms are 
these sums. It follows that the series 

LOm — t m ) 

converges. We have just seen that 

8 - S' - S", 
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where S' = 2> m and S" = Y.U. Hence EOm — t m ) = S. 
We would get the same result by first adding the elements in 
the separate columns and then taking the sum of the series 
formed by these sums. 

That the result just established for absolutely convergent 
double series does not hold for double series in general can 
be seen from the following series: 


1 + 1 + 1 + 1 + -- 
+ 1 - 1 - 1 - 1 + • • 
+ 1 - 1+0 + 0 +-- 
+ 1 - 1 + 0 + 0 + •• 


in which all the terms arc zero, except those in the first two 
rows and the first two columns. Now *S m , „ = 2 if m and n 
both exceed 1. Hence the series converges to 2. But the 
series formed by the terms in either of the first two rows or 
the first two columns does not converge. 

141. Multiplication of simple series. I>et £a n and 
be two absolutely convergent simple series with the sums 

ao 

S and S' respectively. Then the double series £ Qmbn 


is absolutely convergent, since £ Z 


\o M b r \ = £ 


n 

• £ | b r |. Hence the terms of can be arranged and 

v ™ 0 

grouped in any way 'without affecting the sum. In par- 
ticular, we can group the terms in the respective diagonals. 
This gives us 


flo&o + (ftobi + flifeo) "1“ (^0^2 + Oibi + a->bo) + - • • 

+ ( a 0 b n + ai6 n _i + — + a„_i&i + a n 6 0 ) + • • • 


and the sum of this series is SS' since S m S n ' - T m , where 
T„ , n is the sum of the terms in the first m + 1 rows and 
the first n + 1 columns of We have therefore the 

theorem: 
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Theorem 19. If the series S = Xa» and S' = X&« are 
absolutely convergent, the series X c «> where c„ = a„b 0 4 a n _j&i 
4- ■ • • + flo converges to SS'. 

The series X c « is called the Cauchy product of the series 
Lo» and E6„. 


MISCELLANEOUS EXERCISES 

1. Prove that if the sequence ( a „ ) is monotonic the sequence whose 


i . • tit 4 os 4 ' 

general term is 

n 


— is also monotonic. 


2. Prove that if a„ = — 7 — - H 4 

n+ 1 n 4 2 


d : — , where p is 

n 4 p 


any positive integer, the sequence (On) is convergent. 

3. Prove that na„— »0 if the series X®» converges and rt„_i > On > 0. 

n— ►OC 

* 1 

4 . Show that the series X w j n *~ x i conver g es uniformly in every 
interval. 

5. Show that Lambert’s series X l — converges if |r| <1. 

j 1 — r 

6. Show that X - ~ x — converges uniformly for x > 14 k, k > 0. 

7. Show that (a„) is a null sequence if a* = no”, where 0 < o < 1. 

8. Show that X ~ converges if X a "* does. Is the converse of 

this true? Illustrate your answer by an example. 

9. Show that the series X/n(*) converges absolutely and uniformly 
in the closed interval (0, a) in case f 0 {x) is continuous in this interval 


and f n (x) 




i(x)dx (n = 1, 2, •••). 


10 . Show that the series X — — — converges for every value of 0. 

n 

Make use of the fact that sin 6 4 sin 20 4 • • * 4 sin nd is bounded 
for all values of n and 0 (see §153), and apply Abel’s lemma. 

11. Show that the series X converges for all values of 0 

except 0 = 2kir. 
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< 00 

142. Definition. A series of the form X a n x n in which 

n = 0 

the coefficients are independent of x is called a power series 
in x. We shall assume that the coefficients are all real and 
that x takes on only real values. 

Every power series in x converges for x — 0. Some di- 
verge for every other value of x ; as, for example, the series 
!x". This is one extreme. At the other extreme are 
those series that converge for every finite value of x. The 

x n 

series X! is such a series. But in general a power series 

in x converges for some values of x different from zero and 
diverges for others; as, for example, the series Xx n > which 
converges for — 1 < x < I and diverges for all other 
values of x. 

143. Our first problem in connection with power series 
is to determine those values of x for which a given series 
converges and those values for which it diverges. To this 
end we now establish the following theorems: 

Theorem 1. If the terms of the power series Xa„x n are 
hounded for x — x 0 — that is. if the sequence (a„x 0 n ) is a 
bounded sequence — the series is absolutely convergent for 
every x that is less than x ( , in absolute value. 

By hypothesis there is a number M such that 


for every n. Now 


OnXl* 


a n Xo n j < M 


a„x 0 n | 


Xi 

x 0 


< M 


Xi 

x 0 


n 


For any Xi such that |xj] < |x 0 | the series X-^ 


247 


Xi 

X 0 
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converges since 


Xi 

x 0 


< 1, and therefore £a„x x n converges 


absolutely. 

The conditions of the theorem are satisfied if the series 
£a„x o B converges. We can therefore say that if £a„x n 
converges for x — Xo it converges absolutely for every x that is 
less than x 0 in absolute valve. 

Theorem 2. If £a„x n diverges for x — x 0 it diverges 
for every x that is greater than x 0 in absolute value. 

For if the series converged for x — Xi where |xij > |x 0 | 
we know from the preceding theorem that it would con- 
verge for x = x 0 . 

Theorem 3. If £a n x n converges for some values of x 
different from zero and diverges for others, there is a positive 
number R such that the series converges absolutely for every 
value of x less than R in absolute value, and diverges for every 
value of x greater than R in absolute value. 

We know from Theorem 2 that the set of values for 
which the series converges is bounded. Let R be the upper 
limit of this set (see Chapter 1, Theorem 5). Then R > 0 
and the series converges absolutely for every value of x less 
than R in absolute value, and diverges for every value of x 
greater than R in absolute value. This is equivalent to 
saying that the origin is at the center of the interval within 
which the series converges. 

In case the series converges only for x = 0 we shall say 
that R = 0; and in case the series converges for every finite 
value of x we shall say that R is infinite. In all cases we 
shall say that R is the radius of convergence of the series. 
Then when — R < x < R the series converges absolutely, 
and when x<— R or x > Rit diverges. It may converge 
or diverge when x = ± R. Consider, for example, the three 

series £ x n , , and Y • It is easy to verify that in 

each case R — 1. But the first one diverges for x = ± 1. 
The second one diverges for x = 1 and converges for 
x — — 1, while the third converges absolutely for x — =fc 1. 
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144. Connection between the coefficients and the radius 
of convergence. If x 4= 0 the two sequences 

0 - 1 , • • • , Van, • • • 

and 

! — » l — 

diX, \a 2 : r, • - *, \a n x, • • • 

are either both bounded or both unbounded. If they are 
both unbounded the general term of the series £a„x n does 
not approach zero as n increases indefinitely and the series 
diverges for every value of x except zero. That is, R = 0. 
If they are both bounded let a? be the greatest limit of the 
first one. Then wx is the greatest limit of the second one. 
and the series converges when wx < 1 and diverges when 

ux > 1. In other words, the series converges when x < - • 

0) 

and diverges when x > - . Hence R = - • 

01 0} 

145. Continuity of a power series. If R is the radius of 
convergence of the power series 

S(x) = 2>„x", 

let R' be any positive number less than R. The series 
converges absolutely for x = R'. Hence for any positive € 
there is an N such that when n > A 

A„R ' + * • ■ T ■d n -j. P /? r,+; ’ < €, 

where |a,j = .4, and p is any positive integer, or zero. If 
\x | — X g 1?', then 

i4 n A" + •••-+■ dn+ P A' n+p 
? + « * * + An+pR' < e - 

That is, the series is uniformly convergent in the interval 
(- R', R'), and S(x) is continuous in any interval that is 
contained within the interval (— R, R). 

00 

It follows that the power series S(x) = £a„x“ can be 

0 

integrated term by term between limits that lie within the 
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interval of convergence. That is, 

S(x)dx = I x n dx, 

0 %) a 

where — R < a < (3 < R. 

This discussion throws no light on the behavior of S(x) 
at the ends of the interval of convergence, unless the series 
converges absolutely when x = R. Then the series is uni- 
formly convergent, and S(x) is continuous, in the closed 
interval (— R, R), with the reservation that at x = — R 
only right-hand continuity is meant and only left-hand con- 
tinuity at x = R. We cannot, for example, speak of the 
limit oi S(— R — h) as h — > + 0, since S(x) is undefined for 
values of x < — R. If the series converges when x = R, 
but not absolutely, a further examination is necessary. In 
this case let 0 < x s R. We can write 

!>»*" = • 

The series n R n converges by hypothesis and the sequence 
x \ n 

^ J does not increase with n. By Abel’s Test therefore 

the series converges uniformly at least in the interval 
(— R' f R), where 0 ^ R ^ Rf Hence is continuous 
at x — R. The interval of uniform convergence may, or 
may not, include — R. That depends upon the conver- 
gence or non-convergence of the series when x — — R. 

14 6. The derivative of a power series. Wo consider the 
series £a n x n with a radius of convergence equal to R and 
form a new series each of whose terms is the derivative of 
the corresponding term of the given series. The important 
fact in this connection is that the radius of convergence of 
this new series XrwinZ" -1 is also R. We can see this as fol- 
lows: The two series £na„x" -1 and £na„x n have the same 
radius of convergence. The radius of the latter is the same 
as that of £a„x n if the greatest limit of the sequence ( voj 
is the same as that of ( Vna*). It will be clear that these 
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two greatest limits are the same if —* 1 as » -> », for 
in this case the limit of any infinite partial sequence of 
either sequence is a limit of an infinite partial sequence of 
the other one. 

To complete the proof we have to establish the limit of 
a/u as n becomes infinite. Let 


Vn *= 1 + y. 


Then y > 0 if n > 1. Now 

and 


n = (1 + y) n = 1 -f ny + ^ y 2 + 


or 


_ „ , n(n - 1) , 
n > 1 H 5 y, 


12 

y < \'n 


Hence y — * 0 as n — » « , and \n — ► 1. 

Although the two series £a„:r n and Y. na * J "~ l have the 
same radius of convergence Ii, they do not necessarily 
have the same convergence property at x — ± R. For 

7* n . X n ~^ 

example, Y. ~~s converges at x = dt R = ± 1 while Y 

diverges at x = 1 and converges at x = — 1. 

Since the two series 'E,a n x n and have the same 

interval of convergence and since a power series converges 
uniformly in any interval that is within its interval of con- 
vergence, it follows that 

S'(x) = Y™n*”~ l (- R < x < R). 


EXERCISES 

Find the interval of convergence of each of the following power 
series, and determine whether or not this interval is closed: 


I. 2. L(nx)'>. 3. L(- 1) B 


(2n) 1 ' 


4. L 


(2n)! 


S Y(- n» - e, Y(- 1)" 7. £n!i". 

o- Z-t l) (2n + 1)1' ^ * 2/1 + 1 


■2*+l 
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8 y — 


r [(w - piyx • 
(2n+2)! 


10 . Find the interv r al of convergence of the hypergeometric series 


1 + «(« + 1) -••(« + n - WO* + 1) • • • (g + n - 1) B 

n'.y(y + 1 ) • • • (y + n - 1 ) 

11. What function does the hypergeometric series represent if 
a = — m, 1 3 = y, x = — y? 

12 . Show that xF(l, 1, 2; — x) = log (1 -f x) if F(a, fi, y; x) repre- 
sents the hypergeometric series given in Exercise 10. 

13 . Show that F 1 ,|; x 2 ^ = 


147. Dominant functions. The function <p(x ) = £b„x n 
is said to dominate the function f(x) — £a n z n in the interval 
(— a, a) if it converges in this interval and if b n S |a„ | for 
all values of n. The interval of convergence of the second 
series includes the interval (— a, a). The utility of dom- 
inant functions rests on the fact that if P(a 0 , a u • • •, a n ) 
is a polynomial in a 0 , a u ■••,<!„ with positive coefficients, 
then 

[ P(a 0 , a u • • • , a„) | g P(b 0 , b l} • • • , b n ). 


A given power series with a radius of convergence greater 
than zero has many dominant functions. A simple one can 
be obtained as follows : 

Let r be a positive number less than R, the radius of 
convergence of the series £a n :r n . Since this series converges 
for x — r, there is a number M such that la„r n | < M, or 
M 

| a„ | < — , for all values of n. Hence the series 


Mx 

M +-— + 

T 


Mx n 

+ + 


which converges when |x| < r, dominates the given series 
within the interval (— r, r). Now r is any positive number 
less than R, and if we decrease r we can take a smaller value 
for M. But M cannot be less than j a 0 1 , although it can be 
equal to this value if the latter is different from zero. To 
see that we can take M = | o 0 J >0 consider the dominant 
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function given above, and select p subject to the condition 
0 < p < r • For n s 1 


|a B p"| = |a n r"j(^) <M^) < | a 0 j , 

or 


Hence 


x = ia ° ! + ' ao ^ + ••• + ' n °'\~p) + “• 
p 


dominates f(x) within the interval ( — p, p ). Obviously 
any number greater than a () ; can be taken in place of M to 
form a dominant function. If a n (n > 0) is the first coeffi- 
cient different from zero and M x is any positive number we 

can select k(> 1) such that y- < M : . Then janlrj" < ^ 


< A/i, where 


r 

k' 


For any m > n we have \a m \r\ m 


< 


M 

k m 


M „ 
< p < M, 


Hence when o 0 = 0 we can take for M 


any positive number. 

148. Substitution of one series in another. We have now 
to consider the problem: Having given z as a power series in 
y, and y as a power series in x, to express z as a power series 
in x and to determine a lower limit for the radius of con- 
vergence of this last series. 

Suppose that the t wo series 


z = f(y) = a<> + <hy + • • • -f a n y n + • • * (1) 

and 

y = <p(x) — bo -f biX +•••-)- b„x n + • • • (2) 

have R and r for their respective radii of convergence. If 
in (1) we substitute for y and its powers the series for y 
in terms of x and its respective powers, we obtain the double 
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series 

a 0 4* fli&o 4" Os^o 2 4- • • • 4- Qn&o" 4- • • • 

4- aibix 4- 2aib(f>iX 4- * * • 4- na n b 0 n ~'bix 4- • • • 
4- ai&tr* 4- a 2 (bi 2 4- 2b 0 b 2 )x 2 4- • • • 


(A) 


The term in the (m 4- l)th row and the (n 4- l)th column 
of the double series ( A ) is the product of a n by the sum of 
the terms in the expansion of y n that involve x m . Hence if 
we add this series by columns we get the value of z, pro- 
vided that x is taken sufficiently near to zero. But if the 
series is absolutely convergent we get the same sum if we 
add by rows (§ 140), and this sum will express z as a power 
series in x. This is what we want. Our problem then is to 
determine a positive number such that the double series ( A ) 
converges absolutely when x is less than this number in 
absolute value. 

For the absolute convergence of the double series it is 
necessary that the simple series in the first row converge 
absolutely. This condition may be satisfied when |6 0 j — R. 
It is certainly satisfied when \b 0 \ < R. We shall assume 
that the inequality holds since it turns out that this is 
sufficient to insure the absolute convergence of the double 
series for certain values of x different from zero. To see 
this we consider that the series (2) is dominated by the 

Tfl 

function , where m is anv positive number greater than 

1 -- 
9 

[6 0 | and p is a suitably chosen positive number less than 
r. We can select m and p in this way and at the same time 
satisfy the condition m < R. Let R' be a positive number 
between m and R. Then (1) is dominated by the function 

+ +*(£)’+-, 

1 R' 

if M is a suitably chosen positive number. 
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If in the right member of this equation we replace y by 


the series 


£ m("Y 

n-0 \Pj 


we get the double series 


M+M^+ ••• 

i %g m X _L 


4- M 
• • • -f- wAf 


/ wi \" 

U'J 


+ 


Z' m\ n x 

Uv p + " 


+ 


(5) 


Now each coefficient in the double series (A) is a polynomial 
with positive coefficients in the coefficients of series (1) and 
(2) ; and the coefficients in the double series ( B ) are the same 
polynomials in the coefficients of series that dominate (1) and 
(2). Hence (A) converges absolutely if ( B ) does. But in 
order that ( B ) converge absolutely the terms in any column 
must form an absolutely convergent series. Looking at the 
second column we see that then we must have |x| < p, and 
when this condition is satisfied the sum of the absolute values 
of the terms in the (n + 1 )th column is 



In order that ( B ) converge absolutely it is necessary that 
the series 



converge, and for this it is necessary and sufficient that 

or 

|x| <f >( 1 -]p)- (O 

When this condition is satisfied the former one, jx| < p, 
is also satisfied. 
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Now (C) is not only necessary for the absolute conver- 
gence of (B). It is also sufficient. For when it is satisfied 
the sum of the absolute values of the terms in the (n + l)th 
column converges to, say, C n . Moreover converges 
to a limit, say, L. Then for an arbitrary positive < there 
is an N such that when n > N we have 

\Co + Cr+ ■■■ +C n -L\<^- 


For a fixed n > A T we can take l sufficiently great, say, 
l > N i to validate the inequalities 


|Cj, i Ci\ < 2 ^ n _j_ d ~ 1» 2, • • •, a), 


where Ci, i is the sum of the absolute values of the first 
l + 1 terms in the (i + 1 )th column. For these values of 
l and n the sum of the absolute values of the terms in the 
first l -f 1 rows and the first n -f 1 columns differs from L 
by an amount less than e in absolute value. Hence (C) 
is a sufficient condition for the absolute convergence of (A). 

For values of x satisfying this condition the series (2) is 
convergent and 


I <p{x) I < 


m 


1 - 


x 


Moreover 


L51 ^ i _ — 
p < 1 R r 


Hence j <p(x ) J < R'. 

Since R' can be taken as near to R as we wish, condition 
(C) is equivalent to 


x < p 


(•-*) 


(CO 


In this formula it is not sufficient to take p < r and |b 0 | 
< in < R. For example, if 


z = log (1 + y) = y — ^ + • ■ • 4- ( - l)" -1 ~ 4- • • • 
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y = 


2 + sin x 


2+ x + 


+ (~ l) n 


r 2n+ 1 


(2 n + 1)! 


+ 


we have R = 1 and 6 0 = Suppose then that we take 
m = Since r is infinite, p = 8 < r. The inequality 
(C') becomes 

!*! < 8(1 - l) = 2 . 


Now ^ < 2 and y = - when x 


But the series for 2 is 


divergent for this value of y. This seeming contradiction 
is due to the fact that the values used for m and p are not 
related in the way required by § 147. They must satisfy the 
condition |6„p n j < m for all values of n in addition to the 


1 8" 3 

other conditions. Here !&„ j — and - , > - for some val- 
ues of n. It follows however from the article referred to 
3 

that for m = ^it is possible to select a p that wall satisfy 


both of the required conditions. 

149. Division by a power series. We conclude from the 
preceding article that the function 


•^ r) 1 + a x x + • • • + On-r" + • ■ • ' 

can be expressed as a power series in x whose radius of 
convergence is greater than zero, provided that the radius 
of convergence of the denominator is greater than zero. 
For if we put 

y - ajx -f • • • + a»x n + • • • , 

we have 


/(*) = \ \- y “i-y + y* + ••• + (“ *) V +••• 

= 1 - diX + (oi* - o*)x* + • • •. 
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This last series converges when 

I® I < p(l - ™), 

where 0 < m < 1 and p is a suitably chosen positive 
number. 

We can make use of this result to show that the quotient 
of two power series whose radii of convergence are greater 
than zero can be expressed as a power series whose radius of 
convergence is greater than zero, provided that the constant 
term of the denominator is not zero. For if 

f(x) _ a 0 4- air 4- • • • -f a„x n 4- • • • 
g(x) b 0 + b x x -(-••• 4- b n x n 4- • • • ’ 

b 0 + 0, we can write 

= (uo + diX 4- • • • 4- a n x n 4* • • • ) 

1 

b 0 + bix +••••+ b n x n -)-••• 

= (a 0 + flii + + o„ar n 4- • • • ) 

• (c 0 + Cix -F • • • -f c„x n + • • • ) 

— do + diX 4- ■ • • + d n x n 4- • • • ; 
or 

a 0 4- a x x 4- • • * 4- a n x n 4- • • • 

— (bo 4~ bix 4- • • -)(do 4- diX 4- • • •)• 

The values of the coefficients d, can easily be computed from 
this relation in terms of the a’s and b’ s. 

If 6 0 = 0, let g(x ) = x k gi(x), where ffi(0) # 0. Then 

fix) 

~ do 4- diX 4- ■ • • 4" d n x n 4- • • • 

and 


f(x) _ dp d, | , dfc-i 

g(x) "s*" 1 "**" 1 ' 1 ' ’ * ' + x 


4- dk 4- dk+iX 


4- dju-jx* + * • * . 
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The right member of this equation is not a power series 
in x. 

EXERCISES 

Evaluate the following integrals approximately by first expanding 
the integrands in power series in x to three terms and then integrating 
term by term: 


1. | c^**dx, 2. C sin x z dx . 

3. I V(1 — x 2 )(i — 

J o Jo 

Jo 

. f 

f* -J] 4 . x*dx 6 C 

Jo \(1 - x J )(l - \x-) 

h Jo x 1 — -J- sin J x 


7. Get the expansion of sec x from the expansion of cos x in powers 
of x. 

8 . From the expansions of sin x and cos x in powers of x get the 
expansion of tan x. 

9. Expand e* sin x in powers of x directly. Then expand the 
factors separately and multiply the resulting series. Compare the 
two results. 

10. In the expansion of c' in powers of ( substitute for t the expan- 
sion of sin x in powers of x, and arrange the result in powers of x. 

11 . Substitute for t in Exercise 10 the expansion in powers of x of 
tan x. 

12. Expand the integrand of 

tegrate the resulting series term by term and compare the result with 
the expansion of arc sin x. 

13. Do the same for | t-~— - and arc tan x. 

Jo 1+1 

150. Double power series. A series of the form 

t t o m , 

m»0 n — 0 

where the a m , „ are independent of x and y, is called a double 
power series in x and y. It is sometimes written in the form 
I>m. nX m y n . 

m. n 

Theorem 4. If the terms of the series Xa m , n x 0 n yo’ 1 are 
bounded, the series converges absolutely for any x and y s-uch 
that |x| < jxol and |y| < jy 0 |. The convergence is uni- 
form throughout the region |x) s X < |xo|, !y| = Y < |yo|* 


f 


dx 


\ 1 


x- 


in powers of x. Then in- 
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By hypothesis there is an M such that | a m , n Xo m Vo n ! < M 
for all positive integral and zero values of m and n. Then 


E|«m. nX”y n \ = 72\am,nX 0 m yo n 


X 

m 

y_ 

Xo 


Vo 


< AfL 


X 

m 

y_ 

Xo 


yo 


If |x| < |a:o| and \y\ < [ 2 / 0 j , the two series £ 



and 


E 


y. 

Vo 


converge, and therefore the series 


E 


i 

X 

m 

y_ 

Xo 


yo 


also converges (§ 141). Hence for these values of x and y 
the given series converges absolutely. Moreover if J x | si 

< |x 0 | and | y\ s Y < | y 0 \ there is for an arbitrary positive 

< a number N such that when m > K and n > N we have, 


A + p N + p 

E E !«». « ! X m Y n < e 

m A' + 1 n"A'+l 

for any positive integral value of p. But 


N + p 


E 

m AT-f I 




E a m , n x n y n 

n-N + 1 


E E i n * X 


, 2/1 


s EEia m . n |x-y- < «. 


Since this inequality holds for every x and y subject to the 
given conditions, the series converges uniformly in the 
closed rectangle bounded by the lines x = db X, y — =b Y. 
This completes the proof of the theorem. 

Theorem 5. If the terms of the series £a m . n Xo m Vo n are 
hounded, the series £a m , n x m y” can be integrated term by term 
over any region contained within the rectangle bounded by 
the lines x — =fc X, y — ± Y, where 0 < X < |x 0 |, and 
0 < Y < |y„|. 

We leave the proof of this theorem to the reader. 

Theorem 6. If the terms of the series £a m , „x 0 m yo n are 
bounded, the series So*,. n x m y n can be differentiated partially 
term by term with respect to either x or y within the rectangle 
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bounded by the lines x=±X,y= + Y, where X < |z 0 | 
and Y < | y 0 1 . 

At a point within the rectangle the series T,n m , n x m y n 
converges absolutely. Hence 

/(*, V) = X>». n x m y n = T.(L« m .ny n )x”, 

w, n m n 

and 

n y n )mx”‘~ l (§ 146). 

m a 


We are here looking upon this expression for 


df(x, y) 
dx 


as a 


simple power series in x, the coefficient of x m ~ l being 
X>m. n y n • m. But this simple power series is equal to the 


double power series n x m ~ l y n provided the latter con- 

verges absolutely. It i> easy to see that this condition is 
satisfied. For this purpose it is only necessary to convince 
ourselves that the terms of the series „A” m ~ 1 F n are 

bounded ( A m , „ = \a m , „ ). We know that 


V(-r) = r'Z-lm.nF-k' 

m n 


is a power series in j whose radius of convergence is greater 
than A r . Hence 

DI-1 m , n Y'')mX—' 

n 

converges (§ 146), and its terms are therefore bounded. But 
X.A m . n Y n mX m ~ l g j mo m , n X — i y» j 

n 

for every value of m and n, and these latter terms are 
therefore bounded. Hence the series 


Ema m , n x m l y n 

converges absolutely for every set of values of x and y for 
which | a; | < X and |i/| < Y, and we have 


df(x, y ) 


dx 


D „ x m ~ l y* 

n, n 
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at every point inside the rectangle bounded by the lines 
x — =fc Jx 0 |, y = ± 1 2 / 0 1 . For any such set of values of 
x and y there is an X and a Y such that |x| < X < |x 0 | 
and | y | < Y < |y 0 |* There is a similar formula for 

- f&y) . xmder the same conditions. 
dy 

It would be natural to conclude as in § 143 that if 
H a m, n x m y n converges for x = x 0 , y = y 0 , it converges ab- 

«n,M 

solutelywhen |xj < |x 0 | and \y\ < |y 0 |. But this is not the 
case, as we shall show. In the article referred to the argu- 
ment was based on the fact that if the series £a„x n converges 

n 

for x *= x 0 the terms a n x 0 n are bounded. The double series 
52a**. * xm V n however may converge for x = x 0 and y = y 0 
and the terms a m . «x 0 "*yo n form an unbounded set. For ex- 
ample, the series in which a m . 0 = 2", a m . i = — 2 m , 
<io, n = 2", a lt „ - — 2”, cu.n = 0 when n > 1, m > 1, and 
a m . „ is arbitrary when neither rn nor n exceeds 1 converges 
for x = 1 and y — 1. But for these values of the variables 
the terms of the series form an unbounded set. Moreover 
the series diverges when x — § = y. Since however the 
terms are bounded for these values of the variables, the 
series converges absolutely when jxj < \ and \y\ < $. 


MISCELLANEOUS EXERCISES 


1. Expand 


«* — e~ 


and 




in powers of x and determine the 


intervals of convergence. The functions are known as the hyperbolic 
tine and hyperbolic cosine of x respectively and are represented by the 
respective symbols sinh a; and cosh x. 

sinh x 

2. By definition tanh x = p oa ^ ~ j = ^ ip e ~ z • Expand this in powers 


of z. 


Establish the following relations by expanding into power series 
where necessary and forming the Cauchy product: 

3. e*-e v ■* e*+*. 4 . 2 cos’ z ■■ 1 + cos 2z. 5. sin* x + cos* z ■* 1. 

6. Show that only odd powers of x appear in the expansion of an 
odd function in powers of z; and only even powers in the expansion of 
an even function. 
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7. Find the interval of convergence of the series 


J "(** 1)n 2 m+1 ”(n! / i[(w + n)!] 


and show that 


/-+,(x) - ~JM) - 1(*). 


8. Show that F(a, /8, y; x) satisfies the differential equation 
*(* - 1) + [(a + (3 + l)x - 7 ] ^ + <*Py = 0. 


For the definition of F(a, 0, 7; 2) see Exercise 10, § 146. 



CHAPTER XI 


TRIGONOMETRIC SERIES AND SERIES OF 
ORTHOGONAL FUNCTIONS 

151. Schwarz’s inequality. Let x if x 2 , •••, x„ and y u 
Vz, • • •, y n he two sets of n real numbers each. From the 
fact that the quadratic form 

X (Xjt. + nl/i ) 2 

1 - 1 

is greater than, or equal to, zero for all real values of X and 
fi, we have immediately 

( £ *.».)' £ Ei.’E#,’. (i) 

This important formula is known as Rchu-arz's inequality. 

In the same order of ideas the inequality 

f a 0/00 + gfli(ar)]*dx £ 0, 

or 

X 2 f f{x)dx + 2\fi f f(x)-g(x)dx + m 2 f g(xfdx £ 0, 

a a %) a 

where /(x) and g(x) are integrable functions and X and u 
are independent of x, leads to the formula 

r c b l 2 c b 2 c’’ •> 

L Ja ^ '°^ dX J = J a dX J a ^00 dX ■ ' W 

152. Definition. A series of the form 

m 

S m (x ) = \a 0 + X ( a n cos nx + b n sin nx ), 

A— 1 

where a „ and b n are real constants, is called a trigonometric 
series. If m is finite the series is said to have m + 1 terms. 

Every such series is a continuous function of x with the 
period 2ir. But not every such function of x can be repre- 

264 
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sented as a finite trigonometric series. Such a representa- 
tion can in general be only approximate. In deciding which 
of all such representations with a given number of terms we 
shall consider the best one, we have to give effect to the 
difference f(x) — S m (x) for every value of x in an interval of 
length 2ir, say the interval (0, 2 tt). This consideration sug- 
gests that we take the integral I [/(r) - S n {x)~\dx as a 

measure of this approximation. But this integral might be 
small in absolute value, or even zero, in cases where the 
difference /Or) — S m (x) is fairly large throughout a part of 
the interval ( if it is nearly as large in absolute value and of 
opposite sign in other parts of the interval. In order to 
avoid this difficulty we agree to say that that trigonometric 
series S m (xj gives the best possible approximate representa- 
tion of f(x) in the interval (0, 2ir) of all trigonometric series 
with the same number of terms if it makes the integral 

I n = P '[/!» - S m (x)Jdx (3) 

•'o 

a minimum. 

We have first to consider whether such a best approximate 
representation exists, ('an the coefficients a„ and b„ be 
so determined as to make I m a minimum? A necessary 
condition for this is that all the first partial derivatives 

and --p- (» = 0, 1, 2, •••,/«) shall equal zero. Now r 

OGfjj do n 

— — 2 f f(x) - cos nxdx + 2 f S m (x) ■ cos nxdx 
do n J 0 Jo 

and 

-7,- = — 2 I f(x) sin nxdx -f 2 I S m {x ) sin nxdx 
VVn J 0 Jo 

for n 4= 0, and 

!a<> = + X Sm ^ dx ' 



266 


ADVANCED CALCULUS 


[$ 162 


Moreover 


r 


cos nxdx — 


0 (» + 0 ) 


J ^2r 

si 

o 


sin nxdx — 0 


2 7r (n = 0) ' 

/»2x 

I cos 2 nxdx = I sin 2 nxdx = t (n, 4= 0) 
Jo Jo 

r r 

sin mx cos nxdx = 0 
J ** sin mx sin nxdx = 0 (m 4= n) 
cos mx cos nxdx = 0 (m 4= n) 


r 


(4) 


Hence 


at r 2r 

- = — I /(x)dx + TTOo 
0 Jo 

— 21 /(x) cos nxdx + 2ira„ (n 4= 0) 

Jo 


<?a, 
dl m 
da* 
dl m 
1 <J&» 


- — 2 /(x) sin nxdx + 27r6 n 


(5) 


In order that these partial derivatives shall equal zero we 
must V&ve 


i r 2x 

^ a» = — I /(x) cos nxdx, 
v Jo 

— > 1 /T!r 

b n — - f /(x) sin nxdx. 
TT Jo 


( 6 ) 


It is clear from formulae (5) that the second partial deriva- 
tive of I m with respect to a 0 is t, and with respect to any 
one of the other coefficients is 2ir, while all the mixed second 
partial derivatives are zero. Hence if we denote by a 0 , a„, 
b n the values of the coefficients given by (6) and by d 0 , b n 
any other values, we have 

Im(d , b) = I m (a, b ) 

+ r[ (a * g^’ +iKa. - O.)’ + ( b . - M’l] ■ 
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It follows that I m (a, b ) is the minimum value of I m the 
existence of which has been in question. 

The coefficients given by (6) are called the Fourier 
constants of the function. If we substitute them in S m (x ) 
we obtain the formula 

£ r /(x)S m (x)dx - * + £ (a, 2 + 5„ 2 )J 

= f [ S m {x)ydx . 
o 0 

From this it follows that 

/-(a, 5) = /(*)*<** “ 7T £ y + £ (a„ 2 + b n ') J • (7) 

Co 2 * 

It is clear from (7) that the series — + E (n n 2 + b„ 2 ) con- 

" n = l 

verges since /^fa, b ) I; 0, and that therefore the series £a„ 2 
and E&n 2 converge. 

Since the integral in the right member of (7) is independ- 
ent of m, and since the series in this right member has no 
negative terms, we have 


■* m * l ■* m ‘ 

That is, we get better and better approximations by increas- 
ing the value of m, unless all the coefficients from a certain 
point on are zero, in which case f m-t- 1 I m . This raises the 
question as to whether the infinite series 

/i A <r 

+ E («n cos nx + b n sin nx) 

- n. 1 

converges to f(x). Whatever the answer to this question 
may be, the series is called the Fourier series of the func- 
tion /(x). 

We have been assuming that the function /(x) is con- 
tinuous in the interval (0, 2ir), and of period 2ir. But only 
the values of the function in this interval have been con- 
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sidered. The restriction that /(x) be periodic has therefore 
been unnecessary up to this point. We shall use it however 
in § 153. And we did not need to assume continuity — it 
was only necessary to assume that /(x) is integrable in the 
interval (0, 2r), inasmuch as the integrability of /(x)\ 
f(x) cos nx, and /(x) sin nx follows from this assumption. 
It is no limitation to confine our attention to an interval of 
length 2**. For if the interval is (a, 6) the substitution 

x' — ^ ir ^ X _r a <1 ~ replaces it by the interval (0, 2 jt). 

153. If in formulae (6) we replace the variable of integra- 
tion by a and then substitute the values of these constants 
in the expression for S„(x), we get 

S m (x) = /(«) [j + cos (a - x ) 

+ • • • + cos m{a — x) J 


da. 


But 


sin^^ -f cos 6 + • • • + cos md^ 

1 . 6 , " 1 r • / 1\ ./ 

= 2 sln 2 + S 2 I sm l' n + 2 ) 0 ““ sin l n 

sin [m + ^ 0 


-l>] 


and therefore 


2 + cos 6 + • ■ • + cos md = 


sin (jn +)^j i 


Q 

2 sin g 


SJx) = i J r ’/(«) 


sin \ m + lj \ (a — x) 
2 sin ^ (a — x) 


da. 


Then 
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If we put a — x + t, 


S m (x) = IJ* 2 f(z + t) 


?in (m + 


2 sin 2 1 


1 r .r sin (m +l)t 

-»X f(x + t) - z : r *• 

2 sin 7 t 

since the integrand Is of period 2t. Now 
sin ^ m + \ ^ f sin sin ^ m + * ^ £ 


2 sin ^ t 


2 sin- 2 1 


Hence 


S n (x) = ~ f 7(x + t) 

*-ir J 0 


cos mt — cos (m 4- 1)1 
4 sin 2 ^ / 


cos mt — cos (tw + l)t 
- - < 

2 sin 2 0 1 


If we put £„(x) = we have 

v / V _ 1 f 5 ',, , , 1 - COS (m + 1)< 

S " (l) 2ir(m + l)J„ • f( - c + ‘ ) .1 * 


2tt(to 


r+T) jT /(I + () 


2 sin 2 ^ t 

. w + 1/ 
sin — ^ — i 

sin ^ i 


df. (8) 


Our first problem now is to determine the behavior of 
£m(x) as m increases without limit. If in formula (8) 
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we take fix) = 1, we get 

1= i r 

2 ir(m + 1) J 0 


. m + 1, 

sin — 2 — i 

sin^f 


a 



( 9 ) 


since in this case a 0 — 2 and a n = b n = 0 when n > 0; 
and therefore S m (x ) = ^„(i) = 1 for all values of m. 
Hence, for the fit ) of formula (8), 


£ m (x) - fix ) 


. m+1, 

sin — 2 — ^ 

n 

sin s' ^ 


(10) 


We shall for the present assume that fix ) is continuous in 
the closed interval (0, 2tr) and therefore uniformly continu- 
ous. There is then a positive 5 associated with every posi- 
tive e such that for every x in the interval and every t that is 
less than 5 in absolute value we have 


!/(x + 0 - fix) i < «. 


For x > 0, x + ( becomes greater than 2 ir as t varies from 
0 to 2 x. It is necessary therefore that fix) be defined for 
values of x outside of the interval (0, 27r). This is provided 
for by the assumption that fix) has the period 2t, or that 
fix + 2t) = fix). In order that it be continuous it is 
necessary that it satisfy the condition /(0) = /(2ir). Now 


f C/(* + 0 - /(*)] 

«/o 


- m + 1 , 

sin — — l 


. 1 . 

sin 2 ^ 


dt 


J CI /»2r-a r 2r 

+ I + (ID 

0 v2w~t 


If we denote the common integrand in (11) by y?(f), and if 
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i n 

TT)J 0 


2ir(w + 1) 


27r(m + 1) , 


2?r(m + 1) X 


. m + 1 / 
sin — 2 — ^ 

sin 

. m + 1/ 

sin — ^ ^ 

sin ^ £ 


by (9). Similarly we get 
1 f~ r 

o“7 _T TT I *(0* 

2ir(m + 1) J 2 r- 4 


2x(m + 1), 


« r 2r 

2ir(w 4- 1)J 0 


. m 4- 1 ,1 2 

sm — 2 — * 


L sin 2* 

. w 4 1/ 

sm — 2 — 1 
sin ^£ 


d£ = c. 


1 r 2r-4 

r+iyj, v{t)il 


2ir{m 4-1) 


x(w 4- 1) , 


. m+1, 
sin — ^ — t 

sin * t 


m r- 
< r I 

v(m + 1) sin 2 , ,6 { 

In other words, 


(m + 1 ) sin* 2 4 


£.(*) - /(*) I < 2e + r ’ 

(m 4- 1) sin* 2 * 
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But for all sufficiently large values of m we shall have 

2M 

1 < «> 

( m + 1 ) sin 2 ^ 5 

and therefore 

| X m (x) - f(x) | < 3e 

for every x in (0, 2 tt). 

We have now proved that if f(x) is continuous in the 
closed interval (0, 2ir) with f(x) = f(x + 2tt) then £ m (x) 
— * f(x) as m — > oo. Moreover this approach is uniform in 
this interval. It follows that 


f [/(*) - Y.m(x)Jdx 0 
•A) 

as m — » oo. But we have seen (§ 152) that for a given m 

for*) - s„(x)7-dx e rc/(x) - r-wj*, 

since I*(r) is a trigonometric series with m + 1 terms. 
Hence by virtue of (7) 

+ £ (a„ ! + 6.') = ' f'm’dz. (12) 

& »-l 7T J 0 


154. Equation (12) has been established on the assump- 
tion that f(x) is continuous for 0 5 i £ 2r, with /(r) 
= /(x + 27r). Suppose now that we have a function fKx) 
which has at most a finite number of discontinuities a u 
« 2 , •••,«* in this interval and is of period 2*. These dis- 
continuities are to be such that the limits g(a t — 0) and 
g(on + 0) exist for i — 1, 2, • • •, k ; that is, they are to be 

of the first kind . We shall take ^ — as 


the value of the function at a,; and 


0(+ 0) -f q(2tt - 0) 


the value of g(0) and of g(2w), if such discontinuities occur 
at the ends of the interval. If we connect the points on 
the curve y = g(x) whose abscissae are a,- — & and a, + S, 
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where S > 0, by a straight line and replace the curve in each 
interval by the corresponding line, we obtain the graph of a 
continuous function f(x) with period 2t, it being under- 
stood that if such discontinuities occur at the ends of the 
interval we draw straight lines from [0, </(0)] to [6, gr(5)] 
and from [27r — 5, g( 2 tt — 5)] to [2tt, g( 2tt) 1. If a n and 
b n are the Fourier constants of /(x) we know from § 153 that 

J ' [/(x) — vj? — Y («» cos vx + b, sin vx) J dx 

can be made as small as we please by a suitable choice of n. 
Now 


"'-rt 


(l 0 


■I 


g(x) — \j — Y. (.<>’ cos px + b, sin px) dx 

= X ~ /(*) + ~ °s 

ft 

— Y (a, cos px -f b, sin px) | dx 
*-= 1 

- f'CsM - 

J 0 


■J 


dx 


+ J |^/(x) — v — L (o» cos vx + 6, sin vx) J 

+ 2 \g(x) - /(x)] 

‘-'o 

■ [ ~/u) - ?,° - L (a, cos VX + 5, sin vx) J dx. 

By virtue of (151) the absolute value of the last integral in the 
right member of this equation does not exceed the square 
root of the product of the other two integrals. By taking 5 

sufficiently near to zero we can make | [<7(x) — /(x)] 2 dx 

less than any p re-assigned positive number, and we have 
just seen that 

£' [,(*) _ ?? - £ (a, cos vx + b v sin vx) J dx 
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can be made arbitrarily near to zero by taking n sufficiently 
large. Hence we can make M' as near to zero as we wish. 
But if c, and d, are the Fourier constants of g{x) we know 
from § 152 that 



(c, cos vx -f- d, sin 



We conclude from this that 


%■+ E (<v* + d 2 ) f g(x) 2 dx as n -► ». 

155. We are now in a position to prove that if f(x) is 
continuous in (0, 2ir) with f(x) = /(x + 2x), and if it has a 
derivative which is continuous except for a finite number of 
discontinuities of the first kind, it is the sum of its Fourier 
series. 

We denote the Fourier constants of /(x) by a„ and b n , 
and those of /'(x) by a n ' and !>»'. Integration by parts 
gives us for n > 0 


a» = - f f(x) cos nxdx 
f Jo 



sin nxdx — 


n 


> 


K 


If 1 * 1 r u a„' 

- | fix) sin nxdx = — I fix) cos nxdx = — • 
rJo W’rJo n 


Now the series La,' 1 and converge (§ 152), and more- 
over, by Schwarz’s inequality, 





1 

V 2 * 



Since 51 ^ converges it follows that the series 

c 08 vx + b, sin vx) 
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converges absolutely and uniformly in the interval (0, 2ir). 
But we do not know to what it converges. If we call the 
sum <p(x ) the two functions fix) and v(x) have the same 
Fourier constants. (Why?) Moreover the series 

£ 7 ^ + Y. cos vx + by sin vx) J f(z) 

also converges uniformly in this interval. Hence 

f(x)<p(x)dx = T + T. (a? + b, 2 ) J ■ 

Now f(x) and <p{x) are both continuous and therefore 
by § 153 

~f(x)'dx = j £ vixfdx = 7T + £ (a, 2 + b 2 ) J • 

From this it follows that 

I lf(*) ~ <p{x)Jdx = 0. 

Jo 

Since this integrand is continuous, we conclude that 

fix) = <f(x) 

throughout the interval. This completes the proof of the 
theorem: 

Theorem 1. The function fix) is the sum of its Fourier 
series, and the convergence is absolute and uniform in the 
interval (0, 2ir) if it is continuous in this interval, with fix) = 
fix 4- 2ir), and has a derivative which is continuous except for 
a finite number of discontin uitics of the first kind. 

We have formulated this theorem with a view to its use 
in the proof of the next theorem. Otherwise we need not 
have restricted fix) as much as we have. 

Where have we made use of the condition fix) 
= fix + 2ir)? 

Where have we made use of the condition that fix) be 
continuous? How do we know that <pix) is continuous? 
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156 . The restriction that f(x) be continuous can be re- 
moved in the following way: We assume merely that it is 
continuous except for a finite number of discontinuities of 
the first kind, and has a derivative with the same property; 
and we consider first the special function h(x) defined as 
follows : 

h(x ) = ~ ~ 2 ~ for 0 < x < 2i r, 

h( 0) = 0, 

h(x ) = h(x + 2t). 

The Fourier series for h{x) is 

* sin vx 
,= I V 

We have first to show that this series converges to h(x'). 
We cannot use the argument of § 155 since h(x) is not con- 
tinuous at the origin. Now 


„ . 2 sin % sin vx 

»=» 1 V „„i . x 

2v sin 2 


cos 




2^—1 1 2n -f 1 

COS K X COS 75 

2 n 2 


x 

2 sin 2 

as may be seen by applying the formula 2 sin a ■ sin 0 
= cos (a — /3) — cos (a + 0). 


Rn(x) = £ 


(l-rh) 


cos- 


2v - 1 


o . 1 

2 sin ?! £ 


2v + 1 


cos- 

— lim ~~r 

r— ♦oo n • * 


X COS 
+ - 


2 n -f“ 1 


. 1 


2f'sin2^ 2(ra -}- 1) sin^# 
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If we restrict x to the interval (5, 2ir — $), where 0 < 5 < v, 
we have 


R ~ {x) 1 < „ i . Li+X - - 1 -) + »+i] 


2 sin ^ 5 


Hence the series 


(n + 1) sin ^5 


* sin vx 


is uniformly convergent in this interval. 
Consider now the function 


H(x) 


_ TTX X 2 

~ T“T 


for 0 £ i £ 2 tt, with the understanding that H(x + 2 x) 
= H{x). Its Fourier series is 

7T 2 cos vx 

"6 ~ ~v 2 ~ ' 


By the theorem of § 155 we know that this series converges 
absolutely and uniformly to H(x). That is, 


H(x) = 


IT 2 * COS VX 
7T - L — — 

b v 


If we differentiate this series term by term, we obtain the 
series which we have seen to be uniformly con- 

vergent in the interval (5, 2 x — 5). Moreover in this 
interval 


Hence 


H'{x) = h(x). 


h(x) = 


* sin vx 
v 


If now f(x) has a discontinuity of the first kind at x — $ 
(0 S { £ 2jt), and we put s(£) = /(£ + 0) - /(£ - 0), 
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then 

f(x) = m & 

TV 


is continuous at x = £, as well as at all the points of con- 
tinuity of f(x). For 


F ( f + 0) = /({ + 0) - ^ 

and 


fa ± o) ± fa - o) 
2 


F(( - 0) = /({ - 0) + ^ = ^ - 0) + /({ - 0) ■ 


Moreover the discontinuities of F'{x) are at the same points 
and of the same kind as the discontinuities of f'(x). 

If f(x) has only a finite number of discontinuities £i, £ 2 > 
• • •, & in the interval (0, 2ir) and these are all of the first 
kind, then 

f(x) = }(x) {,) 

4-1 * 

is continuous throughout the 
interval, and its derivative 
has only a finite number of 
discontinuities which are all 
of the first kind. The Fourier 
series of F(x) converges there- 
fore to F(x) absolutely and 
uniformly in the interval 
(0, 2w). In any interval that 
does not include any of the 
discontinuities of f(z) the 

t s (t N 

function £ — ~h(x — £,) is 

i-i if 

represented uniformly by its Fourier series. Moreover 

/(*) = F(x) + £ S -%±h(x- f.) 

is the sum of the Fourier series of the k + 1 functions in the 
right member. This sum is therefore the Fourier series of 
f{x). It converges uniformly in any interval that does not 
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include any of the discontinuities of f(x). We have there- 
fore proved the theorem: 

Theorem 2. If f(x) is sectionally smooth in the interval 
(0, 2r), it is the sum of its Fourier series 1 and the convergence 
is uniform in any partial interval that does not contain any of 
the discontinuities of fix). 

The figure shows the approximation curve 

y = 2 f sin a: — ^sin 2x + -sin 3x — |sin4x\ 


for the function defined in the interval (0, ir) as follows: 
f(x) = x for 0 S x < r and f(r) = 0. 

157. The following theorem concerns an important 
property of Fourier series: 

Theorem 3. If the Fourier series of a function f{x) that 
is sectionally continuous in the interval (0, 2ir) is integrated 
term by term between the limits £ and x that lie in this interval, 

the resulting scries converges to f(x)dx uniformly with 


respect to x. 

The proof is simple. In the first place, we know that 

1 


the function F(x) 


/'[ 


/(j) 


, Go 


dx is continuous in 


the given interval and is sectionally smooth (see § 67). 
Moreover F( 0) = 0 and F(2n) = f f(x)dx — r a 0 = 0. 
Hence if A n and B n are the Fourier constants of F{x) the 


series 


hA 0 + L(A n cos nx 4- B n sin nx ) 


converges uniformly to F(x). But for n > 0 


A n 

B n 


1 C 2r 

“I W 

TT J 0 

i/ FWsi 


cos nxdx — b n 

n 


sin nxdx ~ - a„ 
n 


1 At a point where a sectionally smooth function is differentiable its derivative 
is continuous. (See Exercise 17, p. 38.) 



280 


ADVANCED CALCULUS 


C§ 157 


Then 

F(x ) — F(£) = ££A n (cos nx — cos n£) 

i 

+ B»(sin nx — sin n£)[] 



— — (cos nx 
n v 

- E 

t 

f (a n cos nx - 

h 

On the other hand, 


F(x) - F(t) = f 

/(x) — *-a 0 

-jf 

/(x) -ifl 0 


+ ^ (sin nx — sin n£) J 


dx - J l £ /(x) - * a 0 J dx 


dx. 


Hence 


/(x)dx = jT^aodx + Z jT (a„ cos wx + 6„ sin nx)dx. 

If /(x) has a point of discontinuity in the interval 
(0, 2ir) its Fourier series does not converge uniformly in 
this interval. And yet we have just seen that we can inte- 
grate it term by term in the ordinary sense. This is an 
example of the fact that uniform convergence, although a 
sufficient condition for term-by-term integration, is not a 
necessary one. It may even be that the Fourier series for 
/(x) diverges. In this case the proof just given would still 
be valid. We see then that there are divergent series that 
are integrable term by term — that is, the series of the 
integrals of the terms of the given series converges to the 
integral of a certain function. Moreover, in this case the 
convergence is uniform. This is a surprising fact. But it 
should be no more surprising than the fact that term-by- 
term differentiation of uniformly convergent series some- 
times gives rise to divergent series (§ 123). We have here 
two aspects of the same phenomenon. 
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158. If f(x) is of period 2x we can replace the interval 
(0, 2x) by the interval (— x, x). If now /(x) is an even 

function, /(x) sin nx is odd and b n = f(x) sin nxdx = 0. 

If /(x) is odd, a n =1 f(x) cos nxdx = 0. We see then 
that the Fourier series of an even function contains no terms 


involving sin nx , and the Fourier series of an odd function 
contains no terms involving cos nx. But any function 
satisfying the conditions of Theorem 2 can be represented 
by a cosine series or by a sine series in the interval (0, x) 
by extending the definition of the function to the interval 
( — x, 0) in such a way as to make it even or odd. It can 
also be represented by a series containing both sines and 
cosines by suitably defining it in the interval (— x, 0). 

159. An application in the theory of heat. We consider 
the infinite solid bounded by the planes x — 0, x = x, and 
y — 0, which lies on the positive side of the last plane. If 
the first two of these planes are kept at the temperature 0 
and every point (x, 0, z) , where 0 < x < x, at the tempera- 
ture u = j(x), the temperature at the different points of the 
solid will vary for a time and then remain constant. This 
constant temperature is called the steady temperature of the 
solid. It varies from point to point. We assume that 
/(x) satisfies the conditions of Theorem 2. It is evident 
that the steady temperature at the two points (x, y, z i) 
and (x, y, z 2 ) will be the same, and that we can confine our 
attention to the temperature in a plane parallel to the 
(x, y) -plane. 1 

The steady temperature is governed by the partial differ- 
ential equation 


d 2 U 

dx 2 




(13) 


subject to the boundary conditions: 

1 This U essentially the first problem considered by Fourier in his TMorie de la 
chaleur. Cf. Caralsw, The Conduction of Heat, p. 89. 
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(a) w = 0 when x = 0 and when x = tr. 

(b) u — fix) when y = 0 and 0 < x < r. 

(c) u — * 0 uniformly with respect to x as y — *■ » when 

Condition (c) is a physical consequence of the other two. 

It is easy to verify that 

u = e~ nv sin nx 

is a solution of (13) that satisfies the conditions (a) and (c) 
in case n is a positive integer. The same is true of any 
finite sum of the form 

n 

tt = 23 b r e~ ,,y sin vx , (14) 

r-1 

where the b, are constants. But a solution of this form 
does not in general satisfy condition (b). 

If now we extend the interval of definition of f(x ) to the 
interval (— x, 0) by imposing the condition /(— x) 
= — /(x), the Fourier constants of /(z) are 

1 C r 

On — -J f{x) cos nxdx 

and 

1 C r 

b n = - J fix ) sin nxdx 

By Theorem 2 
00 

fix) = Y, b, sin vx. 

P - 1 

ao 

For y S y 0 > 0 the series 21 and 23 ve ~ ,v are convergent 

r*l K-l 

series of positive terms. Moreover there is a number M 
such that |/(z) | < M for all values of x in the interval 
(0, t). Hence 

(6»| < - r il/dz = 2M, 

** Jo 

m 

and the series 23 b#~ ,v sin vx converges for every value of x. 


= 0 

2 C w 

= | fix) sin nxdx. 

irJ o 
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If we differentiate it term by term partially with respect to 
x we obtain the series 


Y.vbx~ , ' v cos vx (15) 

and if we differentiate partially with respect to y we obtain 
the series 

— 12 vb^~' v sin vx. (16) 

Now (15) is uniformly convergent with respect to x in any 
interval provided y S y 0 ; and (16) is uniformly convergent 
with respect to y in the interval (y 0 , l), where l is any number 
greater than y 0 , for any x. It follows from this that 


and 


dll 

dx 


12 vbxT’ v cos vx 


(17) 


— = — X>6,e“ rv sin vx. 


( 18 ) 


Moreover term-by-term differentiation of the right member 
of (17) with respect to x and of the right member of (18) 
with respect to y is permissible, since 

— Y. v "b,e~' u sin vx 

is uniformly convergent with respect to x and 

12 v-b,e~ ,v sin vx 

is uniformly convergent with respect to y. Hence 


and 


and therefore 


dhi _ 
dx 2 ~ 


12 v 2 bx~' v sin vx 


d^u 

~ = £ sin vx ; 

oy 


dhi , dhi 
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In other words, 


« = Z br0 -rw sin vx 


is a solution of ( 13 ) in the interior of the infinite rectangle 
bounded by the lines x = 0, x = ir, and y = 0, and lying in 
the first quadrant. This solution satisfies boundary condi- 
tions (a) and (b). As to condition (c) we observe that 

< 2MZe-‘=~ l - 

But ■ -7— 7 — * 0 as y — > °o. Therefore u satisfies condition 
e v — 1 

(c). That it is the only solution which satisfies all of these 
conditions follows from the theory of linear partial differen- 
tial equations of the second order. Therefore the value of 
u(x, y) at any point (x, y) in the interior of the rectangle is 
the steady temperature at that point. 

160 . An exponential form for Fourier series. In view of 
the fact that 



sm vx = 


e' rz — e~ 


2 i 


and 


cos vx = 


4 - e~ { 


we can write 


a, cos vx + sin vx = a. 


4 - e~ 


+ b . 


2 i 


= ib,)e i,z -f | (a, -f ib,)e~ ifX . 

Hence 

f(x) = E 

where 


a, =* ^ (a, — ib,) for v > 0, a, = ^ (a, 4* for v < 0, 
and 

ao *= 2 a °* (p “ 0 , ± 1, db 2, • - •). 
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EXERCISES 

Get the first three non-vanishing terms in the Fourier expansion 
of each of the following functions : 

1. /(x) — — 1 for — x < x < 0; /( x) = 1 forO < x < 7r; /( 0) = 0. 

2. /(x) = \x\ . 3. f(x) = \x for 0 Si x < ir; }{x) = \x — x for 

X < X = 2t. 

7T^ 3tt 2 

4. /(x) = 2 — xx f or 0 = x = ir ; / (x) = xx — for x S z = 2x. 

5. /(x) = 1 for 0 S z = ir (sine series). 

6. /(z) = i for 0 S i g tr (sine series). 

7. /(x) = i for 0 S z = ir (cosine series). 

8. /(x) = 0 for — x < x = 0; /(x) = 1 for 0 < x < x. 

9. /(x) = z sin z. 

10. f(x) = cos z for 0 = z S x (sine series). 

11. /(x) = sin x for 0 ~ z ~ ir (cosine series). 

12. /(x) = e* for 0 Si x Si x (sine series). 

13. /(x) = t 1 for 0 S z £ x (cosine series). 

14. Integrate the series in Exercise 10 term by term from 0 to x. 

15. Integrate the series in Exercise 1 1 term by term from ^ to z. 

16. Can the series in Exercise 11 be differentiated term by term? 

17. Can the scries in Exercise 2 be differentiated term by term? 

18. Expand /(x) = sin tx (t not an integer). 

19. From the result in Exercise 18 get a formula for — — ■ . 

cos x< 

20. Get a formula for x cot xf by expanding cos tx. 

21. Get the Fourier series for x* by integrating the series for z term 

by term from 0 to z. = £ (- l)* -1 ^- 


161. Dirichlet integrals. 



sin kt 
sin t 


dt 


Integrals of the form 

C* sin kt 
or J <p(t) — - — dt 


are known as Dirichlet integrals. 

We are here interested in a certain property of the second 
of these forms; namely, that 

lim l £_ f(x + t) S -^-‘ dt - l [/(* + 0) + /(x - 0)], 

where a is any positive number, provided that f(x) and 
f(x) are each continuous in any finite interval, except for a 
finite number of discontinuities which are of the first kind. 
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Now 


r f(x+t) 8 ^~dt= r+f + r» 

v — a v (/ — a i/— T| i/n 


where 17 is a small positive number. If we apply integration 
by parts to the indefinite integral 


j fix + t) 


sin kt 


we obtain the formula 


f fix + t ) 


sin kt lA lf(x + t) tJ 

— — at = — ^ cos Ad 


+ £ J* eos A< • 


d /(x + Q 
dt t 


We cannot substitute the limits 17 and a in this formula be- 
cause of the possible discontinuities of /(a; + 0- If these are 
at the points £, (i = 1,2, • • •, p), we can apply the formula 
to each of the intervals (77, $j), (£ t , £ 2 ), • • •, (Z P , a) and then 
combine the results. This gives us 


f f(x + t) 


sin kt 


1 [fix + t ) 


>s kt -f- S J 




where S is the sum of the jumps of the function 


fix + t) 


• cos Ad within the interval (77, a). From ( 19 ) it follows 
that 

. ... sin kt 


lim f a f(x + t)~^dt = 0. 

k *""► 00 V lj ^ 


We see in a similar way that 


The integral 


lim n f(x + o^dt - 0. 

k—+0*J—a * 

[ 
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jT/(* + t) — - - eft - /(x + 0) JT 


" sin /c£ 

T~ 


eft 


V (s + Q - /(x + 0) s . 
t 


A 

f j \~ I j V*' | wy . T > J. 

= I : sin ktdt. 

Jo 


There is a positive number Mi such that |/'(x + 01 < Mi 
in the interval 0 ^ t S tj. For these values of t we have 
by virtue of the first mean value theorem of Differential 
Calculus 

1 f (x + 0 - fix + 0) 
t 


< Mu 
” sin kt 


and therefore 

j j r Ax + 1) dt-Kx+ o)£~ 

Similarly 

f fix + t) S -~^dt - f(x - 0 )£ S -^dt 


dt 


< Miij. 


£ 


t 




and 


fix - + - l) ■ y f( x ^ < M 2 , where j/'(x + 0 I < Af » 


in the interval - » s i g 0. Hence 


£ f(x + t)~~Y~dt - /(I - 0) £ 


sin kt 


t 


dt 


< M JT? 


and 


|£a* + o^di 

- U(x + 0) + f(x - 0 )] £ 


sin kt 
t 


dt 


+ ( 22 ) 


We have here taken advantage of the fact that 

sin kt 


£ s ^£dt =£_££*■ 
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If kt = 2 

’*» sin Ad 


to =Um (■*•*•*> -= ( 23) 

as will be shown in § 214. 

As 7j — ♦ 0, we can keep Afi and Mi fixed. We see therefore 
from (20), (21), (22), and (23) that 

If., . ..sin kt 

+ *)—<“ 

- §Crt* + 0) + /(i - 0)] = /(*). (24) 
162. The Fourier integral. It follows from (24) that 
vf(x) = lim f“ f(x + 0 f cos uidudt 
= lim f du f° fix + t) cos utdt 

ft— ► » a/0 a/ — a 

~ I du I fix + t) cos wfd£. 

t/0 a/ —a 

For any A > a 

X A (*—a r'a /* A 

fix + t ) cos utdt =1 + I + I ; 

■A d — A d — a da 


(25) 


or 


r - r = p + r 

J — A J — a d - A d a 


Hence 


J r* /*•* /** r a 

1 du I /(x + t) cos ufcft — I du I /(x + t) cos utdt 

0 */ —A uO «/ — o 

/•ft /*—a /»fc 

= ( d« I 4- I du I 
do d — A do da 

£ a /** 

/(x -J- f)d$ J cos wfdu 

4- f fix 4- t)dt f cos utdu. 
Ja «/0 
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/»» 

If the improper integral I |/(x) \dx exists, then 

«/-« 

f du f f(x + t ) cos utdt — f du f f(x + t) cos utdt 

|«/0 J-A do J -a 

_ | c~ a rr , ^sinfcijJ , I f*,, , ^sinAdj, 

S|J /(* + <)— d/| + |J /(x + *) — j — dt 

~ a [£T i/(l + 0 l<“ + X" 1/(1 + '> I*] 


X aO 

|/(x + Z) |dZ = C. If we keep k fixed and let A 

■oo 

increase without limit, we have 


f du f f(x + 0 cos uZdZ 

J 0 «/ — oo 


/•fc /*a 

— I du I /(x 4- Z) cos utdt 

JO J -a 


S-< e (26) 


for a sufficiently large a, depending upon the value of the 
arbitrary positive number «. 

The number a having been selected subject to this con- 
dition, there is a positive number k x such that, for k > k x , 
we have 


f du f° J(x + t) cos utdt — tt ‘ fix) 
Jo J -a 


< f. 


(27) 


By combining (26) and (27) we find that for k > k x 



f{x + t) cos utdt — t/(x) 


< 2e. 


Hence the left member of this inequality approaches zero 
as k — *• oo, and we have 


1 

T 



f(x + t) cos utdt — f(x). 


( 28 ) 
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The improper repeated integral in (28) whose existence has 
just been established is known as Fourier’s integral, and 
the formula as Fourier’s integral formula. 

We can write (28) in the form 


- I du ) f(t) cos u{t — x)dt = f{x). (29) 

Tj 0 

But cos u(t — x) is an even function of u. Hence 

f(x) = J- f du f f(t) cos u(t — x)dt. (30) 


On the other hand sinu(< — x) is an odd function of u. 
Hence 



/•ao /»a 

/ du 
1 / — 00 %} — 0 


f(t) sin u(t — x)dt 


(31) 


in case this infinite integral exists. By combining (30) and 
(31) we find that 


irf(x) =1 f X du r f(l)c~' u(t ~ z) dt. (32) 

“ %J —ao — oe 

This is equivalent to the formula 


/(*) = ~^ r j_J^ e ' uxdu ( 33 > 

incase 

» ( ») - < 34 > 

Equations (33) and (34) exhibit an important reciprocal 
relation between the functions f(x) and g(x). 

163 . Weierstrass’ theorem. The result established in 
§ 153 leads to a simple proof of an important theorem due to 
Weierstrass: 

Theobem 4. If f(x) is continuous in the interval (a, b ) 
there corresponds to every positive number t a polynomial P(x) 
such that \f(x) — P(x) | < e for every x in (a, b). 

We know from § 152 that we can assume that 0 < a < b 
< 2t. Then we can extend f(x) beyond (a, b ) in any way 
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provided that we make it continuous and have f(x + 2x) 
= f(x). This requires that we make /( 0) = f(2ir). It was 
proved in § 153 that we can satisfy the inequality 

!/(*) ~ Z m (x) | < J 

uniformly throughout (0, 2t) by taking m sufficiently large, 
it being understood that Em(i) is the arithmetic mean of 
the Fourier sums & Q , Si, • • •, S m . It follows from its defini- 
tion that £ m (x) is a polynomial in a limited number of sines 
and cosines of multiples of x. Each of these latter can be 
expanded into an everywhere convergent power series in x. 
Hence there is a polynomial P(x) which satisfies the in- 
equality 

| L m (x) - P(x) | < g 

uniformly in (a, b). It follows immediately that 

!/(*) “ -P(*)l < « 

uniformly in (a, b ). 

164. Orthogonal functions. The functions / 0 (x), /i(x), 

‘ > Jn(x), - ■ limited or unlimited in number, are said to 

be orthogonal with respect to the interval (a, b) if 

£ fi(x)fj(x)dx = 0 

when i =h j. For example, the functions cos nx and sin nx 
with which we have been dealing in this chapter are orthog- 
onal with respect to the interval (0, 27r). This can be 
seen by identifying cos nx with / ; „(x) and sin nx with 
where n = 0, 1, 2, • • •, and referring to formulae (4). 
We say that the functions / 0 (x), /i(x), ••• are linearly 
independent if no relation of the form 

Co/o + Cl / 1 + • • • + c r / r = 0 

exists for any r unless all the c’s are zero. If there is a 
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relation of this kind for which the c’s are not all zero, the 
functions are said to be linearly dependent. 

165. The reader ought to have no difficulty in showing 
that if the functions are linearly dependent they are not 
orthogonal with respect to any interval. But a given set 
of linearly independent functions may, or may not, be 
orthogonal with respect to an interval over which they are 
all integrable. If they are not, there are certain homogene- 
ous linear functions of them that are. For if f 0 and f x are 
not orthogonal with respect to the interval (a, b ), that is, if 

J fofidx 4= 0, let <p(x) = f 0 (x) + cf x (x), where c is a con- 

J r*b /»6 r*b 

f 0 ip(x)dx = I f 0 2 dx + c I f 0 (x)fi (x)dx. 

a a J a 


This will equal zero if c = 


£tfdx 
f fofjdx 

•J a 


For this choice 


of c, f 0 (x) and tp(x) are orthogonal. We then replace fi(x) 
by <p{x). If fi(x ) is not orthogonal to both f 0 (x) and /i(x) 
we can in a similar way replace it by a homogeneous function 
of /o(x), fi(x), and f?(x) that is orthogonal to both / 0 (x) and 
fi(x). And we can clearly proceed in this way until we 
have orthogonalized the whole set, if it is finite, or have gone 
as far as we wish in the case of an infinite set. 

Suppose for example that the original functions are the 
polynomials 1, x, x 2 , • • -, x n , • • • and that the interval is 
(— 1,1). Nowxis orthogonal to 1 , while x 2 is orthogonal to 
x but not to 1. We therefore put <p(x) = c 0 + c 2 x 2 , and 
then 


r; 


1 • <p{x)dx 




xHx = 0 


if c 2 = — 3c 0 . In our original set of functions we replace 
x 2 by 1 — 3x 2 . We denote it by / 2 (x) and x by /i (x) . Then 
the three functions 1, f u and ft are orthogonal, while fi 
contains only odd powers of x and ft only even powers. 
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Suppose now that we have obtained in this way the poly- 
nomials 1, fu fit ' • /»- 1 which form an orthogonal set and 

are such that /,• is of degree i and contains only even powers 
of x when i is even and only odd powers when i is odd. 

We wish so to determine the constants c 0 , c u • • •, c„ that 

fn{x) = C 0 + Cji(x) + * • ' + C„_ 1 /„_ 1 (X) + C n X n 

shall be orthogonal to each of the functions 1, fi(x), / 2 (x), 
• • •, /»_ i(x). In order that /„(x) be orthogonal to 1 it is 

necessary that J f n (x)dx be zero. But 

J f n (x)dx = Co J dx -f c n J x n dx, 
since fu f 2, • • •, /„_ 1 are also orthogonal to 1. Hence 


[ a - n+1 l 1 

c °* +c "nTTJ- 1 = °' 

From this we see that c 0 = 0 or c 0 H 7-7 c„ = 0 accord- 

n + 1 

ing as n is odd or even. In order that f n {x) be orthog- 
onal to },{x) we must have c, j /,(x) 2 dx + c^J x n fi(x)dx 

— 0. Hence if i and n are not both even or both odd 
c, = 0. If they are either both even or both odd 


Ci = 



and c, is uniquely determined in terms of c„. Moreover 
f n (x ) contains only even powers of x if n is even and only 
odd powers if n is odd. Now the assumptions we have made 
for 1, /i(x), / 2 (x), • • •, i(x) are satisfied by 1, /i(x), and 
/•i(x). Hence there is a set of polynomials with the follow- 
ing properties : 

(a) It contains one, and only one, polynomial of each 
degree. 
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(b) The polynomials are orthogonal with respect to the 
interval (—1, 1). 

The polynomial of degree n of this set is uniquely de- 
termined up to a constant factor. For a certain choice of 
these factors these polynomials are: 

Q r 2 _ 1 

Po(x) - 1, Px(x) - X, P 2 (x) - 

Pz(x) = > 


and, in general, 

/>.(*) - - i) 


Ln _ 

L 2(2n - 


" 1} x"-' 


n— 2 


1 ) 


, «(n - l)(n - 2 )(w - 3) 

+ 2 -4(2/1 - l)(2n - 3) * + ' 

where the last term in the square bracket is 

(_ l)n,2 Hi 

v L) 2-4- • • ■ n(2n - l)(2n - 3) • • • (n + 1) 

when n is even, and 

71 1 

lM»-l)/2 

v 2-4- • ••(» — l)(2n — l)(2n — 3) • 


]• 


in -F 2) 


when n is odd. 

Now the polynomials 

1 d n (x^ — l^ n 

Qo(x) = 1 and Q n (x) - ^l — <» = 1, 2, - - -) 

are orthogonal with respect to the interval (— 1,1). For, 
if we put (x* — 1)" = u n (x), then 

J t Qnix) ■ x m dx = — ^ u„ (n) ix)x n dx, 

and successive integration by parts shows that this last in- 
tegral is equal to zero when m is zero or a positive integer less 
than n. Hence since Q m {x) is a polynomial of degree m 

j* Qn(x)Q m (x)dx = 0 (m < n). 
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It follows from this that P„(x) and Q„(x) differ at most by a 
constant factor. A direct comparison of the coefficients of 
the highest power of x in each shows that this constant is 1. 
Hence 


Pn(x) = 


1 d"(x 2 - 1)» 


2 n n ! 


dx” 


This formula is due to Rodigues. The polynomials are 
known as Legendre’s polynomials. They are of great im- 
portance in mathematical physics. One application in the 
theory of potential will be given in § 167. 

166. A recursion formula. We leave it to the reader to 
verify that any polynomial fix) of degree n can be written 
in the form 


fix) = C 0 P 0 + cj\ + • • • + CnPn, (35) 

where c 0 , c lt • • •, c„ are constants. Since xP n (x ) is a poly- 
nomial of degree n -f- 1, we have 

xP„(x) = CqP o + C\P\ +•••■+• c„ +1 P n+l . (36) 

If we multiply each side of (36) by P„_ 2 (x) and then inte- 
grate each side of the resulting equation from — 1 to 1, 
wc get 


I ' P n (x)-xP„- 2 (x)dx = c n - 2 J Pn-iix) 2 dx = 0. 

But the last integral is not zero. Hence c„_ 2 = 0. We see 
in the same way that c, = 0 (i = 0, 1, 2, •••,» — 3). We 
have then 

xP n ~ c n ^P„-i -f c n P n 4- c n+1 P n+1 . (37) 


But xP n does not contain x n . Neither does P„-i nor P„+u 
Hence c n = 0. In order to determine r„_i and c„ +1 , we 
equate the coefficients of the highest powder of x in the two 

sides of (37). This shows that c n+ i = ~ j • Leibniz’s 

formula for the nth derivative of the product of two func- 
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tions shows that P n ( 1) = 1. Then for x 


or 


Hence 


1 = Cn - 1 


+ 


n 4- 1 
2n 4 1 


n 

Cn_1 - 2 n 4 1 ‘ 


1 (37) becomes 


(n 4- l)P»+i — (2 n 4 l)zP n 4 = 0. (38) 


This recursion formula enables us to compute any number 
of Legendre polynomials when we know two consecutive 
ones. 

167. An application to potential theory. The potential 
at the point whose polar coordinates are (t, 0) due to a unit 

of mass at the point (1, 0) is V — ^ ■= == (see 

F Vl - 2 cos 6 t 4 t 2 

§ 110). If now 0 < t < 1 we have 

V = Q 0 (x ) 4 Qi(x)t 4 • • • + Q n (x)l n 4 • • •, (39) 

where we have written x for cos 0. It can be shown that 

the power series in t in the right 
member of (39) has the radius of 
convergence 1. For the values of t 
under consideration we can there- 
fore differentiate term by term 
with respect to t. Hence 

V(1 -2xt+ w =Ql + 2Q,t + " ' + ' + ■ ■ ' 



( 1 . 0 ) 


Fig. 26 


or 

(x — t)(Qo 4 Qit 4* * • * + Qd n 4 • • •) 

= (1 - 2xt 4 PKQi 4 2 QJ 4 • • • 4 nQj 4 • • •)• 

If we express each member of this equation as a power 
series in t and then equate the coefficients of t n in the two 
members of the equation we find that 

(n 4 l)Q*+i - (2n 4 1 )xQ n 4 nQ„_ 1 - 


0 . 
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Moreover we see by direct verification that Q 0 (x ) = 1 
= Po(z) and Qi(x) = x = P \(x). Hence for every n we 
have Q n (x) = P n (x). That is, the coefficients of the powers 
of t in (39) are the Legendre polynomials. They are for 
this reason often referred to as Legendre coefficients. 

168. It is worth while noting that the theorems we have 
proved concerning the expansion of functions in Fourier 
series are special cases of theorems concerning the expansion 
of functions in series of orthogonal functions. We cannot 
go into the details of this theory here, but we cite one 
theorem concerning Legendre polynomials by way of illus- 
tration of this more general phase of the subject : 1 

If f(x) is one-valued and continuous in the interval (— 1, 1) 
and has only a finite number of oscillations in this interval it 
can be expanded in a series of Legendre polynomials; that is, 

2 n -f 1 r l 

f (x) = Hq n P n (x), where q n = — ^ — J f(x)P n (x)dx. 

It will be observed that the law of formation of these coeffi- 
cients is similar to the law of formation of the Fourier 
coefficients. 


EXERCISES 

Get three non-vanishing terms in the expansion of each of the follow- 
ing functions in terms of legend re polynomials: 

1. f(x) = x + x*. 2. fix) = v 1 . 

3. fix) = — x for — 1 j- ti 0: fix) = x for OS r= 1. 

4. Show by successive applications of the method of integration by 

(- l)"(n!)*2*" +l 


parts that J' (x 3 — l)"dx = 


( 11 « + 1 )! 

5. In the same way, starting with Rodigues’ form for P n {x), show 
that 

f t [P.WTJ* - <* - V'i*. 


6. Show that 


£ 


lPdx)Jdx 


2n + 1 

1 See, for example, Pierpont, Theory of Function e of a Complex Variable, p. 603. 
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7. Determine the coefficients go, gi, • • * , g» in such a way as to make 
the integral 



[/(*) - goPo(x) 


- giPi(x) • • • q m Pm(x)Jdx 


a minimum. 

• n i 

8. Does the series £ „ converge? 

2v + 1 

9. Assume that f(x) can be expanded in a series of Legendre poly- 

00 

nomials, f(x) = 21 <uPn(x), that converges uniformly in the interval 

n-0 

(— 1, 1). Determine the coefficients. 



CHAPTER XII 

IMPLICIT FUNCTIONS. FUNCTIONAL DETERMINANTS 


169. Existence theorems. If x and y are connected by 
the relation f(x, y) — 0, it seems obvious that a value of x 
within a given range determines one or more definite values 
of y, or that within this range y is a function of x. That t his 
conclusion is not always justified, however, can be seen from 
the following example: xy — 0. Here the value of y is not 
determined by the given relation w r hen x = 0. In other 
words, y is not determined as a function of x within a range 
including x — 0. On the other hand, the value of y is 
determined by the value of x in any range if x + y = 1. 

We wish to determine a set of conditions on the function 
f(x, y) that will assure us that y is determined as a function 
of x by the relation f{x, y) — 0, and that will tell us some- 
thing about the properties of this function. More generally 
we wish to determine the nature of the dependence of u 
on xi, Xz, • • •, x„ that is determined by the relation 

f(xi, Xz, ■ • - ,x n ; u) = 0. (1) 


Theorem 1. Suppose that the function f(x i, x 2 , • • 
r n ; u) satisfies the following conditions: 

(1) It is continuous in the neighborhood of the point 

M m (<*!, aj, ■ • a„;c). 

(2) It is differentiable at this point. 

(3) /(a,, a 2 , • • •, a„; c) = 0. 

(4) d f( x '* x *’ ■ ? 1 + o at m. 

u t* 

Then there is at least one function u = <p(x i, x 2 , ••*,£») 
which equals c at the point (oi, o 2 , ■ • • , a„) and satisfies the 
equation 

/(x i, x 2 , • * x„; u) =0 

299 
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identically in the neighborhood of this point. Moreover every 
function <p that satisfies the two conditions possesses all the 

du 

first partial derivatives — (i = 1 ,2, • • - , n) at this point , and 
is continuous here. 

In the proof we shall take n = 2 and put Xi = x, x 2 = y, 
= a, o 2 = b. This will not affect the essential steps of 
the proof. Since f(x,y;u) =0 at the point (a, b, c ) and 

4= 0 at this point f(a, b, u) has one sign between 

c — S and c, and the opposite sign between c and c -f 8, for 
sufficiently small values of 8. But f(x, y, u) is by hypothesis 
continuous in the neighborhood of the point (a, b, c). 
There is therefore a positive number 8' such that 


/Or, y; c - 8) and f(x, y\ c -f 8) 

are of opposite signs when Ja? — 1 < 5' and \y — b\ < 5'. 

If we give to x and y fixed values that satisfy these inequali- 
ties, there is a value of u between c — 8 and c + 8 such that 
f(x, y, u ) = 0. This value of u depends upon our choice of 
x and y — that is, is a function <p(x, y) of x and y which satis- 
fies the given equation identically. 

We have now to consider the value of ^>(a, b). We know 
that 

f(a, b;c ) =0 

and 

f[a, b, <p(a, 5)] = 0. 


That is, <p(a, 6) and c are both roots of the equation 
/(a, 6, u ) = 0. But <p{a, b) lies between c — 8 and c + 8. 
From the way 8 was chosen we know that there are not two 
roots of this equation between c — 8 and c + 8. Hence 
<p(a, b ) = c. 

We have already seen that for a sufficiently small positive 
8 there is a 8' such that when \x — a j < S' and \y — b | < 8' 
we have <p(x, y) between c — 8 and c + 8. Hence <p(x, y) 
is continuous at the point (a, b). 
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Since f{x, y, u) is differentiable at the point (a, b, c), 

A / = f(x, y, u) - f(a, b, c ) = [/ x (a, b, c) + «i]Ax 

+ [/»(«, c ) 4 *2] A?/ -f [/ u (a, 6, c) + e 3 ]Au = 0, 

where A u, ti, e 2 , and e s approach zero with Ax and Ay. 
Then <p(x, y) Is differentiable at (a, b) since 

. [/ r (fl, b, c) + gQAs + [/vK b, c ) + e 2 ]A y 

~ Ua, b, c) + €3 

If we put Ay = 0 and let Ax approach zero we see that 

A u _ du _ / x (a, b , c) 

J™oAx dx f u (a, b, c ) 

and similarly 

r Am _ &u _ _ / y fa, b, c) 

J™oA?/ ~ dy~ fu(a, b, c) ' 

We cannot conclude from the given conditions that the 
solution u = <p(x, y) is unique. But if we add the addi- 
tional condition 

f u (x, y, u) * 0 

in the neighborhood of the point ( a,b,c ), it follows that 
there is only one continuous solution that reduces to c for 
x = a, y = b. For, if there were two, u and u i} we should 
have 

/(*, V, u) - /Or, y, wi) = (« - Ui)f u (x, y, U) = 0, 

where U is between u and u j. But u — U\ 4= 0* Hence 

fu(x, y, V) = 0, 

and this is contrary to the hypothesis. 

Under this additional assumption we can apply the pre- 
ceding discussion to the point (x, y, u ) and conclude that 
<p(x, y) is differentiable in the neighborhood of the point 
(a, b). When the conditions of the theorem are satisfied 
we say that equation (1) defines u as an implicit function 
Of Xl f Xi, * ' ' , Xn • 
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170. Theorem 2. Suppose (hat the n functions fi, f i} 
• • ’) fn of the m + n variables x i} xz, • • •, x„; u u w 2 > 
satisfy the following conditions: 

(1) They are continuous in the neighborhood of the point 

(flu ®2) *j a mf C \ , C 2) *j Cn). 

(2) They are all equal to zero at this point. 

(8) They are all differentiable at this point. 

(4) The determinant 


df i 

df i 

Bfi 

dui 

du-t 

du„ 


dfn 

dfn 

dfn 

dui 

dUz 

dU n 


is not zero at this point. 

Then there is at least one system of functions u h u 2 , • • , u n 
of the m variables Xi, x ; , • • •, x m which are equal to Ci, c 2 , • • •, 
c n respectively when Xj = a\, x 2 — a 2 , • • • , x m — a m , and 
which satisfy the equations fi — 0, f 2 — 0 0} •••,/„= 0 
identically in the neighborhood of the point (a i, a 2 , • • a m ). 

If n = 1 this theorem is the same as Theorem 1 which 
has been proved. In order to prove it in general we assume 
that it has been proved for n — 1 functions of n — 1 
dependent variables. Now 


D - Di ~ + D«.~r + 

dU\ uU\ 


+ D n 


dfn 

dui ’ 


( 2 ) 


where Di is the co-factor of the element in the first column 
and ith row of D. Since D is not zero at M, not every D< 
is zero at this point. We assume that D x is not zero here. 
Then by virtue of our assumption that the theorem is true 
for n — 1 functions in n — 1 unknowns there are n — 1 
functions 


th = U%(zi, Xz, ■ • •, x m ; u,), uz = Ui(x u x 2 , • • •, x m ; u 0 , 

• • = U n (xi, Xzy • • •, x m ; Mj) (3) 
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of the m + 1 independent variables x h x 2 , • • x m ;u x which 
have the following properties : 

(a) U d 2) ’ ", d m) Ci) C, (£ = 2, • • •, 71) 

(b) Satisfy identically the equations 


/ 2 O 1 , x 2 , • • x m ; u 1 ; U 2 , U 3 , ■ ■ U n ) =01 


fn(x 1 , x 2 , ■ ■ ■, x m \ Mi; U 2 , Uz, ■ ■ ■, Un) = 0 J 


(4) 


(c) Are differentiable at M. 

If we substitute these functions for u 2 , u 3 , • • • , u n re- 
spectively in / 1 we obtain a function <J>(xi, z 2 , • • x n ; Mi) 
of Xi, x 2 , • • *, x m ; Mi. We have now to show r that the equa- 
tion <I> = 0 determines as a function of Xi, x 2 , • • - , x n 
with certain properties. To this end we can apply Theorem 


1 if we know that - — + 0 at the point (eti, a 2 , 

OU i 

Now 


Q4> _ df t a/, dU, 

dui dui dU 2 du 1 


+ 


0 /l dU n 
dUn dUi 


' » d m , Ci) . 


(5) 


Moreover, since equations (4) are identities in the x’s 
and Mi, 

&h , , df 2 dU n _ q 

Omi + dU 2 dui " ’ + <9t 7 „ Omi 


0/^ _ df„ dUn 

dui dU 2 dUi di n dui 


( 6 ) 


df d f ■ 

Now Uj = u, ( j = 2, 3, • • - ,n) and therefore -jj- = • 

Moreover £ ~ D, = D and £ ir 2 D { — 0. Hence if 
«-t dui i.i du, 

we multiply equation (5) through by D\ and equations (6) 
by D 2 , Dt, respectively, and add, w r e find that 


6* 


d<i> D 
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3 $ 


Since D is not zero at M, — + 0 at M. 

OU\ 


Hence Uy is deter- 
mined as a function of X\, x 2 , •••,£« that is differentiable 
at M and that satisfies the equation 4> = 0 identically. If 
we substitute this value of u x for Uy in equations (3) we obtain 
Ut, Ui, •••,«„ as differentiable functions of X\, x 2 , • • • , x m . 

If the partial derivatives that occur in D are continuous 
in the neighborhood of M, neither D nor Dy vanishes in this 

3 $ 


Hence - — does not vanish here and the so- 
duy 


neighborhood. 

lution of $ = 0 is unique. We are assuming that when Dy 
does not vanish in the neighborhood of M the continuous 
solutions lly, U iy — , U n are unique. Hence the continu- 
ous solutions of the original equations are unique. 

171. Derivatives of implicit functions. The existence 
and differentiability of implicit functions having been es- 
tablished under certain conditions in Theorems 1 and 2, 
we consider now the problem of determining explicit repre- 
sentations of the partial derivatives of these functions. If 
}{xy, Xi, • • *, x n ; u) satisfies the conditions of Theorem 1 and 
u is defined by the equation f(xy, x%, • * *, x n ] u) =0, we 

du . . 

(i = 1, 2, • • •, n) exist and 


know that the derivatives 
are given by the formulae 

du 

dx x ~ 


3x, 


M. 

dXi 

a 

du 


We arrive at the same formulae if we look upon the equation 
/(*,, x n ; u) = 0 

as stating that the composite function in the left member is 
identically zero, and form its various partial derivatives in 
accordance with the rule for the differentiation of composite 

functions. In doing this we assume the existence of • 
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Similarly, if the n equations 

fi(x i, • • - ,Xm)u h u 2 , • • •, u n ) =0 ( i = 1, 2, • • •, n) 

satisfy the conditions of Theorem 2 we have n composite 
functions all identically zero. If we differentiate them 
partially according to the rule for the differentiation of 
composite functions, we obtain the equations 

A' = 1,2, n\ 

dx 3 dui dXj du n dx 3 \j = 1,2, • - • , m ) * 

du 

on the assumption that the partial derivatives all exist. 

That they do in fact exist can be shown as in the case n — 1. 
Since the determinant 

dfx d/ 1 

dux du n 

;;;;;;;;;;;; * o 

dfn dfn 

dui du n 


we can solve these equations for 


The higher par- 


tial derivatives of the u's can be obtained by a further ap- 
plication of the rule for differentiating composite functions. 
Examples. 

(a) The equations 


x — y + z = 1 


x 2 + y 2 + z 2 = 4 


define y and z as functions of x. 

out solving for y and z. 

(b) The equation 



~ _ y 3 _ - - 

a s 6 2 c 2 “ 
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defines 2 as a function of x and y. Without solving for 2 
_ , <?z dz d 2 z d 2 z , d 2 z 
n dx' dy’ dz 2 ’ dxdy ’ aD dy 2 

(c) The equations 

' fix, y, u,v)= 0 and <p(x, y, u, v) = 0 

define u and v as functions of x and y; and also x and y as 
functions of u and v. Find the first partial derivatives of 
u and v with respect to x and y, and of x and y with respect 
to u and v. Show that 1 

du dx dvdx 
dx du dx dv 

dudy 

dx du dx dv 



(d) Given x — (x 2 -f- y 2 )u = 0, y — ( x 2 -f y 2 )v = 0. 
Verify the formulae of Example (c). 

(e) If d>(x, y, z) = 0, where f»(x, y, z) satisfies the condi- 

d$ d<t> 

tions of § 170, we have ~ ~ and , and 

dx dv dy dv 

dz dz 

the equation of the tangent plane of the surface $(x, y, z) 
= 0 at the point (x x , y it z x ) is 

- *■> + (^), (y - Vi) + - *■> - 0 

(see Eq. 12, § 35). If the three partial derivatives that 
occur in this equation are all zero at (x„ y h z : ) this point is 
called a singular point of the surface. 

172. Applications of the preceding theory. We add two 
important applications of the theory discussed in §§ 160 
and 170. 

(a) Inversion. If x x , x t , ■ • x n are n differentiable 
functions of u h u t , • - •, u n whose Jacobian does not vanish 

> De la VaUto-Pouama, Court tT analyte infiniUtimale, 5th ed., Vol. 1, pp. 140, 147. 
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identically, they determine U\, u*, • ■ ■ , u n as differentiable 
functions of x h x 2 , • • •, x n . That is, from the equations 


Xi = fx(.U u Ui, 


«,) 


X 2 — ^2, 


x„ = /„(Wi, u 2 , 


u„) 


U n ) 


we derive the equations 


u i = i 2 , • • •, x„) 

Uo = if.,(x 1, X:, • • •, x„) 


A*, ‘, X n ). 

(b) Tangents to a skew curve. Consider the curve of 
intersection of the surfaces 

Fix, y, 2 ) = 0, 

4>(.r, //, z ) = 0. ^ 

Its tangent at the point (x t , r/„, z 0 ) lies in the tangent plane 
of each surface at this point. It is therefore the intersection 
of these planes. If we assume that the conditions of 
Theorem 2 are satisfied, and in particular that the Jacobian 

dF dF 
dy dz 

dy dz 

does not vanish at this point, we can verify this conclusion 
analytically. The equations of the curve define y and z as 
functions of x : 

y = f(x), z = tp(x). 

The equations of the tangent to the curve at the given point 
are 

X - X 0 V ~ Vo Z - Zq 
1 “ /'(X o) " *'(*.) ‘ 


( 8 ) 
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(See § 35.) From equations (7) we have 

dF dF dF . 

*+*/« + «*<*>.. ... 
, a* , a* ,, . f w 

aS + V (ar) + ** ( H 

If in these equations we put x = x 0 , y = y 0 , and z = z 0 , 
and replace f'(x) and <p’{x) by their values as given by (8), 
we obtain the equations of the tangent line in the form 

(Tx)j Z ~ Z °> + {fy)o (y ~ 

(10) 




Zo) = 0 . 


That is, the tangent line is the intersection of the tangent 
planes of the surfaces at the common point (x 0 , y 0 , z 0 ). 

173. Functional determinants. Let 

Ml = X 2 , • • •, X„) 

= fn(x x , X 2 , ■ ■ - ,X„) 


Mn f n(.X 1, X 2 , # * *, X n ) 

be n differentiable functions of the n independent variables 
Xi, x 2 , • • • , x*. The determinant 



dfi 

a/, 


dxi 

dx n 

D = 

i 

1 


\dfn 

6fn 


dX x 

dX n 


is called the functional determinant, or Jacobian, of the u’b 
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with respect to the x’s. It is represented by the symbol 
D(u\,uz, 

rd \ , or, more simply, by the symbol 

L)\X i, Xi, Xn) 


( U U ° 2> • ‘ •' U ” \ 
\ I- 1, * * * , Xn ) 


Thus the determinant described in Condition 4 of Theorem 2 
is a functional determinant. 

Suppose that the x’s are connected with the n variables 
y u yi, - ,y» by the n equations 

*i = <p\(y u 2/2, • • • , Vn) 

!!”!!!!!!!”!!!"!! ( 12 ) 

Xn = <r n Q/l, Vu ' * */») 


and that the functions and their first partial derivatives are 
continuous at a Riven point. If in (11) we substitute for 
the x’s their values as given by (12), we obtain an expression 
of the u's in terms of the y s. Now the element in the ith 

.... . D(u lf • • •. v n ) 

row and jth column of r 


IS 


du, da.dJi du { dx n 

dy, ~ dxi dy, • ' ’ + dj r n dy> 


But this is the element in the fth row and jth column of the 
D(u u • • •, 77 n) , D(x i, • • ■, x„) 


product of n , , 

D(xi, ■•■,Xn) 

therefore the formula 


and 


• ■ •> y») ' 


We have 


D(u I, • • - , 77„) _ D( ui, • • - , V„) D( x 1 , • • x„) 

0(t/!, • • •, y„) ” D(xi, ■ ■■, x n ) 0(7/i, • • •, y») 

If n = I this formula is the same as the usual formula for 

the derivative of a composite function : ^ ^ ^ . From 

this point of view the Jacobian of n functions of n variables 
is a natural generalization of the derivative of a single 
function of a single variable. 
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Equations (12) define what is called a transformation. 
By means of them a function, or set of functions, of the 
x’s can be transformed into a function, or set of functions, 
of the y’ s. If D 4= 0 the transformation is said to be 
reversible, since the equations can be solved for the y’s in 
terms of the x’s. It follows from what has been proved 
that if a reversible transformation is applied to a set of n 
functions of n variables the Jacobian of the resulting set of 
functions vanishes, or not, according as the Jacobian of the 
original set of functions vanishes, or not. 

If the equations (12) define a reversible transformation 
they can be solved for the y’s in terms of the x’s and the 
equations expressing the y’s in terms of the x's define a 
transformation that is called the inverse of (12). If we 
apply a reversible transformation to a set of functions (11) 
and then the inverse transformation to the resulting set of 
functions, we get back to the original functions. It follows 
therefore that the Jacobian of a reversible transformation is 
the reciprocal of the Jacobian of its inverse. 

EXERCISES 

1. Show directly that if we have f(x, y, u, v) =» 0 and <p{x, y, u, 

= 0, the Jacobian of u and v with respect to x and y is the reciprocal of 
the Jacobian of x and y with respect to u and r, it being assumed that 
neither of these Jacobians is zero. 

X y 

2. The transformation u = -r-r — ; , v => ; is called an in- 

x* + y 1 x* + y* 

version. Show that it is a reversible transformation and find the equa- 
tions of its inverse. 

3. Show that an inversion transforms a straight line through the 
origin into a straight line through the origin, and a straight line not 
through the origin into a circle through the origin. 

4. Into what does an inversion transform a circle? 

5. Find the Jacobian of the u and v of Exercise 2 with respect to x 
and y, and the Jacobian of x and y with respect to u and v. 

6. Show that the product of the two Jacobians of Exercise 5 is 
identically equal to 1. 

7. Show that an inversion in the plane preserves angles. That is, 
that if the curves fi(x, y) — 0 and f t (x, y) » 0 intersect at the angle <r, 
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(« J + + »*) p i(u,v)-0 

and 

f*[*T*’*T?) = ") = <> 

also intersect at the angle a. 

8 . The equations 

x _ y _ z 

U “ x 4 + 2/ J + 2 1 ’ 11 x 1 + i/ 2 + z 2 ’ W ~ x- + if + z 2 

define an inversion in space. Find the inverse transformation. 

9. Into what does an inversion in space transform a sphere? 

10. Are the conditions of Theorem 1 satisfied at every point of the 
curve x s — y l + 4 = 0 if ij is the de|x-ndent variable? Does the equa- 
tion determine ;/ as a one-valued function of x? 

11. Are the conditions of Theorem l satisfied at every point of the 
curve of Exercise 10 if x is the dej>ondent variable? 

12. Are the conditions of Theorem 1 satisfied at every point of the 
curve x a + f — 3 axy = 0 if y is the dependent variable? If z is 
the dependent variable? 

13. What must be the relation between a and b in order that the 

transformation u = a ( x + ; ), r = b ( u — r ) shall 

transform the circles x l + if = r 2 into a set of emifocal ellipses? 


174. An important functional determinant. Let f{x, y, z) 
be a function of the three variables x, y, and z, all of whose 
partial derivatives of the second order exist. The func- 
tional determinant of its first partial derivatives 


d-f 

d\f 

d-f 

dx- 

dxdy 

dxdz 

d-f 

d-f 

dff 

dydx 

dy 2 ~ 

dydz 

£f_ 

d-f_ 

d-f 

dzdx 

dzdy 

dz 7 


is called the Hessian of f(x, y, z). If we put 

x = aX -j- -f- yZ, 

y = a'X + -f- y'Z, 

z = a”X + p'Y + y"Z, . 


( 13 ) 
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where the coefficients of X , Y, and Z are constants such 
that the determinant 


A = 


a 

r 

a 


0 

0' 

0 " 


y 

y' 

- n 


+ 0, 


and in f(x, y, z ) replace x, y, and z by their equals as given 
by (13), we obtain a function of X, Y, and Z which w r e shall 
denote by F(X , Y, Z). This function F has a Hessian H 
which is the same as A-h when its variables are replaced by 
their equals in terms of x, y, and z. Because of this fact h 
is said to be a covariant of f of index 2. 

We have now to establish this covariant property of h. 
By § 173 we have 


n fdF dF dF\ 

V \dX’ dY’ dZ) 

H ~ D(X, Y , Z) 

r>(~ ~ F — \ 

V \dX’ dY’ dZj D(x,y,z ) 

D(x,y,z) ' D{X,Y,Z )' 

Now by virtue of (13) we have, keeping in mind that 
F{X , Y, Z) = J{x, y, z), 


r £_ §f, ,*1, „u 

ex ~ dxdX~f dydX~t~ dzdX - a dx -t- a dy -t- « dz » 


dF _dfdx df dy 
dY~ dxdY^ dydY 


.dfdz df 

+ Tzd?~ b Tx +b 


dy 


+ d ft 


df 

dz’ 


az dx dZ ^dyoz az dZ ~ax T 7 ay TT dz 


Therefore 


n fdF dF dF\ 
U \dX’ dY’ dZ ) 

D (*f ¥ iA 
tv’ to) 


a 

a f 

a" 

0 

P' 

0" 

y 

y ' 

y" 


= A. 
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D ( 

dF dF dF 
dX’ dY’ dZ 4 

) 

<d£ df df\ 
\dx’ dy’ dz) 

D 

(df df df\ 
\3x’ dy ’ dz) 

D(x, y, z) 


/ dF dF dF\ 
= dY’ dZJ 

D(x, y, z) 

Hence 


/ dF dF dF\ (df df df\ 

\dX* dY’ dZJ JJ \dx’ dy’ dz) D(x,y,z ) 

D ^y< z ) y, z) 

\dx’ dy’ dz) 

= Ah A = A*h. 


This formula holds also for functions of n variables. 

175. Theorem 3. Let u u u 2 , • • - , u» be n differentiable 
functions f i(xi, • • •, x n ), f-{x u • • •, z n ), * • •, /„(xi, • • •, x n ) 
of the n independent variables x u x 2 , • • •, x„, arid let the first 
partial derivatives of the it's with respect to the x’s be continu- 
ous at a point M. A necessury and sufficient condition for 
the existence of any non-identical relation 

v?(u lf u 2 , • • •, u n ) = 0 

connecting them which involves only the it's and not the x’s 
explicitly is that their functional determinant D shall vanish 
identically. 

Suppose in the first place that D is different from zero 
at a point M. Then it is different from zero in the neigh- 
borhood of M, and we know from Theorem 2 that there are 
functions 

Xi = \p\(u u u 2 , • • •, u B ) 

;;;;;;;;;;;;;;;;;;;;; (w 

Xn — ^n(Ui, Uj, • 1 •) U n ) 
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that satisfy the equations 

= /l(*l, X h • • •, X„) 

I!!!!!!!!!!.’!!!!!!!! < 15 ) 

U n = f n {Xi, X 2 , ■ ‘ X n ) 

identically in the neighborhood of M. This shows that we 
can assign an arbitrary set of values to the u’s in the neigh- 
borhood of the point (ui (0) , u 2 (0) , •••, u» (0) ) which corre- 
sponds to the point M and obtain from (14) a set of values 
of the x’s in the neighborhood of the point M such that 
these values of the u’s and x’s satisfy (15). Hence a non- 
identical relation of the form <p(u u u 2 , • • •, u n ) =0 would 
give rise to a non-identical relation connecting the inde- 
pendent variables X\, x 2 , • • •, x„. We conclude therefore 
that the condition of the theorem is a necessary one for the 
existence of a relation of the type described. 

In order to prove the sufficiency of the condition, we 
assume that D vanishes identically. We consider first the 
situation in which there is a first minor D x of D that does 
not vanish identically. There will be no loss of generality 
in assuming that the minor of the element in the last row 
and last column is such a one. 

Now if we put 

y\ = f l(*X, X 2 , ■■ ■, Xn) ) 


( 16 ) 

Vn— 1 ~ fn—\(Xl f X 2 , • • ■,!„) 

Vn = X n 

the Jacobian of the y’s with respect to the x’s is 


dfi 

djt 

dXi 

dx„ 


dfn — , 

dfn-l 

dXi 

dx„ 

0 0- 

1 



§175] 


IMPLICIT FUNCTIONS 


315 


This in turn is equal to D i which by hypothesis is not zero 
in the neighborhood of a point M. We can therefore solve 
equations (16) for the x’s in terms of the y’s, and then 
eliminate the x’s from (15). This gives us the equations 

Ml = Vl 


(17) 

^n— 1 y n — 1 

u„ = <p n {yi, 1/2, • • y„). 

We know from § 173 that the Jacobian of the u ’ s with 
respect to the y’s vanishes identically since D does. But 
this Jacobian is 


1 

0 0 - 

© 

o 

0 

1 0 • • 

• 0 0 


0 

0 

1 0 

d<Pn 

dlfln 

3 n 3 n 

<3.7 1 

dy* 

djjn — l $ y n 


Hence vanishes identically. We conclude that <p n does 
ay* 

not contain y n , and that therefore 

U n = (^ n (Ui, U*, • • l/ n _i). (18) 

This is a relation between the u's that does not contain 
any of the x’s explicitly. Moreover this is the only such 
relation, since if there were another one, such as 

$(wi, Ms, • • *, «») = 0, (19) 

we could eliminate u„ from the two and obtain a relation 
connecting u h ih, ■ • «„_i. But there is no such relation 

since by hypothesis the first minor of the element in the 
last row and last column of D does not vanish identically. 
Of course there do exist relations like (19) that are depend- 
ent upon (18). In this case the result of the elimination 
of u n is an identity. 
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If every first minor of D vanishes identically, but at least 
one second minor does not, we can assume that the one 
obtained by striking out the last two rows and last two 
colu mns of D is such a second minor. Denote it by D 2 . 
If now we border D 2 by the (n — l)th column and the 
(» — l)th row of D we obtain a minor D\ of D of order 
n — 1. By hypothesis 

n - D(tti, Uj, • • •, u n _i) = 

1 D(x i, x 2 , • • •, 

and has a first minor which is not identically zero; namely 
Z> 2 . It follows from what has been proved that m„_i is a 
function of u ly u 2 , that does not involve x it x 2 , 

■ • *, Xn-i explicitly, but that may involve x n : 

Un-1 = fi(ui, U 2 , ■ ■■, u»_ 2 ; Xn). (20) 

We have now to show' that (20) does not contain x n ex- 
plicitly. For this purpose we form the determinant 

dlii du\ du\ 

OXl dX n — 2 dXn 


dU n - 2 dUn-i dU n _ 2 

dXi dXn- 2 dx n 

dUn-i du„-i du n ~ i 

dXi dX n -2 dx n 

Since this is a first minor of D it is by hypothesis identically 
zero. From (20) we derive the following equations by 
differentiation : 



dUn - 1 _ n y ctyi dUi 
dXi )m .i dUjdXi' 


(i = 1, 2, 


du n - 1 _ n y djn dUj d\h 
dx n ~ h i dUj dx n ^ dx n ' 


■, n — 2) 
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the sum of the products from the elements of the last row, 
we obtain the determinant 


dui 

dui 

dui 

dXi. 

dXn-1 

dx n 


dUn-2 

du n -2 

d'Un — 2 

dXi 

dXn-2 

dX n 

0 

0 

dtpi 

dXn 


which is equal to Di and therefore identically zero. But 

also Di = D 2 - — , and D, is not identically zero. Hence 
ox n 

i 

— - is identically equal to zero and \pi does not contain x„. 

(jX n 

We have therefore in (20) a relation connecting the u' s 
that does not explicitly involve any of the x’s: 

u ; , • • u„_ : ). (21) 

If we border Z) 2 by the 7ith column and the yzth row of D we 
can obtain a relation of the form 

«„ = , Un-a). (22) 

These two relations are obviously independent since one 
of them contains u n and the other one does not. Moreover 
there is no third relation independent of these connecting 
the ids. For if 

0(u lf u if • • •, u„_ 2 ; u„_i, u„) = 0 

were such a relation, we could eliminate u„_i and u* from 
this by means of (21) and (22) and obtain a relation con- 
necting «i, u 2 , • ••, u n - 2 . But there is no such relation 
since D 2 does not vanish identically. 

We can proceed in a similar way if all the second minors 
of D vanish identically, but not every third minor. The 
final result can be stated as follows : 
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Theorem 4. If we have given n differentiable functions 
Ui, u % , — , of the n independent variables Xi, x t , • • •, x n , 
all of whose first partial derivatives are continuous at a point, 
and if every minor of the Jacobian of the u’s of order greater 
than k vanishes identically, while at least one of order k does 
not, there are n — k independent relations ( and no more ) that 
connect the u’s and do not involve the x’s explicitly. 


EXERCISES 

1. Show that l =0 in case u = x + y — z, v — xy — yi — zx, 

D{x, y,z) 

w = ar* -f- y* -f- z J . Exhibit a relation connecting u, v, and w that does 
not involve x, y, and z explicitly. How many independent relations of 
this kind are there? 

2. Show without computing it that the Jacobian of u and v with 
respect to x and y is identically zero in case u = sin (i* 4* y 1 ), 
v = cos ( x 1 -f y 2 ). 

3. Show that a necessary and sufficient condition that the two lines 
« = ax + 6y + c= 0 and v = a'x 4- h'y + c' — 0 be parallel is that 
the Jacobian of u and v with respect to x and y be identically zero. 
When this Jacobian is identically zero, w hat is the relation l>e tween u 
and v? 



CHAPTER XIII 
APPLICATIONS TO GEOMETRY 


176. Parametric equations of curves and surfaces. If x 

and y are the coordinates of any point on the straight line 
through the point (x 0 , Vo) with the inclination a, then 


x = x 0 -f s cos a, 
y = y o 4- s sin a, 


where s is the distance from the fixed point (x 0 , y 0 ) to the 
variable point (x, y) and is to be taken as positive. We 
have here a straight line represented by two equations 
which give the coordinates of any point on the line in terms 
of a certain parameter. 

Suppose that in general we have the equations 


= fit), 

= <p(D 


Avhere at least one of the right members, say fit), has a 
derivative which does not vanish in the neighborhood of 
t — t 0 . Then (§ 1G9) we can solve the first of these equa- 
tions for t in terms of x and substitute this value for t in 
the second equation. This gives us 


t = Fix), 

y = v?[E(j)]. 


( 2 ) 


Now any values of x and y that are given by a value of t 
sufficiently near to t 0 satisfy equation (2); and, conversely, 
any values of x and y within a suitably restricted range 
that satisfy (2) are given by (1) for some value of t near to 
*o- But the second of equations (2) represents a curve in 
the neighborhood of the point (x 0 , yo ) , where x 0 = f(to) 
and y 0 = <p(t 0 ), and therefore equations of the form (1) repre- 
sent a curve. These equations are called 'parametric equations 
of the curve. 
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If we have given the equations 


x = fit), y = <p{t), z = t(t), ( 3 ) 

where at least one of the right members, say /(f), has a 
derivative which is continuous and does not vanish for 
t — f 0 , we can solve the first of these equations for f in 
terms of x and substitute this value for t in the other two 
equations. This gives us 


l = Fix), 
y = *>[F(x)], - 

* = *[F(*)].J 


( 4 ) 


Any values of x, y, and z that are given by values of t 
sufficiently near to f 0 satisfy equations (4); and, con- 
versely, any values of x, y, and z within a suitably restricted 
range that satisfy (4) are given by (3) for some value of f 
near to t 0 . But the last two of equations (4) represent a 
curve in the neighborhood of the point (x 0 , y 0 , z 0 ), where 
x 0 — JiUf), y 0 = vito), and z„ = ^(f 0 ), and therefore a set of 
equations of the form (3) represents a curve. 

We can see in a similar way that the equations 


x = fiu, v ), y = <p{u, v), and z = ^(u, v), (5) 


where at least one of the functional determinants 


E>if, <p) Dj<p, vO , D(4>, f) 

Diu, v) ’ ~D(u, v ) ’ an Z>(u, v) 

does not vanish for u = u 0 and v = r 0 , represent a surface. 
They are called parametric equations of the surface with the 
parameters u and v. 


EXERCISES 

Represent the following loci in Cartesian coordinates; 

1 . * » a sin t, y = a cos t. 2. x = a sin t, y = b cos l. 

3. x — a sin* l, y «= a cos* t. 4. x = a(0 — sin 0), y ■= a(l — cos 6). 
The result in Exercise 4 will make it clear to the reader why the 
cycloid is nearly always represented by equations in the parametric 
form. 
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5. x ~ t cos u, y «■ t sin u, z = P. 

6. x ”> a sin u cos v, y = b sin u sin v, z = c cos u. 

7. x «■ sin’ u sin* v, y = sin 3 u cos* t>, z = cos* u. 


Plane Curves 


177. Envelopes of families of curves. The loci of the 
equation 

fix, y,a) =* 0 (6) 

corresponding to all real values of a, or at least to all values 
within a given range, form what is called a one-parameter 
jamily of curves. If there 
is a curve that is tangent 
to all the curves of the 
family, it is called the en- 
velope of the family. For 
example, the curve y- = 4x 
is the envelope of the family 

y — ax — - — 0, as the 

a 

reader can readily verify. 

In fact, any plane curve is 
the envelope of the one- 
parameter family of its tangent lines. But not every one- 
parameter family of curves has an envelope. For example, 
the family x 2 + y 2 — cr = 0. 

If the curves f(x, y, a) =0 have an en- 

O velope, consider a particular value of a. 

It determines a particular curve of the 
family, and this curve has a particular 
point or points of contact with the en- 
velope the coordinates of W'hich are 

Fio 28 therefore functions of a ; say, x = v>(a), 
y = ^(a). We assume that <p{a) and ^(a) 
are differentiable functions. They give us the parametric 
equations of the envelope. 

In order to decide whether there is an envelope, or not, 
in a given case, and to determine it when it exists, we pro- 
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ceed as follows: Let ( x , y) be a point on the envelope which 
we assume to exist. At this point the slope of the envelope 
is the same as the slope of the particular curve of the family 
that passes through this point. Denote this latter slope by 

t Then 

5* +&« - °’ < 7 > 

since a is a constant along a curve of the family. If in (6) 
we replace x and y by <p(a) and \J/(a) respectively, the left 
member becomes identically zero since every one of the 
given curves is tangent to the envelope. Hence 


dfd<p 0 

dx da dy da da 

d\p 

The slope of the envelope at (x, y) is , and therefore 

U<,r 

da 


( 8 ) 


d\{/ 

da by 
dip 6x 


da 


(9) 


It follows from (7), (8), and (9) that along the envelope 

fa ~ < 10 > 

If then we solve equations (6) and (10) for x and y in terms 
of a we shall obtain parametric equations of the envelope, 
in case there is an envelope. Or we could obtain the non- 
parametric equation of this curve by eliminating a by 
means of (6) and (10). Consider the example already re- 
ferred to: f(x, y,a) = y — ax — ^ . Here /„ = ^ — x, and 

the elimination of a gives us the equation y * = 4x. This is 
in fact the envelope, as we have seen. In the other case 
referred to, f(x, y, a) ■» z* + y* — a* and /„ = — 2a. The 
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equations x 2 -f- y 2 — a 2 = 0 and — 2a = 0 do not deter- 
mine x and y as functions of a. There is no envelope. 
There is still another possibility. Consider, for example, 
the curves f{x, y, a) = x* - {y - a)' 1 = 0. Here } a 
= 2 (y — a) and the elimination of a from the equations 
/ = 0 and /„ = 0 gives us x = 0. This is not the envelope 
of the given family. It is rather the locus of the singular 
points of members of the family. 

That loci of singular points should appear when we com- 
bine equations (6) and (10), in ease there are such points, is 
obvious from the following considerations: Along such a 
locus equations (0) and (8) hold. But at a singular point 

~ = 0 (§ 37). Hence (10) also holds. 

dx ay 

In practice then in order to find the envelope of a given 
one-parameter family of curves (ft) we solve equations (6) 
and (10) for x and y in terms of a. We know that under 
certain conditions this will give us parametric equations of 
the envelope (see Th. 1, § 179). We might also eliminate 
a by means of equations (6) and (10). If the equation 
R(x, y ) = 0 is the result of this elimination, it is satisfied by 
the coordinates of any point of the envelope. If there are 
singular points, their coordinates also satisfy the equation. 
The loci of all such points must be separated out unless these 
loci also belong to the envelope. 

The same curve may be the envelope of many families of 
curves. For example, for every value of a the equation 


(x — a) 2 
a 1 


+ f = 1 


represents a one-parameter of curves with the lines y = ± 1 
for envelope. 

178. Let 

f(x, y, a) * 0 and /(x, y, a + h) = 0 

be two curves of the given family. The intersections of 
these two curves are the same as the intersections of the 
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curves 

f(x, y,a)-0 and fe M - ife. fc fO =0 . 

If we let /i — > 0 the limiting positions of these intersection 
points are the points of intersection of the curves (6) and 
(10). In other words, the locus of the equation R(x, y) — 0 
contains the locus of the limiting points of intersection of 
the two curves corresponding to a and a -f h as h — » 0, if 
there is such a locus. 

179. Sufficient conditions. There is nothing in the dis- 
cussion of § 177 to assure us that the one-parameter family 
of curves /(x, y, a) =0 has an envelope. As a matter of 
fact, we have seen by an example that in some cases no en- 
velope exists. Under certain circumstances, however, which 
we shall describe, we may be sure that there is one. 

Theorem 1. The equations 

Six, y, a) = 0, f a (x, y, cl) — 0 (11) 

define a curve which is tangent to each curve of the family 
f(x, V, a) = 0 for values of a near to ao in case fix, y , «) 
satisfies ike following conditions: 

(a) fix o, i/o, ao) = 0, f a (x o, yo, a 0 ) =0; 

(b) fix, y, a), f z ix, y, a), /„(x, y, a), /,..(«, y, a), 
fv. a(x, y, a), and /„, a (x, y, a) are continuous in the neighbor- 
hood of the point (x 0 , yo, ao) ; 

(c) fa. «(x 0 , 2/o, «o) + 0, 

fxix o, 2/o, ao) fvixo, yo, ao) q 

f x, a(Xo, yo, a o) /v. «(x o» Vo, ao) 

By virtue of the second part of Condition (c) we know 
from Theorem 2 of Chapter XII that there are two functions 
(p(a) and i^(a) which are continuous, together with their 
first derivatives, in the neighborhood of a 0 and which re- 
duce equations (11) to identities when we put x «*■ <pia) 
and y = ^(a). Moreover xo = ^>(a 0 ) and yo = ^(a 0 ). 
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Since 

and 

we have 


/[*>(«), «] = 0 
/«[<£>(«)> ^(«), a~\ = 0 , 
fx<p' + fA' + /« = 0 , 1 

fa. Z<P' + fa, A' + fa. a ~ 0 . ] 


( 12 ) 


If <p'(ao) and ^'(«o) were both zero, it would follow from 
the second of equations (12) that f a . a (x 0 , yo, «o) = 0. But 
this contradicts the first part of Condition (c). We have 
seen that in the neighborhood of a 0 the function f a (x, y, a) 
vanishes. In this neighborhood therefore 


Hence the curve 


fiA + fA' - 0* 


( 13 ) 


x = <f(n), y = yp(ct) (14) 

has a continuously turning tangent in this neighborhood, 1 
since its slope is 

+'(a) _ _f £ ' 

</(«) fv 

On the other hand, since by virtue of the second part of 
Condition (c) /* and f v do not vanish simultaneously in the 
neighborhood under consideration, the first of the curves 
(11) has a continuously turning tangent whose slope is 

dy _ _ fx _ 
dx~ f v ~ *>' ' 

Hence this curve and the curve (14) are tangent for any 
value of a in a suitable neighborhood of «o. 

It was pointed out in § 177 that the family 

x* — (y — «) 2 = 0 

has no envelope. We conclude therefore that the condi- 
tions of the theorem are not satisfied. This can be readily 

1 That is, a tangent whose inclination i* a continuous function of the abscissa of 
the point of contact. 



326 


ADVANCED CALCULUS 


[§ 180 


verified. We have 


f(x, y, a) = x 3 - (y - a) 2 = 0, 
fa(x, y, a) = 2 (y - a) = 0, 
fx = 3x 2 , f y = - 2(y - a). 


Hence y = a 0 and x = 0 when a = a 0 and the determinant 
in the second part of Condition (c) vanishes for every value 
of a. 

It should be pointed out that the conditions of this 
theorem have not been proved necessary for the existence 
of an envelope. And in fact they are not necessary. This 
can be seen from a consideration of the curves x(x — a) 4 
— y 2 = 0. The line y = 0 is tangent to every curve of the 
family, the point of contact for the curve corresponding 
to a = a 0 being (a 0 , 0). This line is the envelope of the 
family. On the other hand f z (x 0 , y 0 , a 0 ) and f y {x 0} y 0 , «o) 
both equal zero and the second part of Condition (c) of the 
theorem is not satisfied. The theorem is nevertheless useful 
since its conditions are satisfied by many families of curves 
that are apt to come to the reader’s attention. 

180. An application in optics. If a bundle of parallel 
rays of light in the same plane strike the polished concave 
surface of a narrow circular band, every ray 
will be reflected from the surface in such a 
way that the angle between the incident 
and reflected rays will be bisected by the 
normal. The curve of light which appears 
is the envelope of these reflected rays. 
In order to determine the equation of this 
envelope we suppose that the original rays 
are parallel to the x-axis and that the center 
of the circle is at the origin, the radius of 
the circle being 1. If an incident ray make 
the angle 6 with the normal it will be reflected along a path 
whose equation is 

y cos 29 — x sin 29 4- sin 9 = 0. 



(15) 
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We solve equation (15) and the equation 

f e (x, y, 6) = — 2 y sin 2 6 — 2x cos 26 + cos 0 = 0 

for x and y in terms of 6. In the light of Theorem I we can 
be sure that the solution of (15) and the equation fe(x, y, 6) 
- 0 for x and y in terms of 6 will give us parametric equa- 
tions of the envelope. We leave it to the reader to verify 
that these equations are 1 

3 1 

x = . cos 6 — t cos 3 9 , 

4 4 

3 1 

y = ^sin 6 — ^sin 36. 


These are parametric equations of an epicycloid of two 
cusps. 

EXERCISES 


Find the envelope of each of the following one-parameter families 
of curves: 

1. x cos a +• y sin a = 1. 2. y — mx + \1 +- m 5 . 

3. a 2 x 3 + 2ay +1=0. 4. (x — m'f +- if — 1. 


13 , 

a )T (l - a) 7 


= 1 . 


6. y — — k 7 sec 5 «-j J +- l tan a x, where the parameter is a. 

7. A straight line moves in such a way that the axes intercept on 
it a constant length. Find its envelope. 

8. Find the envelope of a straight line which moves in such a way 
that the product of its intercepts on the axes is constant. 

9. Find the envelope of the family of circles that are tangent to 
the j/-axis and have their centers on the curve if = x. 

10. Find the envelope of the family of ellipses whose axes lie on the 
coordinate axes and have the sum of their squares a constant. 

11. A circle rolls along a straight line without sliding. Find the 
envelope of a fixed diameter of the circle. What are the highest and 
lowest points of the cnvclojx* if the base is horizontal? 

12. The generating circle of a cycloid carries a fixed tangent which 
coincides with the i-axis when the circle is in its initial position. Find 
the envelope of this tangent, and show that it is below the x-axis when 

0 <*<*. 


1 See Serret-SchefFere, Lehrbuch dcr Differential- und Intcgralrtchnuna, Vol. 1. p. 
403; or Oagood, Introduction to the CalcuUm, p. 274. 
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13. Find the envelope of the normals to the curve y => x*. 

14. Find the envelope of the normals to the curve xy = 1. 

15. Find the envelope of the family ixy ~ {a — x — y)*. 

16. Find the envelope of the family of cubical parabolas 

y = ( x _ a )*. In what respect does this family differ from the other 
families of curves in the preceding exercises? 

17. Show that the envelope described in § 180 is tangent to the circle 
ac* + y* = 1 at the point (0, 1). 

18. Show that this envelope is farthest from the y-axis at the point 

for which 0 = \ • 

4 


181. Curvature. When a point moves along the curve 


y = /O) 


we say that its direction at any point is that of the tangent 
to the curve at this point taken in the sense of increasing or 
decreasing abscissa according as the abscissa of the point is 
increasing or decreasing. (At a point where the tangent is 
vertical we consider the change in the ordinate.) If A and 
B are two points on the curve with no point of inflection 
between them, we define the curvature of the curve from A 
to B to be the difference between the inclinations of the 


tangents to the curve at A and B. We define the average 
curvature over the arc AB to be the quotient of the curvature 
divided by the length of the arc AB. If a and a + Aa are 
the inclinations of the tangents to the curve at A and B 
respectively and s and s -f As are the lengths of the arcs to 



Fig. 30 


these two points measured from an arbi- 
trary point on the curve, the average 

curvature over the arc A B is . The 

As 

curvature at the point A is defined as 
the limit of as As approaches zero, 


in case this limit exists. This is the derivative of a with 


respect to s. In the case of a circle Aa is the same as 
the angle between the radii to the points A and B, and 
A* = RAa, where R is the radius of the circle. Hence 
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— has the constant value , and this is the value of -3 that 

As K ds 

is, the value of the curvature, which is the same for all 
points of the circle. It follows from this that the curvature 
of a curve at a point is the reciprocal of the radius of a 
circle that has the same curvature. We therefore define 
the radium of curvature of a curve at a point to be the recip- 
rocal of its curvature. 

It is easy to derive an explicit expression for the curvature 
of the curve. If a is the inclination of the tangent, 


But 


Hence 


a = arc tan y', 
da _ y" dx 
ds ~ 1 4- y fi ds 


dx _ 1 

” •'T+7 f 


(§ 187 ). 


da y" 

ds ~ (FT y n ) z - ’ 


(16) 


and the radius of curvature R is given by the formula 


r = t'-i;;'— 


(17) 


182. The osculating circle. The tangent to the curve 


y = /U) 

at the point A is the line through A with an inclination a 
such that the inclination of the chord through A and A’ ap- 
proaches a as A' approaches A along the curve. Similarly 
there is associated with a non-singular, non-inflectional 
point A of a plane curve a circle of radius R and center C 
such that the radius of the circle through A and two other 
points A' and A" approaches R and the center approaches 
C as A' and A” approach A along the curve. This circle is 
called the osculating circle of the curve at the point in 



ADVANCED CALCULUS 


330 


[§ 182 


question. The existence of such a circle can be seen as 
follows : 

Let 

(x - a'Y + {y - py - R” =0 (18) 

be the equation of the circle through A, A', and A". If 
we put /(x) for y in the left member of (18), this left member 
becomes a function of x. We shall represent it by the 
symbol F(x). If x, xi, and x 2 are the abscissae of A, A', 
and A", respectively, and Xi is between x and x 2 , we have 

Fix) = 0 , F(xi) = 0 , F(z t ) » 0 . ( 10 ) 

If F(x) has derivatives of the first two orders, we know from 
Rolle’s theorem that F'{x) vanishes for a value ( of i 
between x and Xi ; and also for a value £' between Xi and x 2 . 
That is, 

F'(S) = 0 , F'tf) = 0 . 


Then by the same theorem F"(x ) vanishes for a value £i of 
x between £ and £'. In other words, 


(X - ay + [/(*) - n 2 - R* - 0, 1 

(f - «') + C/tt) - /*']/'(*) = o, ■ 
l + f'(u + [/(SO - fl'inso = o. J 


( 20 ) 


Now as xi and x 2 approach x, £ and £i approach the same 
limit. It follows from the last of these equations that 0' 
approaches a limit 0, where 


V - 0 = 


1 + y n 


y 


( 21 ) 


Then it follows from the second of these equations that a 
approaches a limit a, where 


x — a 


vV + y '*) , 

> 


(22) 


and from the first equation that R’ approaches a limit R, 
where 


(x - a) 2 + (y - 0Y = R*. 


(23) 
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This shows the existence of the osculating circle and tells us 
its center and radius. We see from (21), (22), and (23) that 


R 


. (1 + y n y ' 2 

1L ft • 

A l' ' 


Hence the radius of the osculating circle is equal to the 
radius of curvature. For this reason the osculating circle 
is called the circle of curvature, and its center the center of 
curvature, of the given curve at the point in question. 

183. The evolute. As the point (x, y ) moves along the 
curve the corresponding center of curvature traces out a 
locus that is called the evolute of the given curve. 

Theorem 2. The evolute of a curve is the envelope of the 
normals to the curve. 

The equation of the normal is 


X — x + (Y — y)y' = 0, (24) 

where x and y are the coordinates of the point of contact 
and X and Y are the running coordinates. We take the 
parameter in this equation to be x, it being understood that 
V — /Or) is the equation of the curve. We know from 
Theorem 1 that in general the loci (24) have an envelope. 
To find it we first equate to zero the derivative of the left 
member of (24) with respect to the parameter: 

- 1 + (Y - y)y" - y ri = 0. (25) 

This equation shows that Y is equal to the ordinate of the 
center of curvature as given by 1 (21), and then we see from 
(22) that X is the abscissa of this center. The parametric 
equations for X and Y therefore show that the envelope in 
question is the locus of the centers of curvature of the given 
curve; that is, the evolute of the given curve. The normals 
of a curve are accordingly tangent to its evolute. 

184. An example. The equations of the cycloid are 

x = r(6 — sin 0), 
y = r{ 1 - cos0), 

1 Id comparing equation* (26) and (21) we must keep in mind that > takes the 
place of ff. 
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where r is the radius of the generating circle. Then 
, sin# , „ - 1 


V = 


Hence 


1 — cos 6 

1 + 


R = 


[ 


and 
sin 2 6 


(1 — cos 6) 


y" = 


] 3 12 


1 


r(l — cos 0) s 


. . e 

4 r sm 2 


r(l — cos Q) 2 


We can find the evolute by the method we have described, 
but in this particular case it is better to proceed as follows: 


PM = 2 t sin 


e 


Hence R = 2PM. That is, the center of curvature P' 
lies on the circle symmetrical to the generating circle with 
respect to the point M, since MP' = PM. 

arc NP' — nr — MP' — irr — arc MP - -rr — OM 

= OD - OM = MD. 

We conclude from this that the evolute of a cycloid is an 
equal cycloid. 
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EXERCISES 

1. Find the radius of curvature of the parabola y = x* at the 
point (2, 4). 

2. Find the radius of curvature of the parabola y l *» 4ox at either 
end of the latus rectum. 
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3. At what point is the curvature of the parabola a maximum? 
Does it have a minimum at any point? 

jp2 |i2 

4 . Find the radius of curvature of the ellipse -- -f = 1 at the 

a 2 b 2 

points ( x , y), (0, b), and (a, 0). 

5. Is the center of curvature of an ellipse at a vertex ever at the 
opposite vertex? 

6. At what points is the curvature of the ellipse a maximum and 
at what points is it a minimum? 

Find the evolute of each of the following curves: 

7. ^ = 1. 8. x tn + y 2!z = a 2lz . 9. xy = a 7 . 

10. y 2 = 4ax. 11. The catenary y = j(c* + c~ z ). 

12. x = cos 6 + 0 sin 6, y = sin 6 — 8 cos 6. 

13. Find the radius of curvature of the spiral of Archimedes, r = ad. 

14. Find the radius of curvature of the cardioid r = 2a(l + cos 6). 

15. Find the equation of the circle of curvature of the curve i 3 -f y l 
2y 2 — 4x 4- 3y - 0 at the origin. 


185. Intrinsic equation of a curve. Every equation of a 
curve that we have considered so far has depended in some 
way upon the relation of the curve to the particular system 
of coordinates used. If we had changed the system, the 
equation of the curve would have been changed. It is 
possible however to describe a curve by an equation that 
expresses only properties of the curve that are independent 
of any system of coordinates. These properties are in- 
trinsic properties of the curve, and such an equation is 
called an intrinsic, or natural, equation of the curve. It 
represents in fact a whole system of congruent curves. 

Let k represent the curvature of a curve at a point 
whose abscissa with respect to a given system of rectangular 
coordinates is x, and let a be the inclination of the tangent 
to the curve at this point. We have already seen that k 
and a are the following functions of x: 


k 


V 


(l + i/T 3 ’ 


a = arc tan y', 


the equation of the curve with respect to this system of co- 
ordinates being y = f(x). By means of these equations we 
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dk 

can obtain ^ as a function of x, provided y has a third 
derivative with respect to x. Then we shall have 


k = v (x), Q = m- 


(26) 


If we can solve the first of these equations for x in terms of 
k, we can write the second one in the form 



(27) 


We have now to show that this equation (27) represents 
all the curves of a given congruent set determined by the 
function 8(k). If k is a constant, the curves are clearly 
either circles or straight lines. We exclude this case from 
our consideration. Now 


Moreover 


Hence 


dx , dy 

y = cos a and y — sin a. 

ds ds 


ds _ 1 
da k 


= f k COS a ^ a * V ~ J 


r sin ada. 
k 


From (27) we have 
dk 


/ 


0(k) 


= a — c (c a constant). 


(28) 


(29) 


It will be convenient to replace o — c in this equation by 
the parameter t. Then (29) determines k as a function of t. 
Equations (28) can be written in the form 


ft l ft l 

—J ^cos (t + c)dt + Cj, y~J j. sin (l + c)dt + c 2> 


(30) 


where t 0 is a definite number. All the curves represented 
by (27) have parametric equations of the form (30). And 
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conversely, every curve represented by equations (30) has 
the curvature k and a tangent with the inclination a. For 


dx dx 
da dt 


^cos ( t + c) 


and 

dy dy 
da dt 


1 

k 


sin ( t + c) 


k 


cos a 


= £ (cos t cos c — sin t sin c), 


l sina 


= (sin t cos c + cos t sin c ). 


Hence the inclination is 


arc tan 


dy 

dx 


— a and the curvature is 


da _ da dx _ k 
ds dx da cos a 


• cos a 


= k. 


All of the curves represented by (30) can be obtained from 
the particular curve 


i= U cosM ’ t-fl 

by means of the transformation 


* sin tdt 


( 31 ) 


x — x cos c — y sin c -f Ci, 
y = i sin c -f y cos c + c 2 . 

Hence all these curves are congruent 1 to the particular curve 
(31), and they therefore form a set of congruent curves. 

The appearance of the arbitrary constant in (29) corre- 
sponds to the geometrical fact that « is arbitrary since the 
system of coordinates we are using is an arbitrary one. 
The important fact is that (27) does not contain an arbi- 
trary constant and is therefore independent of such a 
system. 

1 In the sense that they can all be obtained from (31) by means of a rotation 
around the origin, or such a rotation followed by a translation. 
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Skew Cukves 

186. Length of an arc. Consider an arc, plane or twisted, 
given by the equations 

y = <fi(x) and z = \p(x) 

and connecting any two points A and B with abscissae a 
and b respectively, a < b. We take n + 1 points (inclusive 
of A and B) on the arc and connect consecutive points by 
straight lines. Then we form the sum 

s - £ c„ 

i-i 

where c< is the length of the ith chord. If S approaches a 
unique limit as we increase n and select the points in such a 
way as to make the maximum length of the chords approach 
zero, we call this limit the length of the arc from A to B . 

In order to see whether there is a unique limit under 
these circumstances we assume that <p(x) and ip(x), together 
with their first derivatives, are continuous in the interval 
(a, b ). If the abscissae of the points of division are x x - a, 
> z„, r„+i = b, then 


Ci = V(x i+ i - Xi) 2 + (y i+1 - yff 1 + {z i+l - z,- ) 2 , 

where y, = <p(xj ) and z> = ^(x>). Now, by the mean 
value theorem, 

Vi + 1 - V* = <p{xi+ 1) ~ <p(Xi) = (x i+ i - *<)/(€<), 
where £< lies between x, and x l+J ; and 

z >+ 1 - Zi = 1 ) - = (Xi+1 - Xi)\l/'(lji) f 

where iu also lies between x,- and x <+ i. Then 

Ci = (x£+i — x,)Vl -+■ -f~ ^(vd 

s = £ (x w - i,)Vi + 

i * 1 


and 
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When we come to the investigation of the question as to 
the existence of a limit for S as the maximum length of the 
chords approaches zero, we are met by the difficulty that 
under the radical sign the arguments of <p' 2 and are not 
the same. We get around this difficulty in the following 
way: Let Mi be the upper limit of <p n (x) in the interval 
( Xi , x x+ \), and m t - the lower limit. Then 

*>'’(£.) = <P n (vi) + 6i(Mi - m t ), 
where — 1 = 0,- — 1, and 


S = E(z,+i - s,)V I + + V-hi) + 9 x {Mi - rm). 

We have now the same argument in ^>' ! and ^' 2 ; but, on the 
other hand, the disturbing term 0;(Afi — m t ) has appeared. 
In order to deal with this new difficulty we consider that 


^ 1 + <p n (vi) + + Qi(M i — nii) 

- % 1 4- <p'\vi ) + ^'\vi) 
6,(M i — rti ,) 

D 


where 

D — ^1 + <p'\r}i) "H V' ,i ( 7 7 i) ■+■ B i{M i — TO,) 


+ <1 + <p n (r, t ) + r(v,). 


The denominator of this fraction is equal to, or greater than, 
one; and therefore the fraction is equal to, or less than, 
6i(Mi — m t ). Hence 


^1 4- + Bi(Mi — m ,) 

= Vi tp n (rn) + 4- &i(Mi — mi), 

where |0/| ^ 1. Then 
$ — H(Xi + 1 ~ 1 + + ^(Vi) 

4" 2](x»-)-i — Xi)6i(Mi mi). 
But since <p'*(x) is continuous in (a, b) the intervals (x,-, x,+i) 
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can all be taken sufficiently small to make Mi — m { less 
than an arbitrary positive c for every interval, and therefore 

^( 35 ,-f-i Xi)9 x {At i = c ( b o). 

From this it follows that 


s = lim S = f Vl 4 - tp^ix ) + If/ n (x ) dx. 

The discussion shows that the limit in question exists and 

is equal to the definite integral f Vl 4 - <p n {x) + \p n (x) dx 

irrespective of the manner in which the maximum length of 
the chords approaches zero provided that the conditions laid 
down are satisfied. More generally, if the function 


V 1 + <p' 2 (x) + yp n {x) is integrable in the interval (a, b ) 
we say that the arc is rectifiable and that its length is 

jTVi + <p n {x) 4~ v\x) dx. 

187. The differential of arc. The length of arc from A 
to the point X whose abscissa is x(a < x < b) is 


Then 


-r 

** a 


1 1 + /*(*) + i'\x)-dx. 


= vi + V »{ X ) + r\x) 


ds = Vdx 4- <p\x)dx 4- ^'{x)dx = \dx + dy 4 - dz 
The length c of the chord from A to X is 

j 2 " 2 — »2 

c = \Ax 4 -Ay ■+■ Az , 


where x — x x — Ax, y — yi = Ay, and z — Z\ = Az. The 
reader should note carefully the difference in meanings of the 

/ -g 2 — -~2 I — — 2 — 2 — -'2 

two radicals \Ax 4- Ay + A z and -yjdx 4 - dy + dz . If 
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As is the length of the corresponding arc, we have 
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and 


As 

As As Ax 

+ y + (jfj ~ 

ds 

As dx 

lim — = — ;= = - == = == - - = = 1. 

c 7 77 dy V / dz y 

v 1 + [di) + {&) 


EXERCISES 

1. The supports of a suspension bridge are 1200 feet apart and the 
suspending cable sags in the arc of a parabola 60 feet at its middle 
point. Find the length of the cable. 

2. Find the length of the arch of the cycloid x = a (6 — sin 0), 
xj - a(l — cos 0). 

3. Find the length of the helix x = a cos t, y = a sin t, z — t be- 
tween the planes z = 0 and 2 = 2. 

4. Find the length of the inner loop of the curve r — aid 1 — 1). 

5. Find the length of the semicubical parabola y 2 = x 3 from the 
origin to the point (1, 1). 

6. Find the length of the cardioid r = 3(1 — cos 8). 

da, y — J * <I \ ( 4 — a* da 

from the point a = 1 to the point a = 2. 

8. Show that if s is the length of the arc of the curve ad + y 1 = a ! 
measured from the y - axis to a point whose abscissa is x, then s-’ 
varies as x 2 . 

9. Find the length of the arc of the curve 4(x + y) = 3x J + 1 that 
lies in the fourth quadrant. 

188. The osculating plane. Let 

x = /(«)» y = <p( t), * = iKO (32) 

be parametric equations of a given twisted curve. The 
equation 

A x (X -x)+ Bi(Y -y) + C,{Z - z) = 0, (33) 


7. Find the length of the curve x = I ^2a 2 + 1 

Jo 
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where X, Y, and Z are the running coordinates, is the 
equation of a plane through the point {x, y, z). We assume 
that this point is on the curve (32). Let t be the value of 
the parameter that corresponds to this point and t + h the 
value that corresponds to another point on the curve. 
Since the direction cosines of the tangent to the curve at 
the point (x, y, z ) are proportional to and \p'(t) 

(§21), it is necessary and sufficient that the coefficients 
A i, Bi, and Cx satisfy the relation 

AJ'(t) + + <V'(0 - 0 (34) 

in order that the plane (33) contain the tangent. If the 
plane also contains the point to which t + h corresponds, 
then 

A£f(t + h) - f(t)J + Bilv(t + h) - *(<)] 

+ CjCvK* + h) - mi = 0. (35) 

If we apply Taylor’s expansion to the three functions 
f(t + h ), <p(t + h ), and \f/(t 4- h), we can write equation (35) 
in the form 


-4. { A/'C 0 +?r U"(» + ei]} 

+ Bi { V(0 + I [*>"(!) + «.] J 

+c, {w'w+IV'w +«]}-<>, 

where a, « 2 , and approach zero as h does. A combination 
of equation (34) with this one shows that 

AiCT'CO 4* *0 + 4- « 2 ] 

4- CO"(0 4- ul = 0. (36) 

Equations (34) and (36) determine A i, B x, and C i up to a 
constant factor which we can take to be 1. This gives us 

Ax — y'W 4- *3) — 4- *2), 

Bx = nr + ei ) - nr 4- *), 

Ci = nr 4- «.) - <pV" + «i). 
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As h — ► 0 

Ax — ► A = W - *V', 

Bi -> B = VS" - /V", 

Cx c = /v' - vr. 

(37) 

The plane 




A(X -x)+ B(Y -y) + C(Z - z) = 0, 

where A, B, and C are given by (37), is called the osculating 
plane of the given curve at the point ( x , y, z ). It is the 
limiting position of a plane through the tangent line and a 
point on the curve as this point approaches the point of 
contact. The equation can also be written in the form 


X - X 

Y-y 

Z - 2 



m 

V{t) 

V(i) 

= 0 . 

(38) 

s"{t) 

V'(i) 

*"«) 




For example, the osculating plane of the curve 
x = t, y = t-, z = t 3 , 
at the point corresponding to t is 

3 t 2 X - 3 lY + Z = t*. 

EXERCISES 

1. Find the equation of the osculating plane of the helix x = cos t, 
y — sin t, z = l at the point t = l\. 

2. Show that the normal to the cylinder on which the helix of 
Exercise 1 lies at a point on the helix lies in the osculating plane of 
the helix. 

3. Find the equation of the osculating plane of the conical helix 
x = t cos t, y = t sin t, z = kt at the point t = h. 

4. Find the equation of the cone on which the helix of Exercise 3 
lies. 

5. Find the osculating plane of the curve y = x, z = 1 — x 2 at the 
point (1, 1, 0). 

6. Find the equation of the osculating plane of the curve xyz = 1, 
V = x at the point (1, 1, 1). 

7. Find the equation of the osculating plane of the curve x = 
2 cos t, y = sin t, z — 3£ at the point t = 2. 

8. The curve of Exercise 7 lies on a cylinder whose elements are 
parallel to the z-axis. Does the normal to this surface at a point on 
the curve lie in the osculating plane of the curve at this point? 
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9. Find the osculating plane of the curve x = a cos t, y = a sin t, 
z = a cos t at the point t = t u 

Surfaces 

189. Envelopes of one-parameter families of surfaces. 

Consider the one-parameter family of surfaces 

F(x, y, z, a) = 0, (39) 

where a can have any real value, or at least any value within 
a given range. It may be that there is a surface E that is 
tangent to each surface of the family along a curve. If 
there is such a surface it is called the envelope of the given 
family of surfaces, and the curve of tangency on each surface 
is called a characteristic curve . 

The question we now consider is whether there is a curve 
on each surface of the family such that the locus of these 
curves is a surface which is tangent to each of the given sur- 
faces along that one of these curves that lies on this surface. 
Suppose that E is such a locus, and consider a point P of 
contact of it with a surface of the family. This latter 
surface is determined by P and a is determined by the sur- 
face. Hence a is a function of the coordinates x, y, and z 
of P. It is constant along the characteristic through P. 
We assume that this function possesses first partial deriva- 
tives with respect to x, y, and z. Then equation (39) 
represents the envelope E provided that we replace the 
constant a by this function. 

Let 

x = f(u, v ), y = <p(u, v ), z = v) 

be parametric equations of the surface E. Since a is a 
function of x, y, and z, it is a function of u and v. If we 
introduce these functions for x, y, z, and a in (39), we shall 
obtain an identity in u and v. Hence 

dFdx.dFdy.dFdz.dFda 
dx du by bu bz bu ba bu * 

bF bx dF by_ dF bz dF ba ^ 

bx bv by bv bz bv ba bv 
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From this it follows that 

dF , , dF . , dF , JF, 

■ dx+ d^ dy + al dz+ -^ da = 0 ’ ( 40 ) 


dx 


since 


dx =^-du +~ dv, 
du dv ’ 

, dy ,dy 

dy = du -) — — dv, 
a du dv * 

dz ,dz 

dz= ai. iu+ ^ iv ' 

da = du ~ dv. 
du dv 

Now the condition that E be tangent at P to the surface of 
the family that passes through P is 

dF ,dF dF 

— dx +■ -r- dy + — dz = 0, 
dx dy * dz ’ 

OF SF dF 

since , and — are proportional to the direction co- 

sines of the normal to this surface of the family, and dx, 
dy, and dz are proportional to the direction cosines of a 
line through P in the tangent plane to E. Hence on E we 
have 

£ - °- (41) 


If then there is an envelope, it is represented by the equa- 
tion 


R(x, V, z ) = 0, (42) 


which is the result of eliminating a from equations (39) 
and (41). But the loci of singular points of the surfaces of 
the family would also be given by this equation, since at 
such a singular point 


3F 

dx 


= 0, 


dF 

dy 


= 0, 
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If in equations (39) and (41) a has a constant value, the two 
equations represent the characteristic on the surface of the 
family that corresponds to this value of a. 

190. Developable surfaces. Consider a one-parameter 
family of planes that has an envelope. This envelope is 
called a developable surface. Let the equation of the 
planes be 

u(a)x -h v(a)y -f- w(a)z -f 6(a) = 0. (43) 

This equation and the equation 

u'(a)x + v'(a)y + w'(a)z + d'(a) = 0 (44) 

determine for an arbitrary value of a a characteristic in 
case uv' — u'v, vw ' — v'w , and wu' — w'u are not all zero 
for this value of a. Equations (43) and (44) together with 

u"(a)x -f v"(a)y + w"(<x)z -f 6"(a) = 0 (45) 

determine x, y, and z in terms of a for those values of a for 
which 


u 

V 

w 

u’ 

v' 

w' 


// 

..." 

u 

V 

w 


Under these conditions these equations determine a curve T. 
This curve is the envelope of the characteristics determined 
by (43) and (44). To see this we differentiate (43) and (44), 
taking account of (44) and (45). This gives us 

udx + vdy -f wdz = 0, 
u'dx -f v'dy + w'dz = 0. ^ ' 

The direction cosines of the tangent to T at a given point 
are proportional to dx, dy, and dz as given by (46). That is, 
these direction cosines are proportional to vw ' — v'w, 
wu ’ — w'u, and uv' — u'v. But these are also proportional 
to the direction cosines of the characteristic through the 
point in question. Hence T is the envelope of the family of 
characteristics. It is called the edge of regression of the 
envelope. 
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191. The osculating planes of r. The equation of the 
osculating plane of T at a given point can be written in the 
form (see Eq. 38) 


X - X 

Y -y 

Z - z 1 



dx 

dy 

dz 

= 0 . 

(47) 

d 2 x 

d 2 y 

d 2 z 




By differentiating the first of equations (46) with respect to 
a and taking account of the second of these equations, we 
obtain the equation 

ud 2 x + vd 2 y + wd 2 z = 0. 

Hence, unless all the two-rowed minors that can be formed 
from the second and third rows of the determinant in the 
left member of (47) vanish, (47) reduces to 

u(X - x) + v(Y - y) + w{Z - z) = 0. 

But 

ux + vy + wz + 9 =0 

and therefore 

uX + vY + wZ + 0 = 0 

is the osculating plane. But this is the same as (43). 
Hence 

Theorem 3. The osculating plane of T at a given point 
is that one of the given planes that passes through this point. 

We leave it as an exercise for the reader to show that the 
locus of the tangents to the curve (32) is a developable 
surface. 

192. Envelopes of two-parameter families of surfaces. 
The equation 

/Or, y, z, a, 0) = 0, (48) 

where a and 0 are independent parameters, represents a 
two-parameter family of surfaces. If there is a surface E 
that touches each surface of the family in one or more points, 
we shall call it the envelope of the family. For example, the 
sphere 


x 1 + y 2 + z 2 = 4 
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is the envelope of the two-parameter family of its tangent 
planes. If there is an envelope, the coordinates x, y, and z 
of its point, or points, of contact with one of the given 
surfaces are functions of a and p. We assume that these 
functions are differentiable. When they are introduced 
into the left member of (48) for x, y, and z, the equation 
becomes an identity. Then 


df 

dx 


df 

dy' 


df 

dx ( 


dx+^dy+^.dz+l^d a +^ = 0, (49) 


3$ 


when we put 


, dx , , dx . n 

dx= ^ ia+ ap dl3 ’ 

dz dz 

dz = — da 4- T-x dp. 
da dp 


Now dx, dy, and dz are proportional to the direction cosines 
of a line through the point of contact and lying in the 

f) f fi f fi f 

tangent plane to E, while ^ ^ , and — are proportional to 

the directional cosines of the normal of the given surface at 
this point. Hence, since E and this surface touch here, 

^-dx+^-dy +^dz = 0. 

dx dy dz 

It then follows from (49) that 


df, _ a 

da da + dp d0 ~ °* 

But a and p are independent and therefore da and dp are. 
We see then that the equations 

£-o rr° (50) 

are satisfied by the coordinates of the point of contact. If 
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then we can solve equations (48) and (50) for x, y, and z in 
terms of a and /S, or if we can eliminate a and 0 from these 
equations, the result in either case will give us the envelope, 
if there is one. It may be that 

n 

dx dy dz 

for the values of the coordinates that satisfy (48) and (50). 
These are the coordinates of the singular points of the given 
surfaces. The process described will then give us the en- 
velope, if there is one, or the locus of the singular points of 
the given surfaces if there are any such points, or a combina- 
tion of these two loci. 

It is possible in many ways to pick out from the surfaces 
(48) one-parameter families. This can be done by making 
one of the parameters a function of the other one, say, 
/3 = <p(ck). The resulting one-parameter family may, or 
may not, have an envelope. 

EXERCISES 

1. Show that the envelope of the one-parameter family of spheres 
x 2 + (y — j3) 2 + {z — y) 2 = 1, where + y 2 = 4, is a surface of 
revolution. 

2. Find the envelope of the one-parameter family of planes 
z = ax 4- by, where a 2 b 2 = 1. 

3. Find the envelope of the two-parameter family of planes 
ax 4- 0y + \'l — a 2 — 0 1 z = I. 

4. Find the envelope of the two-parameter family of planes 
ax + 0y + (a 2 + £ 2 )z = 1. 

5. Show that if x = /(y, z) is the equation of the spheres in Exercise 

MISCELLANEOUS EXERCISES 

1. What kind of locus is represented by the pair of equations 
r = a, F{6, <p) = 0, r, 6, and <p being spherical coordinates? 

2. What is the nature of the locus of the equation F(9, <p) = 0? 
Of the locus of F(r, 8) = 0? Of the locus of F(r, <p) = 0? 

3 . Find the radius of curvature of the cissoid y* = =- • 



348 


ADVANCED CALCULUS 


» i 

4. Find the radius of curvature of the curve + y* = 1. 

a 3 b * 

5. Show that if a segment is laid off on the normal to the catenary 
from the point of contact in a direction away from the center of curva- 
ture and equal in length to the radius of curvature, the locus of the 
end of the segment is a straight line. This line is called the directrix 
of the catenary. 

6. Express the square of the element of arc of a space curve in 
terms of spherical coordinates. 

Are the following three curves rectifiable in the interval (0, 1): 

7. y = sin ~ (x * 0), y = 0 (x = 0). 

8. y = x sin ^ (x +0), y = 0 {x — 0). 

9. y = x 3 sin ~ (x + 0), y = 0 (a; = 0). 

10. Find the equations of a curve on 
the surface of a sphere that cuts all the 
meridians at the same angle. 

Let the center of the sphere be at 
the origin and take the planes through 
the z-axis for the meridian planes. De- 
note by A and B two points on the curve 
and by C the intersection of the meridian 
through B with the parallel of latitude 
through A. If Xi is the angle formed 
by the chords AB and AC, and yi is the angle formed by the chords 

CB and BA, then = EILAi > B u t if r, 9, and <p are the spherical co- 
AC sin Ml 

ordinates of A, and r, 0 + AO, and tp + A<p those of B, then CB = rAtp 
and AC — r sin <p- Ad. As B approaches A along the curve 

.. CB .. CB rAtp 1 dtp 

lim •= = lira = lim — : t-t = -jz • 

AC AC r sin V'&v sin tp dv 



Moreover lim X t = X, the complement of the given angle between 
the curve and the meridians, and lim =■ ^ — X. Hence 


1 dtp 
sin tp d9 


tan X, 


and log tan = tan X- 6 + C. 
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11. Show that the curve in Exercise 10 winds around the pole an 
infinite number of times, but is of finite length. 

12. Find the equations of a curve on the cone x 2 + y 2 — c 2 z 2 = 0 
that cuts all the elements of the cone at the same angle. 

13. Show that between a given point on the curve of Exercise 12 
and the origin the curve winds around the axis of the cone an infinite 
number of times, but is of finite length. 

14. Show that the orthogonal projection of the curve in Exercise 12 
on the zy-plane is an equiangular spiral. 

15. Find the angle between the curve x = t cos t, y = t sin t, 

z — - and the element of the cone at the point t = t,. 



CHAPTER XIV 


CALCULUS OF VARIATIONS 

193. The simplest problem. In Chapter IV we con- 
sidered the problem of finding the values of the inde- 
pendent variable x for which the function fix) is a maximum 
or a mini mum and the corresponding problem for functions 
of two variables. In this chapter we shall consider another 
problem concerning maxima and minima; namely, having 
given a function F(x, y, y') subject to certain conditions 
that will be described in detail later and two points 
A = (a, c) and B = ( b , d) in the (x, y)-plane, to find the 
curve y = f(x) passing through the points A and B and 
such that the integral 

J = jTV(i, y, y')dx (1) 

shall be a maximum or a minimum. 

This is the simplest problem in what is known as the 
Calculus of Variations. The thing to be determined here 
is not a point, as in the cases referred to, but a curve. 

194. Examples from geometry and mechanics. 

(a) Let 1/ = /(i) be a given curve passing through the 
points A and B on the same side of the a:- axis. We shall 
assume that a < b. The area of the surface generated by 
revolving the arc AB completely around the z-axis is given 
by the formula 

J = 2ir f yv'l + y n dx. (2) 

a 

If we take another curve through A and B, the resulting 
value of J would in general be different. The problem is to 
see if there is one curve that will make this area a minimum, 
and if there is such a curve to determine its equation. 
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Why do we not ask if there is a curve that makes this area a 
maximum? 

This problem is connected with the following problem 
that arises in mechanics : 1 Let a circular ring be dipped 
into a soap solution and then withdrawn. In this way a 
disc of film surrounded by the ring will be formed. If now 
a smaller circular ring concentric with the first one be 
pushed through the film in a direction perpendicular to the 
plane of the film, care being taken to keep the two planes 
parallel, the two rings wall be connected by a film which is a 
surface of revolution whose axis is the line connecting the 
centers of the two circles. If we take this line for the 
ar-axis, what is the curve y = f(x) that generates this 
surface? 

If we assume, as is proved in mechanics, that the film 
assumes the shape of a minimum surface of revolution, we 
have an answer to the first question raised ; namely, as to the 
existence of a curve that will give a minimum surface of 
revolution. But the problem of determining the equation 
of this curve is one whose solution is to be found only in the 
theory of the Calculus of Variations. 

(b) Let the (z, z/)-plane 
be vertical with the posi- 
tive direction of the y-axis 
downwards. We consider 
two points A and B in this 
plane, but not in the same 
vertical line, connected by 
a wire on which a bead is 
strung. Our problem is to 
determine the shape of the wire in order that the bead, start- 
ing from rest and moving without friction, shall fall from A 
to B under the influence of gravity in the shortest possible 
time. 

It might seem that the answer is very simple, inasmuch 
as the straight line connecting the points is the shortest 

1 See Bliss, The Calculus of Variations, 1925, p. 7. 


A 



Fia. 33 
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path between them. But a moment’s reflection shows that 
the problem is not so simple as this because a longer path 
might be steeper in places and the increased speed of the 
bead along these parts of the path might more than make 
up for the greater distance to be traveled. Galileo sur- 
mised that the path of quickest descent was the arc of 
circle. We shall see later whether he was right or not. 

It is not difficult to set up the integral which must be 
minimi zed. If 6 is the inclination of the tangent to the 
path at any point P, we have 


d 2 s . 

de = ssme - 

But sin e - g (§ 38). Then 

d 2 s _ dy 
dt 2 g ds 

• ds 

If we multiply each side of this equation by 2 ^ 

is 


( 3 ) 


, the result 


dsd 2 s 
dt dt 3 


_ — 2o — 

Zg ds dt ~ Zg dt 


Then integration gives us 



- 2 gy + c. 


We shall assume that the origin has been taken at the point 

ds 

A. Then y = 0 and = i> = 0 when t = 0, since the bead 
starts from rest. Hence c = 0. We have then 


(ds V „ 

\dt) “ 2 «- 

The time T for the fall is given by the formula 


,.r* ‘f* ifiiz*, 

Jo v yl2gJo Vy V 2gJo ’ y 


( 4 ) 
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where l is the length of the wire and b is the abscissa of B. 
It is this integral that is to be minimized. It is of the form 
1 1 | ^ 

(1) with J = \ — — — . The factor — can be disre- 


garded since the two integrals 




+ y n 


y 


dx and 


XV 


l + y n 
y 


dx are minimized by the same curve. 


195. Euler’s equation. In § 193 we referred to certain 
restrictions to be placed on F(x, y, y'). These are that F 
and its partial derivatives of the first, and second orders 
shall be continuous when the point ( x , y) lies in a given 
region S and y’ has any value. We further assume that 
the curve C whose equation is y = f(x) is interior to S and 
that fix) and f{x) are continuous in the closed interval 
(a, b), a and b being the abscissae of tw r o points in S. 

In our discussion it is unnecessary to consider in detail 
both maximum and minimum values of J, inasmuch as a 
function y that minimizes J also maximizes — J. We con- 
sider now in detail what it means for y to minimize J. 
Let y = <p{x) be any function of x which together with its 
derivative y' is continuous in the closed interval (a, b ) and 
which vanishes at x = a and x = b. Since C lies within S, 
it is possible to keep y sufficiently small in absolute value 
(say, | y | < e) to assure us that y -j- ay also lies within S 
when — 1 gagl. When we say that y minimizes J we 
mean that J 0 2 J, where 


Jo - f F(x, y, y')dx, J = f Fix, Y, Y')dx, 

a a 

with Y = y + ay. The integral J is a function of a whose 
derivative is given by the formula (§ 68) 


J '(<*) = £ [vF v(x, y + ay, y' -f ay') 


+ y'Fyix, y + ay, y' + ocy'Jfix. 
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But J(a) has a minimum for a = 0. Hence 

J '( °) = £ D? F y (x, y, y ') + v'Fy(x, y, y')~\dx = 0. 

We find by integration by parts that 

But 17 (a) =17 (b) — 0. Hence 

™=fX F ,-^h = 0- W 

The fact that equation (5) holds for any 17 subject to the 
conditions described enables us to conclude that 



( 6 ) 


dF ■ 

For, if F y were different from zero for a value c of 

x in the interval (a, b ), it would be different from zero and of 

the same sign throughout a 

' 1 sufficiently small neighbor- 

X ° C ** b hood (x 0 , 2i) of c. We can 

34 in many ways select an 17 

that is continuous in (a, b), together with its derivative, posi- 
tive within the interval ( x 0 , xO, and zero everywhere else in 
(a, b). The function that is equal to (x — x 0 ) 2 (x — X\) 2 
when x 0 < x < Xx and equal to zero for every other value of 
xin (a, 6) is a simple example of such a function. For such 

an 17 the integral J r\(jF v — ^ dx would not be zero. 

Hence equation (6) is satisfied throughout (a, 6). This is a 
condition that a function y must satisfy in order to mini- 
mize (or maximize) J. It can be written as follows: 

Fy — Fy'x — Fy'y * £/' ~ F y> y> * J/" = 0. (7) 

This is known as Euler’s equation. It is an ordinary differ- 
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ential equation of the second order, and its general solution 
therefore contains two arbitrary constants. These will be 
determined in general by the condition that the curve pass 
through the given points A and B. 

Any solution of Euler’s equation is called an extremal. 

In case F(x, y, y') does not contain the independent 
variable x explicitly, we can deduce a first integral of Euler’s 
equation immediately from the fact that 

£(F- y'F,.) = F,y ' + F,.y" - F,.y" - y'^F,. 

= y'{ F ‘ -£*’■)=<>■ 

This first integral is therefore 

F - y'F v . = c. (8) 

First and second variations. If we expand J (a) in powers 
of a, we obtain the series 

J(a) = Jo + aJ'( 0) +~/"(0) + • • - . 


The term of this expression that is of the first degree in a 
is called the first variation of J and is denoted by the 
symbol &J. Thus 

5J = aJ'( 0). 


The second variation S V is by definition a-J"{ 0). Euler’s 
equation is equivalent to the equation hJ = 0. 

196. Minimum surface of revolution. We can apply (8) 
to the Euler equation connected with the problem of 
finding a minimum surface of revolution, since in this case 


F{x, y, y') = yfi 1 y n . In this way we get the first 
integral 


2/Vl + y' 1 - 


yy n 

VTT 7* 


= ft 


or 


y - + y n = 0. 


(9) 



356 


ADVANCED CALCULUS 


[§m 


Then 



Hence 

y - | + e~ ix - a)IB ). (10) 

This is the equation of a catenary whose directrix is the 
x-axis (see Exercise 5, p. 348). 

The next step in the determination of the minimum sur- 
face of revolution is to determine if possible the constants a 
and /3 in such a way as to make this catenary pass through 
the points A and B. The mechanical theory of the soap 
film to which reference was made in § 194 shows that this 
is possible under certain circumstances, and furthermore 
that in this case we obtain in fact a minimum surface of 
revolution. What these circumstances are cannot be 
discussed here; we can merely state the general conclusion. 

If from A we draw the line AC which meets the x-axis 
at C at a certain angle whose approximate value is 123° 32' 
and from C the line CD making an angle with the x-axis 
equal to the supplement of this angle, B must be above the 
line CD in order that one of the curves (10) shall pass 
through the points A and B. In other words, if B is not 
above CD there is no minimum surface of revolution. But 
if one of these curves does pass through A and B, it does 
not follow that it generates a minimum surface of revolu- 
tion. For this it is necessary and sufficient that the 
tangents to the catenary at A and B shall intersect above 
the x-axis. Even if there is no minimum surface, there is a 
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lower limit to the areas of the possible surfaces, since all 
these areas are positive. This lower limit is the sum of the 
areas of the two circular discs whose radii are the ordinates 
of A and B. 1 

197. The brachistochrone. In § 194 we referred to the 
problem of determining the curve of quickest descent. A 
first integral of Euler’s equation for this problem is given 
by (8). It is 


or 


dy _ 1 2c - y 
dx \ y 


(ID 


A second integration gives us 


x 


-J 


ydy 


V2 cy - y 2 


— — \2 cy — y 2 + c arc cos 


c — y 


+ C. (12) 


Since the point A is at the origin, C — 0. We leave it to 
the reader to verify that with C = 0 equation (12) repre- 
sents the cycloid 

x = e(6 - sin 0), 

y = c(l — cos 6). ' ' 

In order to determine whether c can be so determined that 
the curve (13) shall pass through B, we observe that the 
slope of the line from the origin to the point on the curve 
corresponding to a given value of 6 is independent of the 
parameter c. If then we draw the curve 

x — 6 — sin 6, 
y — 1 — cos 6, 

and denote by B’ the point where the line OB (prolonged, if 

OB 

necessary) cuts it, the curve (13) with c = q g? will pass 

1 For details see Moigno-Lindelof, Le$ona dc calcul differential et de calcul integral, 

Vol. IV, pp. 205-211. 
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through B. Clearly not more than one of these curves 
passes through B. But is this unique curve through B a 
curve of quickest descent? It can be shown that it is, 
although the proof is too long to be given here. Because 
it is the curve of quickest descent it is known as the 
brachistochrone . 1 


EXERCISES 


1. Show that the time taken for a particle to slide down the arc of 
the cycloid x = a(6 — sin 0), y — o(l — cos 0) from the vertex, the 
j/-axis being directed downward, is proportional to the value of 0 
corresponding to the terminal point. 

2. Find the time taken for a particle to slide down the chord from 
the vertex of the cycloid to the lowest point. How does this compare 
with the time taken to slide down the cycloid to its lowest point? 

3. Two cycloids are generated by circles of radii 2a and a. If a 
particle starts to slide down the larger of these from the vertex at the 
same time another particle starts down the other cycloid from the 
vertex, where will the first particle be when the second one is at the 
lowest point of its cycloid? 

4. Find the area of the surface generated by revolving the arc of 

the catenary y = between the points (0, e m + e~ m ) 

and (1, 2) around the x-axis. 

5. Find the area of the surface generated by revolving the straight 
line connecting these points around the x-axis. Compare this result 
with the result obtained in Exercise 4. 

6. Find a first integral of the Euler equation in case F{x, y, y') = 


V 1 + y 1 ' 
y 


,y> o. 


7. Show that the extremals in Exercise 6 are semi-circles with 
centers on the x-axis. 

8. Find a first integral of the Euler equation and solve in case 


F(x, y, tf) = + Vl - y '\ y > 0. 

9. Show that if F(x, y, y ') does not contain x or y and F y . u . =J= 0 
the extremals are straight lines. 

10 . Show that if F{x, y, y') = ^*(1 + y ')* and the slope of the 
straight line connecting A and B is either less than — 1 or greater than 
0, then the extremal connecting these points makes J a minimum. 

Let Jo be the value of J taken along the straight line y = y(x) from 
A to B, and J its value along any other permissible path from A to B. 
This path can be represented by an equation of the form y — y(x) 


1 From the Greek, fipaxurrov — shortest, and xpopo^ — time. 
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+ w(x), where w(a) = «(fe) = 0 and «' is continuous in this interval. 
Then show that J — Jo > 0. 

11. Does the extremal from A to B for the same F(x, y, y') as in 
Exercise 10 make J a minimum if the slope of AB is - 1? 

12. Find the Euler equation in case F(x, y, y') = ay'* - Abyy ,s 
+ 2 bxy'*. 

13. Show that if F(x, y, y') = 1 - y' 1 the extremal from A to B 
maximizes J regardless of the relative positions of these points if 
only a < b. 

14. Show that if F(x, y, y') is a quadratic in y t with constant co- 
efficients the extremal connecting A and B maximizes or minimizes J 
according as the coefficient of y '* is < 0 or > 0. 


198. Two independent variables. In the preceding para- 
graphs of this chapter we have discussed briefly what is 
known as the simplest problem of the calculus of variations. 
We shall now consider a somewhat more complicated, but 
closely related, problem. 

Let F(x, y, z, p, q) be a function of the five arguments 
x, y, z, p, and q, which together with its partial derivatives 
of the first two orders is continuous when the point (x, y, z ) 
lies within a given region V of space and p and q have any 
values. Let z = f(x, y) be the equation of a surface and 
consider a part of this surface that lies in V and is bounded 
by a closed curve C. We suppose that f(x, y) is continu- 
ous, together with its derivatives of the first tw 7 o orders, 
when ( x , y) is in the projection S of this part of the surface 
on the ( x , ?/)-plane. We shall refer to such functions 
f(x, y) as admissible functions. Our problem is to deter- 
mine the minimum (or maximum) values of the integral 


J = J J F(x, y, z, p, q)dS (14) 

when z is replaced by an admissible function f(x, y) such 
that the surface z = f(x, y) passes through C, and p and q 

stand for ~ and ^ respectively, provided there is such a 

minimum (or maximum). 
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Suppose that f(x, y) is an admissible function that gives 
to J a minimum value. Take any admissible function 
£(x, y) that vanishes on the boundary C x of S and that is 
sufficiently small in absolute value to bring the point 
(x, y, z) within the region V when z — f(x,y) + oc^{x, y), 
where |a| £ 1. Then z + <*£ is an admissible function 
for which the corresponding J is a function of a : 

J(a) — J Jf(x, y, z + a£, p + q + a£ v )dS. (15) 

s 

This function of a has by hypothesis a minimum for a = 0 
and a derivative at this point which is given by the formula 

= J' + s zFp + ^ v F v )dS. (16) 

s 

The arguments in the functions F z , F P) and F q are x, y, 
z -f a£, p + and q + a% v . Now 

J\0) = 0, 

and therefore 

J7« f - + £xF p + g )dS = 0, (17) 

s 

where the arguments are now x, y, z, p, and q. But 

s s 

by virtue of the formulae 

£(trj-ts, + tg 

If £ ((F - )dS ~ f &’*»■ « "•> 

a ^ 


and 
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Similarly 

s s 

And £ = 0 along the boundary C x . Hence (17) can be 
written in the following form : 



We have to keep in mind that £ is to a large extent arbi- 
trary. If we take advantage of this fact we can see, as in 
the parallel case for one variable (§ 195), that we must have 


F, - 


dF r 

dx 



(19) 


This is Euler’s equation for double integrals. It gives a 
necessary condition for the existence of a minimum (or a 
maximum). In it the arguments upon which the functions 

depend are x, y, z,-~- , and ^ , where z = fix, y) is the func- 
dx dy 

tion that makes J a minimum (or a maximum). Any solu- 
tion of Euler’s equation is called an extremal. 

We leave it as an exercise for the reader to verify that 
Euler’s equation for the integral 


is 


J = J JV + f)dS 

S 


dfz dfz 
dx 2 ^ dif 


0 . 


( 20 ) 


It is easy to see that any solution z of (20) that satisfies the 
required boundary conditions makes J an absolute mini- 
mum. For if v is any other admissible function put 
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z — v — u>, or v — z — u. Now w = 0 on Ci. Moreover 




-jf/K2-EMS-S)> 


+ 


//[(s)'+(s)> 

-»//( IS+ig)“ 

S 

If we put P — u and Q — — co , we have 
* dy dx’ 

+ U“{B + W‘) dS - 

s 

Q2 Z 

But ^ — 0, since z is a solution of (20). Hence the 

last integral vanishes. Then by Green’s theorem 

//(m + ^) dS - - ~ "=* " °’ 

since a — 0 on C\. It follows that 

//[(6Mg)> 

3 

is greater than f f [(g)’ + (g)'] dS. 
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199. Variable end points. In §§ 193-197 we assumed 
that the end points of the path of integration were fixed. 
Problems present them- 
selves however in which 
one or both of these points 
are subject merely to the 
condition that they lie on 
given curves. We might, 
for example, have a point 
A and a curve T in the 
upper half of the z?/-plane and wish to determine the arc 
from A to T that generates a surface of smaller area than 
any other similar arc when revolved around the x-axis. 

Suppose more generally that we wish to find the arc from 
A to T that minimizes (or maximizes) the integral 

J = f F(x, y, y')dx, 

a 

where F{x, y, y ') is subject to the same conditions as in § 195. 
If y = f(x) is a curve passing through A and intersecting 
T in B 0 that minimizes J, it is clear that f{x) must be a 
solution of Euler’s equation, since of all admissible curves 
that connect the fixed points A and B 0 it must give a 
minimum value to J. This defines f{x) in the interval 
(a, b 0 ), where b 0 is the abscissa of B 0 . We can extend this 
definition to the interval (a, b'), where b' is slightly greater 
than b 0 , in such a way as to make fix) continuous with a 
continuous derivative in the latter interval. We then 
form the curve C : y — y + ky, where y = yix) is con- 
tinuous, together with its first derivative, in (a, b ') and 
y (a) = 0 , 77 ( 60 ) 4 = 0 , and we define k by the condition that 
C shall go through B = [ b , <£>(&)], where b 0 si b < b' and 
y — <p(x) is the equation of T. This gives us 

m + k v (b) = v(b), 

or 

, _ <p(b 0 + t) — /(bo + 0 
A " y(b 0 + «) 



Fig. 35 
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where b — bo + e. Then k is a function k(e) of e, and 
A;(0) = 0, since f(b 0 ) = <p{b 0 ). Now 

,,, < -iwivm - rm - i'w - /mi 

* (e) = w — 

Hence 


*'( 0 ) 


<p'(b 0 ) - f'(b 0 ) 
v{bo) 


But <p'(b 0 ) = tan 6, where 9 is the inclination of the tangent 
to r at Bo. Then 


*'( 0 ) 


tan 6 — y' 
v(bo) 


For the curve y the integral J is a function of e which has a 
minimum (or maximum) when e = 0. 


J(t) = F(x, y + krj, y’ 4- W)dx 


and 


(^) = 0 . 

\ de /e-o 


In getting the derivative of J(e) with respect to e, we 
must keep in mind that both the integrand and the upper 
limit b are functions of e. Then (see § 68) 


(^) 0 = + v' F v'-k'(0)yix + F 

As in § 195 

f* 0 / T7I J 17 "P" C b0 dFy’ , 

J rj Fy'dx = ijF v > — J V 'ffa, dX' 




Then 


+ [k’ , {^>) ’yFy' + F3c_i, 0 = 0. 

The integral in the second member of this equation vanishes, 
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since y is an extremal. It follows that 

(tan 9 — y')F V ' -f F = 0 

or 

F v - sin 9 + (F - y'F v .) cos 0 = 0, (21) 

where the arguments are x = b 0 , y = f(b 0 ), and y f = /'(&<,). 
Equation (21) is a further necessary condition for a mini- 
mum (or a maximum). If we apply this general result to 
the problem of finding a minimum surface of revolution, 

we have F(x, y, y') = y^l -f y n and therefore by (21) 


y'Fv ~ F 

Fy 


1 



Hence the minimizing curve must be perpendicular to T. 
The reader can readily verify that this condition of ortho- 
gonality holds also in the case of the brachistochrone. 

200. Parametric equations. If the path of integration is 
given by equations in parametric form 


x = x(t), 1 

y = y(t), 1 


( 22 ) 


we have to deal with the integral 


J = f F£x(t), y(t), x'(t), 

J <0 

We assume that J takes on a minimum (or a maximum) 
value when the path of integration is a curve that lies in 
the region S and is represented by equations of the form 
(22), where x{t), y(t), x'(t), and y'{t) are continuous in the 
interval ( t 0 , b) and x'(l ) and y'{i) do not vanish simul- 
taneously. Then the equations 

r.-^F.-=0, F.-f F.=0 (23) 

must be satisfied. These are the Euler equations for the 
problem in parametric representation. Their derivation 
involves some special points concerning parametric repre- 
sentation, and will be omitted. 
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If F depends on n functions Xi(t) (i = 1,2, • • •, n) and 
their first derivatives, a necessary condition for a maximum 
or a minimum is that these n functions satisfy the n 
equations 

F -.-|*v = o. < 24 > 

We shall see in the next paragraph an application of this 
condition to an important problem in theoretical mechanics. 

201. Hamilton’s principle. If the positions of a system 
of particles are determined by n parameters q u q 2 , • • •, q n , 
the coordinates r,-, y„ z, of the separate particles are func- 
tions of the q’ s; and their derivatives x„ y ,, z x with respect 
to the time depend on the q’s and their first derivatives 
with respect to the time. 1 Now the kinetic energy of the 
system is 

T — ^ + y , 2 + i, 2 ). 

Moreover 


Xi 


_ - dXi . 

a Qn 


y* 


— a _ Qn 

i-idQi 


2. 


” A?, . 

*-> Qi- 


It follows that the kinetic energy is a quadratic function of 
the q’s whose coefficients are functions of the q’s. The po- 
tential function U is a function of the coordinates of the 
separate particles and therefore a function of the q’s alone. 

As t changes from t 0 to h the continuous function T + U 
changes in a definite way that gives a definite value to the 
integral 

J = f\T+ U)dt. 

die 


This integral is known as Hamilton’s integral. The change 
in T + U takes place in such a way as to give a minimum 
or a maximum value to J. There is no proof to be offered 

1 We here follow the convention in accordance with which differentiation with 

dx 

respect to the time is denoted by a dot placed above the function. Thus x = — , 
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for this statement. It is in fact an assumption which lies 
at the base of theoretical mechanics. When formulated 
somewhat differently it is known as Hamilton’s 'principle. 

Hamilton’s Principle. The motion of a material system 
in the time from t = t 0 to t — h is such as to make the first 
variation of Hamilton’s integral vanish: 


5 fV + U)dt = 0. 

The Euler equations are 


d_dT 

dt dqi 


d(T + U) 
dqi 


= 0 (i = 1, 2, • • ■, n), 


(25) 


since U does not depend on the <fs. Equations (25) are 
Lagrange’s equations of motion. 

202. The spherical pendulum. A particle with mass 
that is constrained to move on the surface of a sphere under 
the influence of gravity is called a spherical pendulum. If 
the motion is in a vertical plane, we have a simple pendulum. 
If it is not in such a plane, we have a more complicated 
situation. We take the origin at the center of the sphere 
and use cylindrical coordinates r, 6, and z. The equation 

— 2 2 2 o 

of the sphere is r 2 + z 2 = a 2 and ds — dr -f- r 2 dd + dz". 
But rdr + zdz — 0. Hence 


ds — ~t~ — \ dz + (a 2 — z*)dQ . 

CL Z 


If the particle is of mass m, 

T = = \m^ j a2 a _ - 2 i 2 + (a 2 - 2 2 )^J- 

Now U is that function of the coordinates of the particle 
whose derivative in a given direction is the component of the 
force in that direction. In this case therefore U = — mgz. 
Then 

T + U = j^~ 2 a _ - g2 i 2 + (a 2 - 2 2 ) 0 2 J - mgz. 
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We now use Lagrange’s equations of motion (25), which 
were shown in § 201 to be consequences of Hamilton’s 
principle. The position of the particle is determined by z 
and 6. We take them therefore for the qi and g 2 respectively 
of (25). Then 


a 2 zi 2 


and 


(a 2 - z 2 ) 2 


d a 2 z 

— ztr — g — -r. i ; = 0. 
y dta 2 — z 2 


it ^ = °- 


From (27) we have immediately 

(a 2 - z 2 ) 6 = C, 



(26) 

(27) 


(28) 


We substitute this value for 6 in (26) : 

a 2 zz 2 C 2 z , (o 2 — z 2 )z + 2zz 2 

(a 2 - z 2 ) 2 ~ (a 2 - z 2 ) 2 ~ 9 ~ a (a 2 - z 2 ) 2 


Or 


a 2 z a 2 zz 2 , 

a 2 - z 2 + (a 2 - z 2 ) 2 + 



+ g = 0 . 


Multiplying through by 2z : 


2o 2 zz 2a : zP 2 C 2 zz n . 

a 2 - z 2 + (a 2 - z 2 ) 2 + (a 2 - z 2 ) 2 = “ 2gz ’ 


It is easy to verify that the left member of this equation is 
the derivative of 

g 2 z 2 C 2 
a 2 — z 2 a 2 — z 2 

Hence 


aH 2 + C 2 - 
dt — 


(a 2 - z 2 )(- 2 gz + CO, 

adz 

y/(a 2 -z 2 )(-2gz + C0~C 2 ‘ 


(29) 
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We have here an elliptic integral for the determination of 
the time taken by the particle in descending from a height 
z o to a height Zij namely, 


t = a 



dz 

V(a 2 — z 2 )(— 2gz + C\) — C 2 


The cubic under the radical in (29) has three real roots. 
For it is positive when z has a large positive value, negative 
when z = a, positive when z — z 0 (— a < z 0 < a), since 
the initial velocity is real, and negative when z = — a. If 
we denote these roots in the order of increasing magnitude 
by z\, z-i, and z 3 , we can write (29) as follows: 


dt = 


Adz 


V(z - Zi)(z - z 2 )(z — z 3 ) ’ 


where A 


a 

Wg 


203. An application in economics. We consider here an 
application of the preceding theory to a question connected 
with the economics of an exhaustible mine. 

Let p be the net price per unit of product received by the 
owner of the mine at the time t. This depends upon the 
current rate of production, which we represent by q, and 

dx 

upon the past production, as well as upon t. Now q = 


where x denotes the amount already removed from the 
mine at the time t. Then p = p(t, x, q). The present 
value of a unit of profit to be realized at the end of the time t 
is where 7 is a constant called the force of interest. 
The discounted profit at the present time — that is, the 
present value of the mine — is given by the integral 


r T 

J 0 = I F(t, x , q)dt f 
Jo 

where 

F(t, x, q) = p(t, x, q)qe~^ t t 

if it is assumed that the mine will be exhausted in the time 
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t — T. At this time we shall have x = a, the amount 
originally in the mine. 

The problem is so to determine the rate of production as 
to make the mine as profitable as possible to its owner. 
To do this we have to determine x as a function of t in such 
a way as to maximize J 0 - This will determine the rate of 
production q. Before we can do anything toward the solu- 
tion of this problem we must know the form of the function 
p(f, x, q). If we assume that this is linear in its arguments 
— that is, that p = a — (Sq — cx + gt, where a, /3, c, and g 
are constants — the conditions laid down in the general dis- 
cussion are satisfied and the first step in the solution is to 
set up Euler’s equation. 

We must remember that the second end point is not 
fixed, but is restricted to lying on the line x = a. In other 
words, T is not known in advance. We know from (21) 
that under these circumstances we must select an extremal 
subject to the condition 

F — qF q = 0. 

For the particular form of p that we are assuming this re- 
quires that /3 q 2 = 0, or q = 0, if we assume that /3 4= 0. 
This result is what we should expect, since when the mine 
is exhausted the rate of production must be zero. 

If instead of considering the course of exploitation that 
would be most profitable to the owner we look for that 
course that would be best socially, we are led to seek to 
maximize the integral 

Js = f F(t, x, q)dt, 

Jo 

where 

F(t, x,q) = (^aq - — - cxq + gtq^j e“>‘. 

This is on the assumption that, as before, 1 p = a - $q 
— cx - j- gt. 

1 See Hotelling, " The Economica of Exhauetible Resources,'' Journal of Political 
Economy, Vol. 39 (1931), pp. 137-175. 
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EXERCISES 

1. It is shown in § 199 that if F(x, y, y') = p Vl + j/ 1 and the second 
end point is required to be on the curve y = y{x), an extremum must be 
perpendicular to this curve. Show that the same conclusion holds 

when F(x, y, y') = G(x, y ) Vl + i/ 1 . 

2. Find the Euler equation in case F(x, y, z , p, q) = Vl + p 2 g 2 . 

3. Find the Euler equation in case F(x, y, z, p, q) = p? — q 2 . 

4. Set up Euler’s equation for J 0 in case p = a — fiq — cx + gt. 

5. Set up Euler’s equation for J. under the same circumstances. 



CHAPTER XV 

FUNCTIONS OF A COMPLEX VARIABLE 


204. The geometrical representation of complex numbers. 

To every complex number a = x + iy we associate the 
point in the (x, y )- plane whose coordinates are x and y; 
and conversely, to every point (x, y) of the plane we asso- 
ciate the complex number a = x + iy. This one-to-one 

association of the complex num- 
y bers with the points of the plane 

is such that the real numbers are 
e-x+iy associated with the points of the 
x-axis, and the pure imaginary 
V numbers with the points of the 
* * y- axis. For this reason the x-axis 

is referred to as the real axis (or 
Fig. 36 axis of reals) and the y - axis as the 

imaginary axis (or axis of imagin- 
aries). The real part of any complex number is the x- 
coordinate of the associated point, and the coefficient of i 
is the ^/-coordinate. We shall speak of the plane in which 
these points lie as the complex plane. 

This association of complex numbers with the points of 
the plane makes it possible to interpret a complex number 
as a two-dimensional vector, and carries with it a simple 
geometric interpretation of the operations of addition and 
multiplication, together with the inverse operations of 
subtraction and division. We can speak either of the 
number a — x + iy or the point a — (x, y). 

205. Geometric interpretation of addition and multipli- 
cation. 


(a) Addition. In § 11 we defined the sum of 
«i = Xi + iy i and a 2 = x 2 iy% as the number 
= (xi + Xi ) + i(yi + y 2 ). The point ai + a 2 is then the 

372 
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fourth vertex of the parallelogram one of whose sides is the 
line from the origin to the point on, and another one the 
line from the origin to a 2 . 

The figure shows both the 
sum «i+ a 2 and the dif- 
ference ai — a 2 . 

(b) Multiplication. If P 
is the point (x, y) the dis- 
tance OP is called the mod- 
ulus of a = x + iy and is 
denoted by the symbol | a j . 

It is always taken as positive (except when P is at the 
origin). We also represent it by r and accordingly have 
r = -n/x 2 4- y-. The angle measured from the positive end 
of the x-axis to OP is called the argument of a. Then 
x = r cos 6, y = r sin 6 and 

a = r(cos 8 + i sin 6). 

T his gives us another way of writing a complex number. 

We are now in a position to give a geometric interpreta- 
tion to the product ai« 2 of the numbers a x and a 2 . We 
have 

ai «2 = rir 2 (cos 6 X + i sin 0 x )(cos 0 2 -f i sin 0 2 ) 

= rir 2 [(cos 0i cos 0 2 — sin 0i sin 0 2 ) 

+ f(s in 0i cos 0 2 -f cos 0i sin 0 2 )] 

= rir 2 (cos 0i + 02 + i sin 0i + 0 j)- 

That is, Die modulus of the 
product of two numbers is 
equal to the product of their 
moduli, and the argument 
of the product is equal to the 
sum of their arguments. 

In order to plot the point 
aia 2 we lay off the unit seg- 
ment OA from the origin 
on the positive end of the 




Fig. 38 
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real axis. We then construct the triangle OP 2 Q s imil ar to 
OAPi. The point Q corresponds to the number on • a 2 . 

206. Division. From the formula 


«i ri(cos di -j- i sin 0Q r t — 
a 2 — r 2 (cos 62 + i sin 0 2 ) — r 2 ^ C0S 1 


0 2 + i sin 0i — 0 2 ) 


we see that the modulus of the quotient of two numbers is 
equal to the modulus of the dividend divided by the 
modulus of the divisor, and that the argument of the quo- 
tient is equal to the argument of the dividend minus the 
argument of the divisor. 

It is now easy to give a geometric interpretation of 
division. We leave the details to the reader. 

207. The roots of a number. The relation between a 
complex number and its various nth roots (n a positive 
integer) admits of a simple geometric exposition. If 
a — r (cos 0 -j- i sin 0), then 


"i — *r ( ^ 1 • • 0 \ 

= Vr I cos - + ism- ) 
\ 11 n ) 


The modulus of the nth root is the positive nth root of the 
modulus of a. The argument of a has many values differ- 
ing by multiples of 27 t. The different values of the argu- 
ment of -Va differ therefore by multiples of ~ . If 0 is one 


value of the argument of a, then 
0 + 2(* - l)ir 


0 0 + 2t 

n ' 


n 


, • • • are values of the argument of Any 

one of these differs from one of the first n 
of them by a multiple of 2 t, while no two 
of the first n have such a difference. 
There are therefore exactly n different values 
of Va. These are equally spaced on the 
circle with center at the origin and radius 
equal to the modulus of Va. The figure shows the fifth 
roots of 1. 
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208. Some elementary functions. When we are dealing 
with complex numbers it is customary to represent the 
independent variable by z and the dependent variable by w. 

(a) w 2 = z. We know from § 207 that in this ease there 
are two values of w that correspond to any value of z, 
except zero. These are 


= Vr ^cos | + i sin | ^ 

r ( 0 + 27r . . 0 + 2 ir\ 

= Vr I cos — ^ r 1 sin — 2 — / 

rf 6 , ■ ■ e \ 

= — Vr I cos ^ i sm ^ 1 = — wi- 


If we fix our attention on a particular value of z, say 
z 0 =f= 0, there are two associated values of w. We choose 
one of them and call it Wi\ 



$o . . • 

cos 2 + i sm 


6_o 

2 


)• 


As z 0 moves along a curve Wi will 
also move, since at least one of the 
coordinates of z 0 will change. If 
z 0 comes back to its initial posi- 
tion, will 10 1 return to its initial 
position? We can answer this 
question by observing the changes in 60 , since the final 

value of r 0 must be the same as 
its initial value. As to 6 0 it is 
clear that it will come back to its 
initial value if the path described 
by z 0 does not include the origin. 
But if z 0 goes once around the 
origin before it comes back to its 
original position, the final value of 
60 will equal its initial value in- 
creased or diminished by 2x according to the direction of the 
movement. Then wi will not come back to its original 
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position since 


■ 


Go i 2ir 


-f- i sin 


6 q i 2 7T 


J = — u>i = 


An even number of circuits around the origin in the same 
direction will leave w unchanged, while an odd number will 
change its sign. 

(b) The exponential function. Consider the infinite 
series 


z z l z n 

1 + l + i! + "• +u! + 


This series is suggested by the expansion of e z in powers of x 
when x is real. If we write z n in the form 


z n = r B ( cos nd -f i sin nd) 

the sum of the first n 4-1 terms of this series is seen to be 
equal to 

^1 4- r cos 9 4- • * • 4- cos nG^j 

4- i sin 6 + ■ • ■ + ^jsin n ^j • (2) 

r n 

Now the series 1 4 r 4 ••• -j — j 4- ••• converges for all 

jmtt y*7l 

real values of r (§142) and — :cos nG St Hence the 

nl nl 

series in the first parentheses converges for all real values 
of r and G as n — ► w . A similar argument shows that the 
coefficient of i also converges for all real values of r and 6. 
Hence (1) converges for all values of z. We represent the 
sum by the* symbol e*. This symbol is chosen because 
series (1) converges to e x when x is real. By definition 
then 

z z 2 z n 

e '- 1 +I + 2i + --'+^ + --- 


( 3 ) 
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This is called the exponential function. It has the following 
fundamental properties : 

e° = 1, e Zl -e z * = e* 1+ *». (4) 

The first of these is immediately evident. The second 
can be proved by forming the Cauchy product of the two 
series that define e* 1 and e‘* (see § 141). 

(c) The trigonometric functions. We leave it to the 
reader to apply the argument used for (1) to show that the 
two series 


‘- 3 ! + 


+ (- 1 )" 


y2n+l 


(2 n + 1)! 


+ 


and 


1 — — 4- 
1 2 ! + 


+ ( ~ 1)n (2^! + 


( 5 ) 

( 6 ) 


converge for all values of z. If z is equal to the real number 
x these are the expansions in powers of x of sin x and cos x 
respectively. We therefore define sin z and cos z for all 
values of z by the respective formulae: 

sin* = *-^+ •••+(- l)"( 2 ^jTTj!+ ••• (?) 

and 


cos z 



+ (- D n 


(2 n)! 


+ 


( 8 ) 


It follows from (8) that 

4 2 2 " 

cos 2i = 1 + 2 j + • • • + ^2n)j + ‘ ' ' > 3 ‘ 

This may cause surprise to the reader who has learned that 
the sine and cosine never exceed 1 in absolute value. The 
explanation is that this limitation holds only for real values 
of the argument. For proper choices of the complex num- 
ber z we can have sin z or cos z equal to any preassigned 
number, real or complex. 
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By comparing (3), (7), and (8) we find that 
e** = cos z + i sin z 


e -\t _ cos z _ t 8m Zm 


and 
Hence 

e‘ — e Jr+iv = e*e * v = e*(cos y i sin y). 
It follows from (9) and (10) that 


sin z = 


e’* — e~ 


2 i 


and 


cos z = 


e u + e~ 


( 9 ) 

( 10 ) 

(ID 

( 12 ) 


Exebcise. Show that 

ain (zi ± z 2 ) = sin Zi cos z 2 ± cos Zi sin z 2 , 
cos (zi ± z 2 ) = cos Zi cos z 2 =F sin Zi sin z 2 . 

From (9) we have e iri = cos 2t -f- i sin 2r = 1. More- 
over e* 4-2 '* = e‘e 2 '\ Hence 


gi+2r» — g* 

That is, the fimction e l has the period 2ri. 
It follows from (12) that 


sin (z + 2?r) 
and 

cos (z + 2w) 


,»(*+ 2t) g— i(x+2x) 

2 ? 


2i 


= sin z 


g»(*+2r) _J_ g— i(x+2x) g«* g— ta 


= cos z. 


Hence sin z and cos z have the period 27r. 

We define the other trigonometric functions for complex 
values of the argument by the formulae that hold for real 
values of the argument. Thus : 


tan z = 
cot z = 
sec z = 


sin z 
cos z’ 
cos z 
sin z* 
1 

cos z’ 


CSC z — 


1 

sin z’ 
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(d) Hyperbolic functions. The functions 


e* + e~ z 
2 


and 


e z — e~ l 


2 


are important for complex values of the argument, as well 
as for real values. The first one is called the hyperbolic 
cosine of z(cosh z) and the second one, the hyperbolic sine 
of z(sinh z). Thus: 

e* -f e~‘ e* — e~ z 

cosh z = ~ , sinh z — - 


(e) The logarithm. 
relation 


If z and w are connected by the 
z = e w , 


we say that w is the logarithm of z: 

w = log z. (13) 

The following properties of the logarithm can be deduced 
immediately from the definition: 


(1) log 1 = 0, 

(2) log z n — n log z , 

(3) log (ziz 2 ) = log zi + log zj, 

(4) log - = log zi - log z 2 . 

z 2 

Since e ui = 1 it follows that if w = log z then also 
w + 2 ri = log z; or, more generally, w + 2 kri = log z, 
where k is any integer, positive or negative. In other 
words, log z is like Vz in that for any value of z ( 4 0) there 
is more than one corresponding value of log z. This func- 
tion is a many-valued function. But it differs radically 
from Vz in that it has an infinite number of values for every 
value of z ( + 0), whereas Vz has only two. 
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EXERCISES 

Find the real part, the imaginary part, the modulus, and the 
argument of each of the following numbers: 

I. (2 - V = l)(3 + V^T). 2. (1 - 2i)*. 3. 

I — % 

2 „ 1 + V3i * , j , v 

4. a — : — • 5. =r • o. z 3 and z 4 when z = x + tu. 

3 + 4t i _ V3i 

7. — r— r. • 8. t" » where a, b, c, and d are real. 

c + at c -f- di 

9. — -r-4. 10. Find and plot the cube roots of 1 and — 1. 
cz + d 

11. Do the same for the fourth and fifth roots of 1 and — 1. 

12. Plot all the fifth roots of 1 + t and show that their sum is zero. 

13. Show that the sum of all the nth roots of any number a is zero. 

14. Show that if a + ib is a root of the equation P(x) — 0, where 

P(x) is a polynomial in x with real coefficients, then a — t'6 is also a 
root. 

15. Give all the values of log 12. 16. Of log (1 -f 2t). 

17. What does the relation |z — a| — r imply as to the relation 
connecting x, y, a, b, and r, if z = x + iy, a = o + ibl 

18. Show that |z — <*| = k\t — /S | is the equation of a circle if 
P == c + id. 

19. Show how to locate - graphically in case 0 < Jzj <1. 

z 

209. Analytic functions. As in the case of real variables, 
we say that w is a function of z in a given region if to every 
value of z in this region there is associated one or more 
definite values of w. We indicate that w is a function of z 
by the equation w = f{z). 

If w — f(z) and there is associated to every positive 
number e a positive number 5(e) such that 

1/00 - A I < e 

when 0 < \z — a\ < 5(e), we say that 

lim f{z) = A. 

B—+a 

If in addition to this condition we have 

f(a) = A, 

we say that f(z) is continuous at the point z = a. 
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Derivative of a function. If the function f(z) is such that 

f(a + h) — f(a ) 


lim ; 

h -*0 


h 


exists and is independent of the way in which h approaches 
zero, the limit is called the derivative of f(z) at z = a, and 
f(z) is said to be differentiable at this point. We denote 
the derivative of /(g), as in the case of functions of a real 
variable, by f'(z). A function that is differentiable at 
every point of a region is said to be analytic in this region. 
Thus the functions defined in § 208 are analytic in any finite 
region within which they are defined. But not every func- 
tion of z is differentiable. For example, if w = x + 2 iy its 
value is determined by the values of x and y, which in turn 
are determined by the value of z. Then w is a function f(z) 
of z. If h is real 


lim 

A-»0 


f(z + h) - f(z) 
h 


= lim 

A— ► 0 


x + h + 2 iy — (x 4- 2iy ) 
h 


1 . 


But if A is a pure imaginary, hii 


lim 

h--Q 


f(z + h) ~ f(z) 


— lim 


x 4 2 i(y + )h) - (x + 2 iy) _ 


ih i 


= 2. 


Since these two limits are not the same, w is not a differen- 
tiable function of z. 

210. Condition for differentiability. In view of the fact 
that not every function is differentiable, we look for neces- 
sary and sufficient conditions for differentiability. We ob- 
serve in the first place that if f(z) is differentiable at z = z© 
it is continuous at this point. For 


/(gp -f h) — _/(£o) _ rizo) 
h 


v, 
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where i\ — * 0 along with h. Hence 

1/(2. + h) - f(zo) | « \hf'(zo) +h v \ si \hf'(z 0 )\ + |A,|. 

And the last expression approaches zero with h. 

We denote the real part of to by u(x, y ) and the imaginary 
part by iv(x, y ) and write w in the form 

w = u(x, y) + iv(x, y). 

If we give to x the increment Ax and let Aw be the resulting 
increment of w, then, since Az — Ax, 


lim 

A »— *-0 


Aw 

Az 


Au + lAv du , . dv 

iim — — = - — (- i r— ■ 

Az— *-o Ax dx dx 


If on the other hand we give to y the increment Ay, Az = iAy, 
and we have 


.. Aw 
hm — 

Az-t-o Az 


.. Au + lAv 
lim r- 

Ay— ►O ^ AlJ 


.du dv 
1 dy + dy 


But if the function is differentiable these two limits are the 
same: 


Hence 


du .dv 

ai + 1 ai = 


dv .du 

dy~ l dy' 


du dv 
dx~dy’ 
dv _ du 
dx dy . 


(14) 


These conditions are necessary for differentiability; and if 
u(x, y) and v(x, y) together with their first partial derivatives 
are continuous, they are also sufficient to insure differentia- 
bility. For 


Au 

Av 


fate + fyAy + *iA* + vtA y, 
dv dv 

dx** + dy * y + yii * x + r,4 * v> 
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where the y’s approach zero as Ax -» 0 and Ay 0 (see 
§ 33). Now 

Aw _ Au + iAv 
~Az ~ Ax + iAy 

( du . dtA ( du . dA 

(fe + ‘to) Al + U + > ^J A!, + < ' Aj; + KAj ' 

Ax + iAy ’ 

where ei — yi + iyz and €2 = 172 “I - iy*‘ But hy virtue of (14) 


du , .dv 
dy + l dy 


dv , .du .(du . dv\ 
~ dx ^ 1 dx ~ 1 V dx 1 dx ) 


Hence 


Aw _ du . dv ( Vi 4- iru)Ax (t} 2 -f lyjAy . 

Az ~ dx 1 dx + Ax -f iAy Ax + iAy 


Moreover |Ax| S |Ax + iAy\ and \Ay\ ^ \Ax + iAy\, 
and therefore 


Oh + ii u)Ax ^ Q 
Ax -f- iAy 


and 


Oh + iys)Ay 0 
Ax -f iAy 


as Ax -» 0 and Ay -*• 0. But Ax -*■ 0 and Ay -* 0 as 
Az -* 0. Hence 


Aw du . dv 

J2, Az dx 1 dx 


This is a unique limit and w is therefore differentiable. 

The restriction that equations (14) hold is in reality a 
severe restriction, as we shall see later. These equations 
are known as the Cauchy -Riemann differential equations. 

If w is an analytic function of z, it can be shown that the 
second partial derivatives of u and v exist. Then from 
(14) we find that 
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Hence 


Similarly 


dx 2 + dy 2 


= 0 . 


dx- ^ By • u - 


That is, if w = u(x, y ) + iv(x, y ) is differentiable, w(x, y) 
and v(x, y) satisfy Laplace’s equation 


d 2 u d 2 u __ 
dx 5 + dy 2 ~ 


(15) 


Moreover, if we take for u any real solution of Laplace’s 
equation (15) and then determine v by the condition 


it) 

(a,b) 


du 

— -r~d,X -f 

dy 


du . 

Tx d y 


the function w = u(x, y) + iv(x, y ) is analytic. In the 
first place, since u is a solution of (15), v(x, y) is a definite 
function of x and y (Chap. VIII, Theorem 2) and, in the 
second place, 

dv du dv __du 

dx~ dy ’ dy ~ dx' 


But these are the Cauchy-Riemann equations. 


EXERCISES 

Which of the following functions satisfy the Cauchy-Riemann 
differential equations? 

1. x* + |/ ! + 2 ixy. 2. x s — y* + 2ixy. 3. x -f V + i{x 2 — V 2 )- 

4. x — iy. S. e* +<v . 6. e x2 ~ vt+iix ' 1 . 7. log Vx* + y* + i arc tan - * 

X 

8. Express the Cauchy-Riemann differential equations in polar 
coordinates. 

211. Integration. Let z 0 and Z be two points in a region 
S and let y = <p{x) be the equation of a curve C connecting 
these two points and lying wholly in S . We assume that 
<p(x) is a continuous function of x for every x corresponding 
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to points on the arc from z 0 to Z and that f(z) = u(x, y) 
+ iv(x y y) is continuous in S. Then we divide the arc into 



n parts by the points Z\, z 2 , • • z n -\ and denote by any 
value of z on the arc z k z k + 1 . If the sum 

L fUk)Azt, 

k»0 

where A z* = z k +\ — z k , approaches a unique limit as the 
maximum length of all the arcs approaches zero, we call this 
limit the integral of /(z) over the curve C from z 0 to Z and 
represent it by the symbol 

fmdz. 

We have now to show that this limit exists under the 
given hypothesis concerning /(z); namely, that /(z) be 
continuous. If we put 

/(f*) = u k 4- iv k , 

then 

/(fi)Azt = ( u h + ivk) (Ax* + iAy k ) 

- u k AXk — v k A y k + i{v k AXk + UkAy k ), 

and 

lim £/(£*)Az* = lim £(w*Ax* — v k A y k ) 

n— ►O 

+ i lim £ ( VkAxk + u k Ay k ) 

— J' udx — vdy -f i J't'dx -f udy (§ 99). (16) 
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Cauchy’s Integral Theorem. If C is a closed curve 
and f(z) is analytic throughout the region hounded by C and 

continuous on C, then I f(z)dx — 0. 

Jc 

The proof of this theorem follows immediately from (16) 
since each of the line integrals in the right member is of the 
form 


f 


Pdx + Qdy, 


with ~ . This last equation is merely a restatement 

of one of the Cauchy-Riemann differential equations which 
u(x, y) and v(x, y) satisfy. 

212. Cauchy’s integral formula. Let C be a closed 
curve lying wholly in a simply connected region S within 
which f(z) is analytic. We assume that C is composed of 
one or more curves, or parts of curves, whose equations are 
of the form y = <p,(x), where <pfx) is continuous within the 
interval determined by the corresponding arc. Select any 
point a within the region enclosed by C and draw the circle 

C' within this region with center at a. The function 

f ( z ) 

analytic within the region bounded by C and C'. 

In order to have a continuous bound- 
ary for this region we draw a cross 
cut from a point on C to a point on 
C and make this line a part of the 
boundary. We know from the in- 
tegral theorem that the integral of 
j( z \ 

taken entirely around this con- 

z> a 

tinuous boundary is zero. In this 
integration the cross cut is integrated 
over twice, but in opposite directions, and these two inte- 
grations offset each other. Hence 

f J^-dz + f -££-dz » 0 . 

J c \z - a J(*\ z •— a 
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The arrows indicate the direction of integration. We have 
then 


Now 


08 

Since /(a) is a constant, 

f-*L. 

J c ,z — a ' J c ,z — a 

For points on C we have 2 — a = p^ 1 ' 9 where p is constant, 
and dz = ipe l, dd. Then 


f-*~ f 

Jc'Z a Jq 


- T ipe iB dd 
pe ‘ 9 


= 2iri 


and 


X 


f{a)dz 
z — a 


~ 2irif(a). 


(19) 


We denote the last integral in (18) by J: 


-f 

Jc 


m - m 

z — a 


dz. 


Since f(z) is analytic, and therefore uniformly continuous 
in S, we can take p sufficiently small to satisfy the inequality 

|/( 2 ) - /(a) | < e 

for any pre-assigned positive <, when 2 is any point on C’. 
For such a choice of p 


jd| < — -2 7rp = 27 re. 

Then J approaches zero when e does. But the other 
integral in the right member of (18) has a value that is 
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independent of p. Hence 


or 



/(a) = 


JL f JilLa,. 

2m z ~ fl 


( 20 ) 


This is Cauchy's integral formula. It bears out the state- 
ment made in § 210 to the effect that analytic functions are 
a severely restricted class of functions. For it shows that if 
f{z) is analytic in 5 its value at any point of <S is wholly 
determined by its values along any closed curve of the 
kind described that lies wholly in S and encloses the given 
point. 

If we differentiate each side of (20) with respect to a we 
get the formula 



The validity of the differentiation under the integral sign 
can be seen as follows : 


/(a + Aa) - /(a) 



__ Aa C J{z)dz 

~ 2ri Jq (z — a — A a) ( z — a) 

Hence 


/(a + Aa) — /(a) 1_ r f(z)dz 

A a 2 irij c (z — a) 2 


= 2 SX' <2) [ 


1 


(z — a — Aa)(z — a) 


(* - a)'] 


dz 


A a C f(z)dz 

2iri J c (z — a — Aa)(z — a) 2 


But this last integrand is uniformly bounded along C as 
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A a —* 0. We conclude therefore that the 
bounded and that 



f(z)dz 
(z - a) 2 ' 


integral 


is 


We can see in a similar way that 



f(z)dz 
(, z — a) n+1 ' 


( 21 ) 


213. Taylor’s theorem. Let f(z) be a function that is 
analytic within a region S and continuous on its boundary 
C. If a is any point within S we draw the largest circle 
possible with a as center that contains no point of C in its 
interior. For any fixed point z in the interior of the circle 
and a variable point f on C we have \z — a\ < rand 
| r — a | Sr, where r is the radius of the circle. Now 


1 

r - 2 


But 


1 = 1 1 

f — a — (z — a) ~ — a z — a 


1 


1 

z — a 

r-a 


Hence 


1 + 



+ ••• + 


(z — a) n_1 

(r - ap 1 


, (2 ~ a) n 

(f — *)(r — a) n-1 ‘ 


1 1 z — a (z — a)” -1 

r - 2 - r-a + (r - ay + " ' + (r - ay 

, (2 - a) B 

+ (r - 2)(r - a)»’ 

and 

J_ r /(r)dr _"f. 1 (2-a) t r f(m 

2*iJc r - 2 t r 0 2ri J c {£ - a) k+1 

J_ f (z - a) n /(r)dr 
' 1 "2«J c (r - z)(r - a)** 
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In the light of (20) and (21) we see that this is equivalent to 

ff s _ n - 1 (z - a) k f(kU , , i r (£ - q) n /(r)dr 

) .5. kl f (o) + 27riJ c (f - *)(f - a) n 

We have now to consider what happens to this last integral 
as we increase n without limit. 


In the first place 


z — a 


If - a 

positive constant less than 1. 


z — a 


= b, where b is a 
\r - \z\ = c, 


Now If — z\ 

a positive constant. Since the function /(f) is bounded on 
C there is a number M such that for every point on C we 
have | /(f) | < M. Then, in case C is rectifiable, 


X 


(z - a) n ftt)d{ 


(f -z)( f - a) n 


< 


MbH 


where l is the length of C. It follows from this that the 
absolute value of the integral approaches zero as n increases 

oo ^ 

without limit. Hence the series XI in — / ( k) («) con- 

* = 0 1C i 

verges to f(z) for every value of z within the circle. That is, 

* (z - o) fc 


m = l 

uo 


kl 


/ (t) (a). 


( 22 ) 


This discussion shows that if /(z) is analytic in the neigh- 
borhood of a, the expansion (22) is valid, provided that z 
is sufficiently near to a. If no such expansion is valid — 
that is, if /(z) is not analytic in the neighborhood of a — the 
point a is called a singular point of /(z). We can say that 
the series (22) converges to /(z) in the circle whose center 
is at a and whose radius is equal to the distance from a to 
the nearest singular point of /(z). For if b is such a singular 
point and z is any point within the circle through b with 
center at a, we can select an r such that |z — a| < r 
< 1 6 — a |, and then take for C the circle of radius r and 
center o. It can be shown that the series diverges for every 
z outside this larger circle. It may converge or diverge for 
a value of z on the circumference. 
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Formula (22) is of great importance in the theory of 
functions of a complex variable. We have introduced it 
here however primarily for the light it throws on certain 
questions concerning the behavior of real functions of a real 
variable. Consider, for example, the expansion of tan x 
in powers of x. It is practically impossible to determine 
directly the radius of convergence of this series because we 
cannot write the general term of the series. But if we as- 
sume that the only singular points of the function tan z are 

(2 k + 1) 2 > we see immediately from the preceding discus- 
sion that this radius is ?j • 


EXERCISES 

Get the first three non-vanishing terms in the expansion of each of 
the following functions, and find the radius of convergence in each 
case: 


1. sec x in powers of x. 2. cot x in powers of x — -= • 

£ 

1r 2X - j ~ J 

3. , in powers of x — 3. 4. — - — in powers of x -f 

S - »■ + 2, + 3 in pOWerS 0f *• 


1 . 


214. Real integrals. In this paragraph we shall apply 
Cauchy’s integral theorem to the evaluation of certain 
definite integrals in the real 
domain. 

(a) f S ^ n — dx. We have 

already seen that this im- 
proper integral is conver- 
gent (§83). In order to 
evaluate it we consider the 

/ e i£ 

— dz taken in the positive direction over the 
path indicated in the figure. The integrand is analytic in 
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the region bounded by the path and is continuous along it. 
Hence by the theorem 


r ~T p XX pO 

,1 r fc + i J. 

If we put x — — t, 


g—R »in oo» iflfj 

e -r Bln N-r« oob — Q 


It e - it 


dt 


!»« p— 


Hence 

pc* , r 

d r x d- R x dr 
and therefore 

/*J2 SlTl T 

2 I da: + I e~* si “ *+** 009 9 dB 

Jr % Jo 

+ 




J>“ 


in fr+ir oos __ Q_ 


If we determine the limit of the second integral in the left 

member of this equation as R — > <x> and the limit of the 

third integral as r — » 0, we shall have the value of the 

. , . rsina: 

integral I 
Jo 


x 


dx. Now 


r* r* r»r /2 

I e -R Bin «+t« cob < I e -R Bin edQ — 2 I e ~R i 

do «/Q do 


•dd, 


since je ■* ain 009 # | = e ,io e . Let /(0) be defined as 


follows: 


m = 


sin 6 

~T~ 




/(*) = 1 (* = 0). 


Then in the interval 0 < 9 < ^ 
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This inequality follows from the fact that for the values 
of 6 in the given interval tan 6 > 9 and that therefore 6 cos 6 

— sin 6 — cos 6(6 — tan 6) < 0. For 0 = ^,0 cos 6 — sin 6 

7T 

= — 1. Hence as 6 increases from 0 to ^ the function f(6) 

2 

= In other words, 

7 r 

20 

sin 6 S — (23) 

IT 


decreases from 1 to / 


(i) 


when 0 Sfi From this we conclude that 


£> — R ain 0 <; £—2 RQfv 


Then 


rxii r'rii T 

e -R .in g e- 2R *i r dd = Kp (1 - tr B ) -* 0 . 

Jo Jo r —*> 

The integral J' e~ r Bin B+ir 0< ” 9 dd is a function of r, say F(r). 
F(r 4- A r) — F(r) 

r 

— I 0 *( — sin 04*i cos 0) sin 04-i cos 0) 

We restrict r to the interval (0, h), where h > 0. Now 
\F(r + Ar) — F(r) | 

r° 

< | \c r ^~~ ®* n 008 8 * n cos 0) 

This integrand is less than e for all values of r and 6 under 
consideration, provided that Ar is sufficiently small in abso- 
lute value. Hence F(r) is a continuous function of r for 
0 S r < h. But F(0) = — t r. Then F(r) -> — ? r. We 

r-— 0 

have therefore 


r“sin x , ir 

X t-** = 2 
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(b) j*° e~^dx. This is an important integral in the 

theory of probability. It can be readily evaluated without 
resort to complex numbers. However we give such an 
evaluation here because of its bearing on the next integral 
we wish to discuss. 

Consider the real double integral 


I = 



xi ~ vi dxdy. 


Let I a be the value of this integral when taken over the 
square with center at the origin and sides parallel to the 
axes and equal to 2 a. 

/.-(jV-v*)’. 

If we take the integral over the circle with center at the 
origin and radius equal to R, we get, in terms of polar 
coordinates, 

Ir = f dr f re~ r2 d0 = 7r(l — e~ Rt ) (see § 102). 

Jo Jo 

The square is contained between the circle of radius R = a 
and the one of radius R = aV 2. Hence 
the integral over the square lies be- 
tween the integrals over these two 
circles, since the integrand is positive 
everywhere. 

7r(l — e - ° 2 ) < ^J' e~ x2 dx ^ 

Fig - 45 < 7r(l - e-** 1 ). 



If we let a 


» , we get 



or 
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(c) I sin x 2 dx, I cos x 2 dx. These integrals have the 
J o Jo 

same value, as we shall see. They are the Fresnel integrals 
that occur in the theory of diffraction. 

In order to evaluate them we start 

with the integral J* e~ z2 dz taken 

around the boundary of the sector 
indicated in the figure. Since the 
integrand is analytic in every finite 

region, the value of this integral is zero. In integrating 
over the arc we put z = Re te = R ( cos 0 + i sin 0). 



J r*R /*r /4 

e~ zi dx -f i f e 
o «A> 


2&-ht eia 


2i) Re tB d8 + r e-^dz = 0. 

J Re * 


Now 


/•»/ 4 /*t/4 

I e -B s (oo» 2*+» Bin =1? I e~ R2 coB29 dd 

Jo Jo 


Jo 


" d <e < jg u - e-* 1 ) -0, 


7T 

where 20 = ^ — ¥>• The last inequality follows from (23). 
r° l -f- i 

In the integral I ttr e~ zJ dz put z = — ■?=- 1. When 
jRe~i V2 

z = #^cos^ + i sin ^) = ^ (! + i), 


t = R. Hence 




«~‘ 3 dz = 


1 + i 

V2 


i/0 




1 + i 

<2 


f (cos P — i sin f 2 )d£. 
Jo 


In the limit as R — > w 


fe-dx = fcos f 2 df - — ^ r sin f 2 df. 

Jo V2 Jo V2 Jo 
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If we equate the real and the imaginary parts on the two 
sides of this equation, we find that 

TT = ^X C03M+ 4I Anedt ' 

1 /*“ IT” 

0 — J cos Pdt ~ s ^ n 


From this we conclude that 
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